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MATHEMATICS IN THE MODERN HIGHWAY 




The “Clover-Leaf M crossing is an application of geometrical design to 
reduce traffic hazard at busy intersections. The one shown makes use of 
angles of 45°; others make fuller use of the circle. 

Trace the route followed by a motor car reaching the intersection from 
the south if the driver wishes to go toward the west. Also trace the 
course if the same driver wishes to go east. 
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PREFACE 


In preparing a new text-book in Analytic Geometiy, we have endeav¬ 
oured to conform to the more recent trends in education: emphasis on 
self-activity of the pupil, greater use of graphical representation, illustration 
by practical applications and provision for individual differences. 

Some of the more important features of this text may be summarized 
as follows: 

1. The book is written to the student. The text and the exercises 
are so worded as to be within the student’s vocabulary. 

2. Throughout the course, emphasis is given to promoting self¬ 
activity by the pupil. 

3. To make permanent the facts and skills acquired, many review 
exercises arc given throughout the text. 

4. The principles of trigonometry necessary for analytic geometry 
arc included in the course. This is necessary as the provision for 
more optional subjects has the result that students select geometry 
in some cases and do not study trigonometry. Any necessary 
algebra, such as the condition for equal roots of a quadratic, is 
given in detail. 

5. Considerable use is made of plotting, in introducing new theory 
and in checking analytic solutions of exercises. 

C. Many of the principles are introduced by a particular case; this 
is followed by the development of the general theorem. 

7. Following a theorem, an illustrative example is given. This 
should be an aid to the student working alone. 

S. A careful treatment is given of the general idea of locus. 

9. The geometric interpretation of each locus is stressed before it is 
discussed analytically. This will be noted particularly in the 
conics. 

10. The straight line equations arc developed from the slope form. 
To this end a theorem is introduced on finding the slope of a line 
from two points on it. 
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11. Some examples of practical applications of analytic geometry 
arc given. 

12. The summary at the end of each chapter will assist the student 
in preparing his own summary. 

13. A test is given at the end of each chapter. It is for the student 
to test himself. The problems include all the principles developed 
in the chapter. 

Most of the exercises begin with oral questions. Where exercises arc 
arranged in A, B and C groups, the A group contains questions on the 
last principle only, the B group has more questions on this principle as 
well as a cumulative review, and the C group provides an enriched course 
for the student with a special interest in mathematics and is not intended 
for general class work. The C group also contains questions on alternative 
solutions. It will not be advisable to omit any questions of the A groups. 
In most B groups, and in many exercises where the questions are not 
divided into groups, it will be necessary to select. 

We wish to express our indebtedness to John MacLeod, M.A. ,B. Paed., 
Inspector of Schools, for his careful examination of the manuscript and 
constructive criticism. We also wish to acknowledge the helpful suggestions 
of J. E. Campbell, B.A., F. W. Greenough, B.A., and C. T. Fyfe, M.A., 
and the assistance in preparing answers given by Jacob Klassen, a 
collegiate student. The kindly co-operation given by the publishers is 
appreciated. 

W. J. O. 

P. F. W. 

B. A. C. 










ANALYTIC GEOMETRY 


5 


CONTENTS 


Chapter 

I Coordinates . 

II Distances and Areas . . • 

III Loci . 

IV Elements of Trigonometry 


Page 

7 

20 


39 


59 


V 

VI 

VII 

VIII 

IX 

X 

XI 


The Straight Line . 

Straight Lines and Angles . 

The Circle. 

The Parabola . 

The Ellipse. 

The Hyperbola . 

Secondary Forms of the Equations 
Conics and the General Equation . . 

Miscellaneous Exercises . 

Answers. 


70 

97 

121 

143 

163 

190 

208 

220 

225 


Table of Square Roots . . Inside Back Cover 















Many of the palaces and large houses built 
in England during the Tudor and the Stuart 
periods had labyrinths attached to them. 

The Maze adjoining the royal palace at 
Hampton Court was constructed in 1690 for 
William III. 

(The design on the front cover is a plan 
of this maze.) 
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CHAPTER I 


COORDINATES 

Sec. 1.—Analytic Geometry is chiefly the application 
of principles of algebra to geometry. 

It was invented in 1637 by Rcn6 Descartes, a French 
mathematician and philosopher; its development marks 
the beginning of the modern period in the growth of 
mathematics and thus made possible the scientific pro¬ 
gress of recent times. 

By means of analytic methods many geometric relations 
can be proved much more simply than could be done by 
synthetic geometry. 

Sec. 2.—The position of a point. 

A ship at sea or an aeroplane in flight is located by 
stating its latitude and longitude. The latitude indicates, 
in degrees, its distance north or south from the equator 
and the longitude, in degrees, its distance east or west 
from the meridian through Greenwich. These two lines 
of reference intersect at right angles off the west coast 
of Africa. The student should refer to a map of the world 
in an atlas and ascertain the latitude and longitude 
of a few of the important cities of the world. 

Suppose a school is situated at the intersection of two 
roads as in the figure. A, B, C , D y and E represent five 
farm homes, and each unit is one mile. 
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• /3{2»'2/v) 


£(*£**. o) 


rV *3/- 


C(/*,,2s) 


A'orrh 


. A fee./*) 


\Sc/loo/ 


’Of/c./s) 


S00//1 


is A from the school as the crow 


Then A may be 
located with refer¬ 
ence to the school 
by stating that it 
is 2 miles east and 
1 mile north from 
the school, or, brief¬ 
ly, A is at the point 
(2 E, IN), with refer¬ 
ence to the school. 
B, C , D and E are 
located in a similar 
manner. How far 
flics? 


Sec. 3. — The coordinates of a point in a plane. 


In analytic geometry points arc located in a manner 

described below. 

In a given plane 
(flat surface) take 
any point 0 and 
draw x'Ox, y'Oy, two 
straight lines inter¬ 
secting at right 
angles and graduate 
them in some con¬ 
venient unit, say a 
cm. Place four 

points Mi, M 2 , M 3 , M. t on x'Ox and erect perpendiculars 
at these points as shown. 

We thus arrive at the four points Pi, P 2y Pz, Pa • 



The positions of P ly P 2) Pz, P 4 with reference to 
x'Ox and y'Oy may be definitely described. For example, 
Pi may be located by means of the distances 0 M X and 
M\Pi, i.e. by its distances from y'Oy and x'Ox respectively. 
These distances OMi and MiP, are called the coordinates 
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of Pi. Similarly the coordinates of P 2 are 0 M 2 and 
M 2 P 2 ; those of P 3 are 0M 3 and M 3 P 3l while those of 
P A are Oilf 4 and M A P A . 

Since every point has two coordinates we distinguish 
them by calling the first one the abscissa and the second 
one the ordinate. Thus Oilfi, 0 M 2f 0 M 3f 0 M A are the 
abscissae, and M X P U M 2 P 2 , M 3 P 3 , M A P. i the ordinates 
of Pi, P 2f P 3y P. i respectively. 

It is customary to consider abscissae measured to the 
right of y'Oy as positive and abscissae measured to the 
left of y'Oy as negative. Thus, in the figure, 0 Mi = +4, 

0 M A = +3, 0 M 2 = -5, 0 M 3 = -1. 

Similarly, ordinates measured upwards from x'Ox are 
positive and ordinates measured downwards from x'Ox 
are negative. Thus, in the figure, MyPi = +3, M 2 P 2 =4, 
M 3 P 3 = — 2, M a P a =- 3. 

Hence, algebraically, the coordinates of Pi are +4 
and +3, while those of P 3 are —1 and —2. What are the 
algebraic coordinates of P 2 and P A respectively? 

Note. — The abscissa of a point is always given first, 
the ordinate second. The subscripts 1, 2, 3, 4 written 
with the letters naming the points are convenient when 
a number of points occur in the same figure. Pi is read 
“P one”; P 2 is read “P two”; etc. ( x ' is read “x prime.”) 

Exercises 
(Do 1 and 2 orally) 

1. (a) What are the coordinates of the points: M\ t M 2} M 3} M A in 

the above figure? 

(b) State the coordinates of O in the figure; 

(c) What is the value of the ordinate of any point on the line 
x'Ox? 

(cZ) Where is a point if its abscissa is zero? 
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2. Describe the location of the following points: 

(а) abscissa 5, ordinate 3; 

(б) abscissa— 2, ordinate fi; 

(c) abscissa — 7, ordinate — 4; 

(d) abscissa S, ordinate —5. 

3. Draw x'Ox and y'Oy as in the second figure and locate the points 
A, B, C, D, E given in the first figure. Stale the coordinates of these 
five points. (The abscissa of A is 2 and the ordinate is 1.) 


Sec. 4.—Definitions and Notation. 


(?) The fixed lines x'Ox, y'Oy , used to locate points in a 
plane, are called axes of coordinates; x'O.r is referred to 
as the axis of x or simply *-axis, y'Oy as the axis of y or 

y-axis. “0” is the origin. 

Note.—I n this text only perpendicular or rectangular 

axes will be used. 


(n) The .r- and y - axes divide the plane in which 
uhey are drawn into four regions or quadrants. They 

are numbered as shown. The signs 
of the coordinates for points in 
each quadrant arc also shown. 

(m) When we wish to refer to 
the point P i whose coordinates 
are 4 and 3, we usually employ 
the compact notation, Pi(4, 3), 
which is read, “P one, four three.” 
Another convenient notation is 
Pi =(4, 3) which is read, 11 P one is the point, four three.” 


«5cco/»c/ 



(+.+) 

VA/r-cJ 

Four/’/? 




Exercises 

(Oral) 

1. In what quadrants are the signs of the coordinates of points alike? In 

which unlike? 

2. In which quadrants are the abscissae of points positive? In which 
are the ordinates of points negative? 
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3. In which quadrant is each of the following points: (—1, 13), (5, 10), 
(-2,-3), (8,-5), (-3, 11)? 

4. Two vertices of a rectangle are (5, 0) and (15, 0). In which quadrant 
are the remaining vertices? (Two answers.) 

5. Where may a point be found if its abscissa is 3? if its ordinate is —2? 


Example 1.—Draw a pair of axes on graph paper and construct the 
triangle whose vertices are A(2, 6), B( — 1, 2) and C(5, 2). What are the 
coordinates of the middle point of the base BC ? What is the altitude of 
the triangle? What is its area? Show that the triangle is isosceles. 
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Solution.— 

The mid-point of BC is Z)(2, 2.) 
The altitude DA is 4. The area 
of A ABC is \ BC DA or \ X6 X4 = 12. 
A ADB is a right-angled triangle. 

AB = V DA°-+BD- = V 4 2 +3 2 =5. 
Similarly AC = 5. 


Hence the triangle is isosceles. By placing dividers on AB and AC it 
will be found that they arc equal. Also if the distance AB on your 
dividers is measured from 0 along Oa*, it will be found to be 5, thus verifying 
the calculation by measurement. 


Example 2. — A(2, 2), £(-4, 2) and 
C( — 4, —1) are three vertices of a 
rectangle. Find the fourth vertex. 

Solution. — Plot A, B and C as 
shown and complete the rectangle. 
Since BA is II to x'Ox, CD is 11 to 
x'Ox. Similarly CB is |l to y'Oy and 
DA is II to y'Oy. 

Hence, from the figure, D=(2, —1). 
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Sec. 5.—Exercises 

(Use graph paper for the following questions). 

1. Draw a pair of axes and plot (place or locate) the following points 
with reference to them: A (5, 2), B( — 2,1), C( —S, —5), D(5, —7), ^(6,-1), 
F(S, 0), C(0, —3), //( —4, 0), K{ 0 , 4), L(J, 2). 
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2. in the figure, A = (4, 3) ; 0= (0, 0). 
Write similar brief statements for the 
other points in the figure. Which 
points have equal ordinates? On 
what straight line do they lie? What 
points lie on the straight line parallel 
to y'Oy and one unit from it? 

v^3. In the last figure adjust the points 
of your dividers on the points 0 and 
A. Then place the points of the dividers on any line in the diagram 
and ascertain the number of units between the points. This is the distance 
between the origin and A . Draw AM JL to Ox and join 0A. Now calculate 
the length of 0 A from the right-angled triangle A Oil/. 

4. In what quadrant is each of the following points: ( — 3, 7), (5, 1), 
(7,-3), (-2,-3), (-2, 2)? 

6. Draw the triangle whose vertices are: A( — 2, 3), R( — 2,-3) and 
C(6, —3). What kind of triangle is it? Find its area. If D, E and F are 
the middle points of AB } BC and AC respectively, what are their coordin¬ 
ates? What part of the whole A ABC is the A DEF ? Is DF || to BC ? 
Show by calculation and measurement that DE = %AC. 

6 . Construct the triangle whose vertices are Pi (3, 4), P 2 ( —1,-2) 
and P 3(7, —6) and, from the diagram, find the coordinates of the middle 
points of its sides. 

7. A ( — 2 , 4), D(5, — I) and C(10, — 1 ) are the vertices of a A. Construct 
the A and calculate the lengths of A B and A C. What is the area of the 

A ABC? / 

8 . Construct the triangle whose vertices are A ( — 3, G), B(2, — G) and 
C(9, 1 ). What kind of triangle is it? Show by calculation and measure¬ 
ment that your answer is correct. 

^ 9. Plot the vertices of a rectangle, three of which are Pi(3, 0), P 2 (S, 0) 
and P 3 ( 8 , 6 ). What are the coordinates of P 4 , the fourth vertex? What 
are the coordinates of the mid-points of the four sides? 

10 . Construct the quadrilateral whose vertices are ( — 3, 6 ), ( — 3, 0 ), 
(3, 0) and (3, 6 ). What kind of quadrilateral is it? Calculate the lengths 

of its diagonals. 

11. Construct the quadrilateral whose vertices are A( — 1 , 6 ), B{ — 3, 2 ), 
C(l,—4) and D( 6 , 2). Join PD and drop perpendiculars to it from A and C. 
Calculate the area of the quadrilateral and the lengths of its sides. 
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12. Construct the trapezium whose vertices are /1( — 2, 1 ), B( 7, 1), 
C( 2 , 5 ), and D(— 1, 5) and calculate its area. 

(Hint: the area of a trapezium is one-half the sum of the parallel sides 
multiplied by the distance between them.) 

13. A trapezium has vertices at, Pi(2, 0), P 2 ( 7 , 0), P 3 ( 7 , G) and P 4 ( 2 , 3). 
Draw the trapezium and calculate its area. 

14. On squared paper draw a circle with its centre at the origin and 
radius 5 units. Plot two points on this circle whose abscissae are —4, and 
two whose ordinates are -f 4. What are the coordinates of these four points? 
Where does the circle cut the axes? 

15. Plot the points Pi(3, 4), P 2 (5, 4) and P 3 ( 10 , 4). In what ratio 
does Po divide the distance P 1 P 3 ? 

Sec. 6. — Literal Coordinates. 

We have learned how to locate a point when its coor¬ 
dinates are numerical units. Where is the point P(a, b)? 
If we put a = +3 and b — +5, then of course P = (3, 5). 
When a = — 2, and b= 4, then P = (—2, 4). Similarly 
P = (0, — 6) when a = 0 and b = — 6. 

It is evident that the position of P(a, b) depends upon 
the values assigned to a and b respectively. Also if the 
point P(a, b) is placed anywhere in a plane in which a 
pair of coordinates axes have been drawn, then the 
values of a and b are fixed. 

When we wish to deal with two or more points, none 
of which is any particular point, we frequently designate 
them by Pi(x lf y x )y P 2 (x 2 , 2 / 2 ), Pz(p 3 , 2 / 3 ), etc. Pi(«i, Vi) 
is read “P one, x one, y one”, and P 2 (x 2 , V 2 ) is read 
“P two, x two, y two,” etc. 

Note. —The abscissa of a point is generally denoted 
by 11 x ” and the ordinate by “y”; i- e - if Pi — (5> 2), we 
say that the x of Pi =5 and the y of P 1 =2. 

When P is a point whose coordinates are to be found, 
we let P = (x, y). 
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Exercises 

(l, 2 and 3 are oral) 

1. Give values to a and b respectively so that P(a, b) will be a point in 
(a) the third quadrant, (6) the fourth quadrant, (c) the first quadrant. 

2. In which quadrant is each of the following points if a and b are 
positive: (—a, 6), (< a, — b ), ( — a, —6). (a, 0? 

3. Where arc the points (a, 0) and (0,-6)? (Unless otherwise stated, or 
implied, literal coordinates will be considered positive.) 

4. In the figure, 

Pl(*lt Vl), P2(*2, V2), P 3 (*E 31 2/3) 
and P 4 (x4, 2/4) are four points placed 
at random. Measure their coordinates 
to the nearest millimetre and state 
their values, using the proper signs. 

6. On plain paper draw a pair of 
axes and place three points Pi(x lf y 1), 
^2(22, 2/2) and P 3 (* 3 , V 3) anywhere 
in the first quadrant. Draw PyM\ } 
P^M 2» P3^3 respectively perpendicular to Ox. What lines in the figure 
have the lengths y j, x<i, y 2 » *3, 2/3? Measure the lengths to the nearest 

millimetre. 

Sec. 7.—Direction values. 

If Regina is 40 miles due east of Moose Jaw, then 
Moose Jaw is 40 miles due west of Regina. The actual 
distance is the same either way, but there is a difference 
in direction which we indicate by using the words “east” 
and “west”. In analytic geometry we employ the plus 
and minus signs to indicate opposite directions. Horizontal 
distances directed to the right are positive while those 
directed to the left are negative. Vertical distances 
directed upwards are positive, those directed downwards 
negative. 

A distance not coincident with either the x-axis or y- axis 
and directed away from the origin is positive; a similar 
distance directed towards the origin is negative. 



y 

e 

t f 


y. 


JC, 

X 


O M, 





I] 


COORDINATES 


15 


0 

y 


r 

£ 

H 

3 

Q + / 

A(x>y>) 

X' 

N 

S+ -h 

/=> JC 

K 

C 

0 0 

/V 


L y 


/V 


distance from the x-axis 


In the figure given, ABCD 
is a rectangle with its sides 
parallel to the coordinate axes. 
The sides are produced as 
shown; the arrows and signs 
indicate direction values. 

Note. — The abscissa of a 
point is the distance from 
the y-axis to the point. The 
ordinate of a point is the 
to the point. 


In the above figure, QA = + x lf but AQ = — x Y ; 
PA = +yx but AP=—y 1 . 

OA = + V (OP) 2 + (P/1) 2 , but AO = — ^{ 0 Py + (PA)\ 

If B = (x 2 , y 2), then QB=x 2 and since QB is negative, 
x 2 must be considered negative. 

QII = (QB + BH) and IIQ = (IIB + BQ); also QH is 
negative and IIQ is positive so that QII = — HQ. 

LC = Lli — CR and CL = RL-RC , etc. 


From the above figure answer the following exercises orally: 

1. Express each of QE, EQ, NS, SN, KS, FP, IlG, QS as the sum of 
two distances. 

2. Express each of RB, AF, EA, PD, CK, GB , AQ, PA as the difference 
of two distances. 

3 . If C=(x 3 , 2/3) is CR=yz? is &C=£ 3 ? 


Sec. 8. — Distances and areas in terms of coordinates. 


(1) Distance OPi = 




v(o M 1 y+(M 1 p 1 y = 

y 



Vxi s +!/i J . 



e 

If Pi = (4, 3), then a: 1 =4 
and 2/1 =3, 

Whence OPi = V 4 2 + 3 2 = 5 



X 

0 
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Exercise.—Find OPi when: 

(a) P\= (6, S); (6) Pi=(12, 5); (c) Pi=(4, 2). 

(it) Let Pi(x i, 0) and P 2 
(z 2 , 0) be any two points 
on the x-axis and let R be 
the midpoint of PiP 2 - The 
ordinate of R= 0. Let the 
unknown abscissa of R—x. 
To express x in terms of 
Xi and x 2 we proceed as 
follows: 



now 

P 1 R = OR — OPi =x—Xi 

and 

RP 2 — 0P 2 — OP — X 2 — x 

.% 

x—x x = x 2 — x 

or 

2 x =x 2 +Xi 

or 

„_x 2 +x 1 

2 

Hence 



Exercise. — Take two points Pi(0, y\) and P 2 (0, y 2 ) on the y- axis and 
find the coordinates of R, the mid-point of PiP 2 . (Let y be the unknown 
ordinate of R.) 


(in) In the figure APiOP 2 
= |(0 P 2 )(M 1 P l ) 

= \ (x 2 ) (2/l) 

i.e. APiOP 2 = h x 2Vi- 

If Pi = (6, 4) and P 2 (10, 0), 
then APi0P 2 = i(10)(4) 

= 20. 



Exercises.—(1) Find the area of APiOP 2 when Pi=(7, 5) and 
P 2 =(12, 0). 

(2) Show that the area of the APiMjP 2 = 2 (x 2 — 
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Sec. 9.—Exercises 

GROUP B—(Do 1, 2, 3 and 4 orally) 

1. Find the coordinates of the point: 

(а) 5 units to the right of ( — 3, 1); 

(б) 3 units below (2, 6); 

(c) 8 units to the left of ( — 2, 0); 

(d) 9 units above (3,-5). 

2. What is the mid-point of the distance between (0, 2) and (0, 10)? 

3. (a) The point (x, —2) may be in which of the four quadrants? 

(6) In which quadrants can the point (4, y ) not lie whatever 

value is assigned to y ? 

4. Should the distance from the point ( — 2, 4) to the point (10, 4) be 
considered positive or negative? 

6. Locate five or more possible positions for the point (2, y). Where do 
they lie? 

6. What kind of figure is formed by joining the points (a, 0), (0, — b) t 
( — a, 0), (0, b) in order? 

7. The base of an isosceles triangle coincides with the x-axis and the 
mid-point of the base is at the origin. If the base is equal to 14 units 
and each of the equal sides of the A equal to 25 units, find the coordinates 
of the vertices. (Two positions.) 

8. The diagonals of a square coincide with the coordinate axes. If 
one vertex is at (a, 0), what arc the coordinates of the other vertices? 
What is the length of each side? 

9. Plot three points so that the ordinate of each point is three times its 
abscissa. Join two of these points. What do you notice about the third 
point? Is the point (4, 12) on the line joining the first two points? 

10. What common characteristics have all points on (a) the x-axis, 
(6) the ?/-axis, (c) a line parallel to the x-axis and 2 units above it? 

11. By taking a north and south line through Regina as the y- axis 
and an east and west line through Regina as the x-axis, use a suitable 
scale and locate by means of coordinates, Saskatoon, Weyburn and your 
own city or town. 

12. On a railroad line running cast and west, the station B is 20 miles 
east of the station A and the station C is 49 miles east of A. Use B as the 
origin and the railroad as the x-axis and find the coordinates of A and C 
respectively. 
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GROUP C 

N.B .— The exercises in “Group C,” wherever they 
occur in the text, are intended for students who are 
interested in making a further study of the topics under 
discussion. 

13. (a, b) is a point in the first quadrant; using squared paper, plot the 
following points: (2a, 6), (a +1, 6), (a, §6), ( — a, 6+1) (a, b — 2). (a and 6 
are constants.) 

14. What kind of figure is formed when the points (a, b), (c, b), (a+c, d), 
(a, d) are joined in order? (c is greater than a and d is greater than b.) 

16. Find the mid-point of the hypotenuse of the right-angled triangle 
whose vertices are (10, 0), (0, 0), (0, 14) and show that the line joining 
the origin to this mid-point is equal to one-half the length of the li>'pot- 

muse. 

16. Draw a diagram of a baseball diamond to scale. Then take the 
home-plate as origin and the foul lines as the positive axes and determine 
the coordinates of the following positions: 

(а) pitcher's plate; 

(б) catcher, 6 feet back of home plate and in line with second 
base; 

(c) right fielder playing 50 feet from first and second base each; 

( d) base runner playing 20 feet from first base. 

Summary, Chapter I 

1. In this chapter we have seen how any point in a plane may be located 
with reference to a pair of perpendicular straight lines in that plane. 

2. The following terms were defined: coordinate axes, origin, x-axis, 
y-axis, abscissa, ordinate, quadrant. 

3. In the first and third quadrants, the coordinates of points are alike 
in sign; in the second and fourth quadrants the coordinates of points are 

unlike in sign. 

4. The location of the point P(a, b) depends upon what numbers or 
lengths we assign to “a” and "b”. 

5. A directed length is a distance measured in a given direction. The 
coordinates of a point are always directed lengths. If A and B are two 
points, then length AB = — length BA. 
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6. Distances and areas may be expressed in terms of coordinates. 

7. The preceding method of representing the position of a point in a 
plane is known as the rectangular Cartesian system of coordinates. 

Test on Chapter I 

1. Plot the points: 3, 5), P(-2, 1), C(5, 0), D(8,-2), E{- 4, -4), 

F(a t b ). 

2. If the abscissa of a point is zero, where is it? 

3. In what quadrant is the point (2,-5)? 

4. The distance from the origin to a point Pi is 13 and the abscissa 
of Pi is 12. What is the ordinate of Pi? 

6. Express the distance between Pi(xi, y i) and P2OC2, 2/i) i n terms of 
xi'and X2- 

6. If the ordinate of a point is +10, what is the directed distance from 
the point to the rr-axis? 

7. Find the area of the trapezium whose vertices are (2, 0), (5, 0), 
(5, S), (2, 3). 

8. Draw a rectangle on squared paper so that one side is parallel to the 
x-axis. Determine the coordinates of the foui vertices. 

9. Find the distance from the origin to the point (c, d ). 

10. Draw the triangle whose vertices arc (2, 1), (3, 6), 5, 3) and determine 
by measurement whether the triangle is right-angled. 


CHAPTER II 
DISTANCES AND AREAS 


Sec. 1 .—By making use of coordinates of points we 
are able to establish formulae which enable us to find 
quickly the length of a straight line, the point of division 
of a straight line and the area of a triangle. 


Sec. 2 .—Horizontal and vertical distances in terms of 
coordinates. 


y 



A fa *) 



Cfctte) 

.r 

/V 



O 



Let A(zi,yi) be any point. 
Draw A Mi A. to x'Ox. 

B{x i} 2/2) is any point in AM 1. 

Draw BN JL to y'Oy and let 
C(x 2 , 2/2) be any point in NB. 
To find the horizontal dis¬ 
tance CB and the vertical 
distance BA. 


Solution.— CB = NB — NC = ( xi — x 2 ) 
or CB = M 2 M x = 0 M 1 —0M 2 = x x — x 2 

BA = Mi A — Mi B =?/i —y 2 
Similarly DB = DN + NB = — x 3 +a;i. 

Note.— x 3 is negative so that —x 3 is positive and the 
distance DB is positive. 


Exercises 

(l, Oral) 

1. In the figure, the points and lines are as indicated. 

(a) What are the coordinates of 
N, E and F? 

( b ) What are the distances, or 
lengths of the following lines, 
in terms of coordinates: OMi, 

OM 2 , OM 3 , NC, M } C, M Y B t 
CB, BE, EA, M 2 A, M 2 E, 

M 3 D, FD, FE and ON? 
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2. Plot the following pairs of points and in each case find the distance 
between them: 

(a) (7,3), (3,3); (6) (4, 2), (4, 9); 

(c) (8,2), (5,2); (d) (2,2), (2,7); 

(e) (-4, 1), (3, 1); (/) (3,-5), (3, 2). 


Sec. 3.—To find the distance between two points in 
terms of the coordinates of these two points. 


Let P\(xi, 7/ 1 ) and P 2 (x 2 , V 2 ) be the two given points. 


Draw Pi Mi and P 2 M 2 JL 
to O.r and P 2 L || to O.r forming 
the right-angled A PiP 2 L. 

Then P Y P 2 = VP 2 L 2 + LPi 2 . 

But P 2 L=x i~x 2 and LP X — 
?/ l — 7/a in terms of coordinates 
Pi Pa —_ 

V (.Ti — .T 2 ) 2 + (t/i — 7/2) 2 



Thus the formula, P X P 2 = V (*1 — * 2 ) 2 + (f/i — i/ 2 ) 2 , repre¬ 
sents the distance between two points. 


Cor. —An important special case of this formula is 
that in which (x 2 , y 2 ) is the origin. The formula then 
becomes d = V #i 2 + ?/i 2 - This simple formula is convenient 
when it is desired to find the distance of any point from 
the origin. 


Sec. 4. — Continuity. In the preceding problem and 
in the illustrative example used, the points were taken 
in the first quadrant so that all coordinates were positive. 
The result is equally valid for points in the other quad¬ 
rants. Throughout this course the principle of the 
continuity of formulae in analytic geometry will be 
assumed. The continuity principle is that general results, 
which are obtained when the coordinates used in the 
diagram are all positive, hold true in the same form for all 
points irrespective of the quadrant in which they may be. 
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Example 1.—Find the distance between (11,-8) and ( — 3, 2). 

Solution. —Distance = V (*i — z 2 ) * 1 2 3 +Oi “ Vz) 2 

Let (x lf ?/ 1 ) be (11,-8) and (x 2 , t/ 2 ) be ( — 3, 2). 

Then distance = V (11+3) 2 +(-8-2) 2 = V 196 + 100 = V 296 =2 V 74”. 

Example 2.—Show that (-4,-2), (2, 0), (8, 6) and (2, 4) arc the vertices 
of a parallelogram and find the lengths of its diagonals. 

Solution. —We know from elementary geometry that if the opposite 
sides of a quadrilateral are equal, the figure is a parallelogram. 

AB = tJ (—4 — 2) 2 + ( — 2 — 0) 2 

= V40 

BC= \/(2 —S) 2 + (0 —6) 2 = V72! 

CD = V (8-2) 2 + (6 —4)- = V^O. 

DA = V (-4-2)- + (-2-4) 2 = V"727 

Since the opposite sides are equal the 
figure is a parallelogram. 

AC = V (— 4—8) 2 +(—2—6) 2 ~ V 208=4V _ LL 
BD = V (2 —2) 2 -f-(0 —4) 2 = Vl6 =4. 

Sec. 5.—Exercises 

GROUP A—Oral 

1. What is the distance between the following pairs of jx)ints: 

(a) (0, 0) and (4, 3); (6) (0, 0) and (-8, 6); 

(c) (0, 0) and (a, — b); ( d ) (a, 6) and (c, 0); 

(<0 teiiZ/i) and (a, 6); (/) (3,-2) and (-1, 2). 

GROUP B 

2. Find the distances between the following pairs of points: 

(a) (3, 4) and (15, 9); (6) (-3, 2) and (5,-2); 

(c) (1,2) and (-3,-1); (d) (3,-5) and (0, 0); 

(e) (0,-4) and (5, 3); (/) (8, 0) and (0,-6). 

3. The vertices of a triangle are A{ — 1, 5), B( — 4,-2) and C(5,—3); 
find the lengths of the sides. 
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4. Show that the points (2,-2), ( — 2, 2), (2V3, 2V3) form the angular 
points of an equilateral triangle. 

6. If the sides and also the diagonals of a quadrilateral are equal, it is a 
square. Show that the points (3, 1), (0,-3), ( — 4, 0), (— 1, 4) are the 
angular points of a square. 

6. Find the perimeter of the triangle whose vertices are (a, 6), ( — a, b) 
and ( — a, — b ). 

7. Show that the triangle (5, 1), (7, S) and (0, 10) is right-angled. 
What is its area? 

(Hint: a right-angled triangle is the only triangle in which the square 
on one side equals the sum of the squares on the other sides.) 

8. If the opposite sides and also the diagonals of a quadrilateral are 
equal, it is a rectangle. Show that the points (-1,-4), (3,-1) ( — 4, 0), 
(0, 3) are the vertices of a rectangle. 

9. Show that the points (4, 3V2), (5, 3), ( — 5, 3) and (4^—3 V 2) lie 
on a circle whose centre is at the origin and whose radius is V 34. 

10. Find the perimeter of the polygon with vertices at j 4( — 2, 1), 
£(-5,-4), C(0, — 7), D(5, —4) and E( 2, I). 

11. Show that the points ( — 2, —1), (1, 0), (4, 3) and (1, 2) arc the 
vertices of a parallelogram. 

12. If the distance between the points (xi, 2) and (3, 4) is V20, find 
the value of x^. 

13. In what ratio does the point ( — 2, 1) divide the line joining (—1, 4) 
and (-5,-8)? 

14. The point (4, 4) is the vertex of an isosceles triangle and one end of 
the base is at (0,-1). If the other end of the base is at (x, 0), find the 
value of x. 

GROUP C 

16. The abscissa of a point is —3 and its distance from the origin is 5. 
What is its ordinate? 

16. One end of a line whose length is 13 is at the point (4,-8). The 
ordinate of the other end is —3. What is its abscissa? 

17. Express in its simplest form the equation which states that (x, y) 
is at a distance 4 from the point (5,-2). 

18. What equation expresses algebraically that the point (x, y) is 
equidistant from the points (3, 4) and (1,-2)? 
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Sec. 6.—To bisect a given distance. 

Given P(x, y ), 


y 












S 

-r 




/V, 


the mid¬ 
point, of the distance between 
Pi(zi, V\) and P 2 (x 2 , 2 / 2 ). 

Required to find the co¬ 
ordinates of P in terms of the 
coordinates of P 1 and P 2 . 

Solution. —From the fig¬ 
ure A Pi PR is congruent to 
A PP 2 S. 



pr=p 2 s 

Also 

RPi = SP 

or 

H 

1 

II 

O 

1 

H 

to 

or 

1 

II 

1 

tO 


— 2x = —x 2 — Xi 


-2y = — 2/2 — ?/i 

and 

X 2 +X Y 
x 2 

and 

1/2+ 2/1 

2 

Hence 

p_ ( *2+*l i/2+4'l'' 

' 2 ’ 2 , 

1 


Example.—Find the coordinates of the middle point of the distance 
between Pj( — 5, 3) and P 2 (7, — 8 ). 

Solution. —Here x\ = — 5, y\ =3, x 2 = 7, y 2 = — 8 

'7-5 -8+3 ^ 

2 ’ 


the middle point 

0 , ~2h). 


'1 2/1 
*0 


-) 


Plot the three points ( — 5, 3), ( 1 ,- 25 ), (", — 8 ) and verify the result by 
measurement, i.e. show that ( 1 ,- 25 ) * s the middle point of the given 

distance. 


Sec. 7.—Exercises 

GROUP A (Do 1 , 2 orally) 

1. What are the coordinates of the middle point of the line joining each 


of the following pairs of points: 
(a) ( 0 , 3) and (3, 7); 

(c) (-3,4) and (5, 6 ); 
(e) (a, b) and (c, 0 ); 

(g) (4, 7) and (-4,-7); 


( 6 ) (2, 5) and (4,-1); 
(d) (-1,-2) and (1,5); 
(/) (a, 0 ) and ( 0 , b); 

(h) (—a, b) and (a, — b). 
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2. Find the middle points of the sides of the triangle whose angular 
points are (2,-3), (3, 1) and (—4, 2). 

GROUP B 

3 . A( — 1, 5), J5( —4,— 2) and C(5, — 3) are the vertices of a triangle. 
Find: (a) the length of the side BC, (6) the length of the median from 
A to BC. 

4. A circle is described on the line joining the points (3,-2) and ( — 1,4) 
as diameter. Find its centre and radius. 

6 . A (2,-1), B( — 4, 3) and C( —6, —5) are the vertices of a triangle. 
Prove analytically that the straight line joining the middle points of the 
sides AB and AC is half the third side BC. 

6 . By using the right-angled triangle whose vertices are (0, 6), ( — 8, 0) 
and (0, 0) prove that the line joining the mid-point of the hypotenuse of a 
right triangle to the opposite vertex is one-half the hypotenuse. 

7. Find the coordinates of the points which divide the line joining 
( — 7, 4) and (5, 2) into four equal parts. 

8 . If the middle point of a line is ((>, 2) and one end is (10,-4), what 
are the coordinates of the other end? (Hint: let the coordinates of the 
other end be x and y.) 

9. Show that ( — 2, —1), (1, 0), (4, 3) and (1,2) are the vertices of a 
parallelogram. Find the mid-point of each diagonal and hence show that 
the diagonals bisect each other. 

10 . One end of a line whose length is 13 is at (7,-2). If the abscissa 
of the other end is —5, find its ordinate. What is the mid-point of the 
line? 


Sec. 8.—To divide a given distance internally in a 
given ratio. 


Given the distance between 
Pi(*i ; Vi) and P 2 (x 2, 2/2) and 
P{x, y), the point, which 
divides P\P 2 internally in the 
ratio m : n. 

Required to find the co¬ 
ordinates of P in terms of 
X\) 2 /i> x 2) y 2> 771 and ?t. 
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Solution. — S ince £\P\PR and t±.PP 2 S are equiangular, 
they are similar. 

PR _RPi _P\P 
P 2 S SP PP 2 

PR RPi 


But 


= — and hence 
PP 2 n 


P 2 S SP 


m 

n 


Since 

PR m 

or 

P 2 S n 

X\—X VI 

x—x 2 n 

nxi —nx = mx— vix 2 

or 

— mx—nx = —mx 2 — nx\ 


mx+nx = ?rtX 2 + 1 

or 

mx 2 +nxi 

x — 

Hence 

m +71 

p ( mx 2 +nx 1 


Also 


RP i 
SP = 
i/i-y 


n 

m 


y-y 2 n 

ny x —ny=my—?ny 2 
— my — ny = — my 2 —ny x 
my+ny = my 2 +nyi 
my 2 +ny\ 


y = 


?n+n 


m + n 


V 


Cor.—I f m = n, then P = f 2 anc * ^ * s 

the middle point of P\Po- ' ' 

Note.— P divides P1P2 into two distances, namely 
PiP and PP 2 . These distances are called the segments 

of P X P 2 . 


Example 1.—Find the coordinates of the point which divides the distance 
between (-3,-5) and (6, 9) in the ratio 2: 5. 

m2 

Solution. —Here x\ = —3, y\ - —5, x 2 =6, y 2 = 9 and - = - 


the lof P = 
and the y of P = 


mx 2 +nxi 

m+n 

my 2 +nyi 

m+n 


2(6)+5(-3) _ 3 

2+5 ” 7 

2(9)+5(-5) _ 
2+5 


P=(-f,-D. 


Plot the given points and the point P on squared paper. Measure the 
segments and hence calculate their ratio. 
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Example 2.—Find the coordinates of the point of intersection of the 
medians of the triangle whose vertices 
are A(-5, 6 ), B(- 3, -2) and C(5, 2). 

Solution.—L et the medians be 
AD, BE and CF as shown. Find the 
coordinates of D, E and F by the 
mid-point formula. Then from elemen¬ 
tary geometry we know that the 
medians of a A trisect each other. 

AP _ BP _ CP _2. 

*' ~PD~ PE~ PF~ 1 

By taking any one of the medians, the coordinates of P can be found 
by the formula of sec. 8 . As the coordinates of P are found to be the same 
for all three medians, the medians are concurrent. 
e.g. Taking the median AD where A=( —5, 6 ) and D=(l, 0): 

™ , r, rnx 2 +nxi 2 (l) + l(-5) 

m+n 3 

, 1( r „ myt+nyi 2(0)+ 1(6) 

and the y of P =- =- =2. 

7tt+7l 3 

P =(— 1 , 2 ), which is the same if calculated from BE and CF. 

The point P is called the centroid or centre of gravity. 

Sec. 9.—Exercises 

GROUP A 

1. Find the coordinates of the point which divides the line joining 
( — 1, 4) and ( — 5,-8) in the ratio 1:2. 

2. P 1 ( — l, 4) and P 2 ( 5 , 3) are two points. 

(а) Divide P 1 P 2 in the ratio 2:3; 

( б ) Divide P 2 P 1 in the ratio 2:3. 

3. Find the points of trisection of the line joining the points (0, 3) 
and (6,-3). 

4. The points A{ 7, 3) and B( — 4, 6 ) are joined by a straight line. It is 
divided at R so that AR : RB = 3:5. Find the coordinates of R. 

6 . A straight line joins A(— 1 , 4) and P( —5, — 8 ). Find a point on AB 
which is three times as far from B as it is from A. 

6 . A( 2 , 3 ), P(4, — 5 ) and C( —4, — 1 ) are the vertices of a A. Find 
the coordinates of the point of intersection of the medians. 
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GROUP B 

7. The vertices of a trapezium are A{ — 8, 0), B( — 4,-4), C(4, —4) 
and D( — 4, 4). Show that the line joining the middle points of the oblique 
sides BC and AD is half the sum of the parallel sides. 

8. Show that (1,-5) is on the line joining the points (4,— G) and (-2,-4) 
and is equidistant from them. 


GROUP C 

9. In the quadrilateral whose vertices are A(3, 7), B{— 1, 5), C( — 3, — 3), 
D( 9, 1), show that the lines joining the middle points of its opposite sides 
and the line joining the middle points of its diagonals bisect one another. 

10. D( —1, 2), E( 1,-2) and F(4, 1) are the middle points of the sides 
of a triangle. Find its vertices. 

11 . Prove analytically that the diagonals of a rectangle are equal. 
(Hint: let two adjacent sides coincide with the axes.) 

Sec. 10.—To divide a given distance externally in a 
given ratio. 

Given the distance between 
Pi(xi, Vi) and P 2 (x 2 , y 2 ) and 
P(x, y), the point, which 
divides P\P 2 externally in the 
ratio m : n .. 

Required to find the co¬ 
ordinates of P in terms of 
x u y lf x 2 , y 2) m and n. 



Solution. —Since AP\PS and AP 2 PR are equiangular, 
they are similar. 


PS_SP l P X P 
PR ~ RP 2 ~ P 2 P 


The segments of P\P 2 are P\P and PP 2) distances which 
go in opposite directions, and therefore have opposite 

signs. 


Actually then, 


segment P X P 
segment PP 2 


m 

— ri 
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P P ?n ?7i 

— l -- =— and the other two ratios in (1) are also equal to —• 

P2P 


Since 777 . = ~ 


n 

PS _m 
PR ~ n 
X\ —x vi 
n 


x 2 —x 
nx 1 —nx =mx 2 — vix 
mx — nx = v 1 x 2 —fix 1 


Since 


and 

mx2 —nxi 

x — 

m — n 

and 

y 

Hence 

p ( mx 2 —nx x 
V m — n 

my 2 — nyi \ 

’ m — n J 



SP 1 _m 
RP2 n 
1 /1 —2/ m 
2 / 2 - 2 / n 

my 1 —ny = my 2 — viy 
my —ny = my 2 — ny 1 
m?/2 — nyi 
m—n 


Note. —This formula may be obtained by replacing 
+71 by —?i in the formula derived in Sec. 8. 


Example.—Find the coordinates of the point which divides the line 
joining P i( 2 , 2 ) and P 2 (-2,-l) externally in the ratio (a) 5:2, ( 6 ) 2:5. 


Solution.— 

(a) Let P be the point which divides 
P 1 P 2 externally in the ratio 5:2. 


Then P= ( 

\ m—n m—n J 


(5( —2) —2(2) 5(-l)-2(2)\ 

or \ '5-“* i=r] 

f — 10 — 4 -5-4^ , (2 ox 

or ^ 3 —. J* j or (-4 5 -3). 

Hence p = (-4§,-3). 




( 6 ) Let Q divide Pi /’2 externally 
in the ratio 2:5 


Then Q= 


_ f mx 2 — nxi my 2 — 


Ef- 1 ) 

1 —5(2) j 

( -4-10 —2 — 10^ t 2 AS 

T) " (4, ’ 4) 

Q = (4§, 4). 


^ m — n ’ m 
2( —2) — 5(2) 2( —1) — 

2-5 ’ 2 
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Exercises 


1. Find the coordinates of the point which divides externally the line 

joining: 

(a) (2, 6) and ( — 4, 8) in the ratio 4:3 and 3:4; 

(b ) (-1,-6) and (3, 0) in the ratio 4:1 and 1:4; 

(c) (-3,-4) and (5, 2) in the ratio 3:2 and 2:3; 

(d) (8, 7) and (—3, 1) in the ratio 7:3 and 3:7. 

2. To what point must the line from (2,-3) to ( — 3, 5) be extended so 

that its length is trebled? 

3. By using the formula find the ratio into which the point (0, 2) divides 
the line from ( — 3, 0) to (3, 4). 

4. A and B are points on the line joining P(l, — 2) und Q( 3, 4) and 
produced so that AP = PQ=QB. Find the coordinates of A and B. 

6. Find the coordinates of the points which trisect the distance between 

(1,-2) and (-3, 4). 

6. Find the distance from the point (1, 2) to the middle point of the 
line joining the two points (8, 10) and (0, 2). 

7. The straight line joining -4(8, 3) and £( — 6,-2) is divided at R and Q 
so that AR: RQ : QB =2: 3: 4. Find R and Q. 

8. A(4, 5), B( — 2, 3), C(0, —5) and D(8, 1) are the vertices of a quadri¬ 
lateral. Show that the straight lines which join the middle points of its 
opposite sides bisect each other. 

Sec. 11.—The area of a trapezium. 


Let Pi(x lf yi) and P 2 ( 2 : 2 , 2 / 2 ) be any two given points. 



Draw P\ Mi and P 2 M 2 _L to 
Ox. To find the area of the 
trapezium P x P 2 M 2 Mi. 

Solution. —The area of a 
trapezium is one-half the sum 
of the parallel sides times 
the perpendicular distance be¬ 
tween them. 


P l P 2 M 2 M l = \(MiPi +M 2 P 2 )(M 2 Mi) 

= h(Vi + 2 / 2 ) (OMi — 0M 2 ) 

= 2(2/1 +1/2) (xi-x 2 ) . . 


(1) 
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Exercises 

Using (1) as a formula find the area of a trapezium placed as in the 
above figure when: 

(o) Pi (7, 5) andP 2 (3, 2); 

(6) Pi(9, 12) and P 2 (4, 5); 

(c) Pi (3, 7)andP 2 (-2, 2). 

Sec. 12. — To find the area of a triangle in terms of the 
coordinates of its vertices. 

The vertices of a triangle 
are Pi(*i, y i), P 2 (x 2 , y 2 ) and 
Ps(*3, 2/a) • 

To find the area of the A 
in terms of Xi, y 1 , x 2 , y 2 , 
x 3 and y 3 . 

Solution. — The area of the A is trapezium P 2 M 2 M X P X 
+ trapezium P X M Y M 3 P 3 — trapezium P 2 M 2 M 3 P 3 . 

area P 2 M 2 M x Pi = 

UM 2 M 1 )(M l P l +M 2 P 2 ) = i(*i - * 2 X 2/1 + 2 / 2 ). 

area P X M X M 3 P 3 = 

h (Mi M 3 ) ( M 3 P 3 + M X P X ) = X*3 - * 1 ) ( 2 /s + 2 / 1 ) • 

area P 2 Af 2 M 3 P 3 = 

XM 2 M 3 )(M 2 P 2 + M 3 P 3 ) = X*3 - 22 X 2 / 2 + 2 / 3 ) • 
area of A = X*i — * 2 X 2 / 1 + 2 / 2 ) + 

X*3 —*l)(2/3+2/l) ~ X*3 — *2)(2/2+2/3) 

= 2 ( 212/1 — *22/1 +* 12/2 — *22/2 +*32/3 —*12/3 + 

*32/1 — *l2/l —*32/2 +*22/2 —*32/3 +*22/3) 

= §(*1 2/2 — * 22/1 +* 32/1 -* 12/3 +*22/3—232/2) .... ( 1 ) 
= 5 [*l(«/ 2 - l/s) +*2(2/3- l/l) +*3(2/1- 2/2)} • • • - ( 2 ) 

This gives the area of a triangle in terms of the coordinates 
of its vertices. 
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Note 1.—The formula may be easily remembered if 
it is noted that the subscripts in each group are in cyclic 
order. Some students may prefer to remember it in the 

form— 

area = h{(x l y 2 —x 2 y l )+(x 2 yz — x 3 y 2 ) + (x 3 yi — ^ 12 / 3 )} • 

Note 2.—If the area of a triangle is found to be 
negative, the corresponding positive value may be taken 
as the area, since this would have been the result if the 
points had been taken in reverse order. 

Note 3 .— When the area is found to be zero, the three 
points named as vertices are in a straight line. This 
provides one method of determining whether three 
given points are collinear, i.e. in one straight line. 

Note 4 .—The Cross-multiplication Rule for Areas. 
Equation (1) may be written 

J (zi 2/2+*22/3+z 3 2 /i — Xiy z — x 3 y 2 —x 2 y\)- 
An easy way to apply this formula is given by the following 

rule. 

First. —Write down the abscissae and the ordinates in 
two columns, repeating the first abscissa and ordinate as 

shown. 

Second .— Multiply each abscissa by the 
X, y, next ordinate below and add the products 
jr/Vp obtained. Multiply each abscissa by the 
ordinate next above and add the products. 
X,y, Subtract this second sum from the first and 
divide by 2. This is the area. 

This is called the cross-multiplication rule for finding 
the area of a triangle. It will be shown later that it can 
be applied to any polygon. 
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Example.—Find the area of the A whose vertices are (—1,2), (3,-1) 

and ( — 4, 2). 

Solution.—( First method). 

Area =b\x l (y i -y 3 )+x 2 (y 3 -yi)+x 3 (y l -y 2 ) ' 

= |] — 1 (— 1 —2)+3(2 —2) —4(2 + 1)!" 

= J(3+0-12) 

= — 45 . .". area is 45 . 

0 Second method). Write down the coordinates thus: 

-1, 2 (—1)( — 1) -+-3(2) (— 4) (2) — (— 1) (2) ( — 4)( — 1) — (3) (2) 

Area -- 

3,-1 2 

-4, 2 1+0 — 84-2 — 4-0 , 

- 1 , 2 ~ 2 2 

area is 4 \. 

Sec. 13.—Exercises 

GROUP A 

1. Find the areas of the triangles with vertices as follows: 

(а) (3, 5), (4,2), (1,3); 

(б) (3,0), (-2, 1), (-1,-2); 

(c) (2,0), (4,-1), (0,0); 

(d) (0, -3), (4, 5), (-2, 3); 

(«) (1,8), (3,0), (4,-4); 

(/) (o,0), (-o,0), (0,6); 

0 9 ) («, b), (6, a), (c,-c). 

2. By means of the area formula show that (1, 9), (11,-1) and (5, 5) 
are in a straight line. 

3. Arc the points (2, 3), (1,-3) and (3, 9) collinear? 

4. Find the area of the triangle whose vertices are (x, y), (-3,-4) (0, 2). 

GROUP B 

6. By dividing into two triangles, find the area of the quadrilateral 
whose vertices arc ( — 1, 4), (5,-2), (0,-3), ( — 2, 0). 

6. Show that the points (a, 6-fc), (6, a+c) and (c, a +6) are collinear. 
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7. Show that the area of the A whose vertices are (3,-5), (7, 3), ( — 5, 1) 
is four times the area of the A whose vertices arc the mid-points of its 

sides. 

8 . Find the area of the parallelogram whose vertices are (10, 5), ( — 2, 5) 
(-5,-3), (7,-3). 

9. Find the points which divide the line joining ( — 2, 3) and (3,-4) 
internally and externally in the ratio 5:2. 

10. In what ratio does the point ( — 2, 3) divide the line joining the 
points ( — 3, 5) and (4,-9)? 


Sec. 14.—Area of a polygon. Any polygon can be 
divided into triangles by diagonals drawn from any vertex. 
Hence the area of any rectilineal figure can be found by 
finding the sum of the areas of the several triangles. 


Example 1.—To find the area of the quadrilateral whose vertices are: 
-ACa?!, yi), B(x 2 , Vi), C(x 3 , y 3 ) and D(x 4 , y 4 ). 



Solution. — Join AC. 

Then for 

A ABC and for A ACD 
X,A/, Xyl 

xfye ■ X&, 

xry, x.f'y, 


A ABC ~\{x Y V 2 +x 2 V 3+*3 2/1—Xi 1/3 — a:3 2/2“^2 Vi) 
and . A ACD=%(x 1 i / 3 +x 3 y 4 +x 4 t/i— Xi y 4 —x 4 y 3 — x 3 y{). 

So quadrilateral ABCD = 

§(*i V2+X2 2/3 +*3 2/4 +x 4 y\-X\ y 4 -x 4 y 3 -x 3 2/2 —x 2 2/i)- 

This formula shows that the cross-multiplication rule can be used for 
finding the area of any polygon no matter how many sides it may have. 

Example 2. —Find the area of the polygon whose vertices arc (-2,-4) 
(6,-2), (3, 4), (-3, 5), (-7, 1). 
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The vertices arc given in — 2, 
order in the counter-clock- 6, 
wise direction. 3, 

-3, 

-7, 

- 2 , 

Area = 1(4+24 + 15-3+28+2 
+35 + 12+6+24) 

= 73 ^ 



Sec. 16. — Exercises 

GROUP A 

1. Find the area of: 

(a) the triangle (5, 7), ( — 1, 2), (3,-4); 

(5) the quadrilateral (5, 7), ( — 4, 3), (-1,-2), (7,-5); 

(c) the parallelogram ( — 5,-3), (7,-3), (10, 5), ( — 2, 5); 

( d ) the square (0, 6), (6, 2), (2,-4), (-4, 0); 

(e) the pentagon (1, 2), (3,-1), (6,-2), (2, 5), (4, 4); 

(/) the trapezium (-3, -2), (6,-2), (2, 2), (-2, 2); 

(g) the hexagon (1,-5), (4,-3), (5, 0), (2, 4), (-2, 5), (-4,-1). 

GROUP B 

2. Show that the area of the quadrilateral formed by joining the middle 
points of the adjacent sides of the quadrilateral (0,-6), (8, 2), (6, 8), 
( — 4, 4) is one-half the area of the latter quadrilateral. 

3. A ship is 24 miles east and 7 miles north of a lighthouse. Another 
ship is 13 miles east and 5 miles south of the same lighthouse. How far 
is each ship from the lighthouse and how far are they apart? 

4. A( — 3, 2), Z?( — 1, — 3) and C(5, 0) arc the vertices of a A. D and E 
trisect the base BC. Show that AD and AE trisect the A ABC. 

6. A triangle has vertices at A( — 5, 2), B{ 2, 1) and C(7, 6). Find: 
(a) its area, (6) the length of BC, (c) the length of the altitude from A 
to BC. 


GROUP C 

.JfS 

6. Develop the formula for the area of the quadrilateral whose vertices 
are ( x \, y{), (x 2 , 2 / 2 ), ( 33 , 2 / 3 ) and (x 4 , y 4 ) after the manner of sec. 12, 
page 31. 
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7. Prove analytically that the straight line joining the middle points 
of two sides of any triangle is one-half the third side. 

8. Find the coordinates of the centroid of the triangle whose vertices 
are (x u t/i), (x 2 , y 2 ) and (x 3 , y 3 ). 

9. Prove analytically that the straight lines which join the middle 
points of the opposite sides of any quadrilateral bisect each other. 

{ Let vertices be (x lf t / i ), (x 2 , z / 2 ), (x 3 , y 3 ), (x.,, y 4 ) ) 

10. P divides the line joining A(2, 4) and #(5, 3) externally so that 
AP : PB =3: 2. Find the coordinates of P. 

11. If the line joining ( — 3, 4) and (4, 5) is produced through the latter 
point until it is twice its original length, find the coordinates of the end 

point. 

12. A( — 1, — ]), £( — 4, 1), C(2, 7) and D(l, —6) are the vertices of a 
quadrilateral. Show that the middle points of its sides are the vertices 
'of a parallelogram. Show that the area of the parallelogram is one-half 
the area of the quadrilateral. 

Sec. 16.— Review Exercises 

1. A (3,-1), J5(5, 6) and C( 1, 4) arc the vertices of a triangle and P 
is the point of intersection of the medians. Find: 

(а) length of BC; 

(б) area of A ABC; 

(c) length of J_ from A to BC; 

(d) length of median from A to BC; 

( e ) coordinates of P; 

(/) area of the A PBC. 

2. Show that the three points (2, 3), (4, 1) and (7,-2) lie in a straight 

line. 

3. Show that the A(l, 4), (4, 1), (8, 8) is isosceles. 

4. Find the area of the quadrilateral (7, 2), ( — 5, 1), (-1,-6), (4,-2). 

5. Find the perimeter and area of the triangle whose vertices are (a, b), 

( — a, b) and (— a, — b). 

6. Show that the points (2, 2), (-2,-2), (2 V 3,—2V3) are the vertices 
of an equilateral triangle. 

7. If the area of the triangle with vertices at A(3, —2), B( — 4, y), C( 0, 5) 

is 20, find the value of y. 
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8. A( — 5, 3) B{ — 2,-3) and C(7, 0) arc the vertices of a triangle. AB 

f /ID /IE >2. 

and /IC are divided internally at Z) and E respectively so that —■ = —; = — 

l)B EC 1 

Find the area of the quadrilateral BCED. 

9. Divide the line joining Px(3,— 1) to PiO, 5): 

(а) internally in the ratio 2: 5; 

(б) internally in the ratio 5:2; 

(c) externally in the ratio 5:2; 

(d) externally in the ratio 2: 5. 

10. .4(5, 1), B( 2,-2), C(0, —1) and D(3, 2) are the vertices of a 
parallelogram: 

(а) find its area; 

(б) show analytically that its diagonals bisect each other. 

Summary, Chapter II 

In this chapter we have established formulae for the following t3 f pes of 
problems: 

1. To find the distance between two given points. 

2. To find the coordinates of the middle point of a line joining two 
given points. 

3. To find the coordinates of a point dividing internally, in a given 
ratio, the line joining two given points. 

4. To find the coordinates of a point dividing externally, in a given ratio, 
the line joining two given points. 

5. To find the area of a triangle from the coordinates of its vertices. 

6. To find the area of any rectilineal figure from the coordinates of its 
vertices. 


Test on Chapter II 

1. Find the distance between the points P( — 2, 1) and Q(3, —4). 

2. Find the middle point of the line joining the two points /i(5, —3) 
and E(— 1, 7). 

3. P(5,-3) and Q(— 3, 5) are two given points and R is a point on PQ 
such that PR:RQ = 2:3. Find the coordinates of R. 

4. Find the points which divide the line joining (5,-2) and (— 3, 4) 
internally and externally in the ratio 3:1. 
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6. Find the area of the triangle whose vertices arc (3, 0), ( — 2, 1) and 

(0,-5). 

6. Show that the points (1, 8), (3, 0), (4,-4) lie in a straight line. 

7. Find the area of the quadrilateral whose vertices arc (5, 0), (9, 11) 

(0, 3) and (0, 0). 

8. Find the points of trisection of the line joining (4, 1) and (-2,-5). 

9. Find the distance of the point (3, 2) from the middle point of the line 
joining (5,-4) and ( — 3, 6). 

10. The vertices of a triangle arc A( — 2, 5), B( — 4,-3), C(6, —1). 
Show analytically that the median from A to BC divides the triangle into 
two parts which are equal in area 










CHAPTER III 
LOCI 

Sec. 1.—The path of a moving point. 

Example 1.—The circle in the figure represents the path which the 
pencil point of a pair of compasses 
will trace when it moves so that its 
distance from the metal point placed 
at 0 is always equal to OP. 

Example 2.—Place the point of a 
pencil 2 inches from the edge of a 
page in your exercise book. Using a 
ruler, move the pencil point so that 
it will remain 2 inches from the edge. 

What is the shape of the path? De¬ 
scribe its position with respect to the edge of the paper. 

Example 3.—Tic together the ends of a piece of thread 5 inches in length 

and place it around two pins stuck in 
the paper at A and B (AB=2"). 
Then place the point of your pencil 
within the thread at P and move 
it, keeping the thread taut. The 
curve thus traced is called an ellipse. 
The points A and B are called foci. 

Definition.—A path traced 
out by a point that moves in 
accordance with some restriction or condition is called 
a locus. The condition or restriction will be referred to 
as the law of the locus. 

From the above examples, it will be observed that the 
law of a locus is expressed in terms of points, lines or 
distances which are fixed. Thus, in example 1, the point 
moves so that it is always a fixed distance from a fixed 
point. What are the fixed points, lines or distances in 
the other examples? 

Again, loci are located with reference to these fixed 
data; e.(j. the locus in example 3 is an ellipse with its 







MODERN STREAM-LINED LOCOMOTIVE. 

Much mathematical research is required in the construction of marhi 
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foci 2 inches apart and the sum of the distances PA and 
PB equal to 3 inches. 

The study of loci has a practical value, for a thorough 
understanding of the principles involved helps us to solve 
problems relative to wheels, pulleys, paths of projectiles 
in air, orbits of the planets, etc. 

Sec. 2.—Positions of a moving point. 

If a person walks across a field covered with snow his 
foot-marks indicate the path he takes. Others following 
this roughly indicated route will eventually make a 
well-beaten path on which the individual foot-marks 
can no longer be seen. 

A path may therefore be defined as consisting of a 
series of positions or fixed points through which a moving 
point passes. 

Hence a locus may be approximately constructed by 
placing or plotting points which satisfy the same restric¬ 
tion as the moving point, and then joining the points. 
This is the general method for drawing a locus since a 
mechanical device for its construction is rarely known. 

Sec. 3.—Plotting points on a locus. 

Example 1.—Construct the locus of a point which moves so that it is 
always 3 units to the right of the y-axis. 

Solution. —The moving point will pass tlirough Pi(3, 0), P 2 ( 3 , 1), 
P 3 (3,-l), P 4 (3, 2 ), P 5 (3,— 2 ), etc. 

Draw a diagram t using 1 cm. as a unit 
and plot the points indicated in the figure. 

Plot points between and beyond those in 
the figure such as (3, —J), (3, — 3 ), (3, 3), 

(3,-3), etc. 

Evidently there are a number of points 
that satisfy the law of the locus, and they 
all lie on the straight line parallel to the 
?/-axis and 3 units to the right of it. Which of the coordinates of the points 
has a restricted value? 
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Exercises 

(1, 2, 3 oral) 

1. (a) On what locus are all points 5 units from the x-axis? 

(6) On what locus are all points —3 units from the ?/-axis? 

2. What is the locus of all points whose ordinate is equal to —4? 

3. (a) Are the ordinates of points on the y- axis subject to any 

restriction? 

(6) What law is imposed on all points on the x-axis? 

4. Draw axes on squared paper and plot 12 or more points twice as 
far from the x-axis as from the y-axis. (Consider points in the first and third 
quadrants only.) Join these points and show that they are on the straight 
line joining the origin to the point (1, 2). 

6. Plot points on the locus every point on which is equidistant from 
the x and y-axes. State the coordinates of these points. What is the shape 
and location of the locus? 

6. Locate the locus ever}* point on which is one-third ns far from the 
x-axis as from the ?/-axis. (Plot points in the first and third quadrants 

only.) 

7. Draw a pair of axes on squared paper and accurately bisect the angle 
yOx'. From the diagram write down the coordinates of 6 points on the 
bisector. What is the relation between the coordinates? 


Sec. 4. — The equation of a locus. 

The construction and study of a locus is simplified if 
the law of the locus is expressed in terms of the coordinates 
of any point on the locus. 


Example. —Every point on a certain locus is such that its distance from 
the x-axis exceeds its distance from the y-axis by 2. 


y 


' 

f 

X 

P 

y 

r. 

c 

/»/ 


Let P be any point that satisfies the 
given condition. 

Draw PM _L to Ox and PN _L to 0 y. 
Then MP-NP=2. 

But MP= the ordinate of P and 
iVP = the abscissa of P. 

.*. (ordinate of P) —(abscissa of P) = 2 
or, briefly, y — x= 2. 
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This relation between the coordinates, x and y , is 
called the algebraic equation of the locus. It holds true 
for each and every point P> such that MP — N P = 2. 

Evidently any pair of numbers which, when substituted 
for x and y in y — x = 2, make the equation true, will be 
coordinates of some particular point on the locus. Finding 
such pairs of numbers is made easier if we write y — x= 2 
in the form y = x + 2, then give x some value and calculate 
the corresponding value of y. Thus, when x=0, y = 2; 
when x = 1, y = 3, etc. Hence P i(0, 2), P 2 (l, 3), etc., 
are points on the locus. 


Exercises 

1. Using squared paper plot the above and other points similarly deter¬ 
mined. Show that the locus appears to be a straight line cutting the 
i-axis at ( — 2, 0) and the y- axis at (0, 2). 

2. Express the following laws of loci as algebraic equations, orally: 

(а) Every point is such that its distance from the x-axis divided 
by its distance from the y-axis is equal to 3. 

(б) The product of the co-ordinates of any point is equal to 10. 

(c) Every point is three times as far from the y- axis as from 
the x-axis. 

(d) A point moves so that the sum of its distances from the axes 
is equal to 12. 

3. What locus has the equation x=0? y= 0? 

4. What is the equation of a locus on which all points have equal 
coordinates? 

Sec. 5. — General method of finding the equation of a 
locus. 

Example 1.—Find the equation of the locus of a point which moves so 
that it is always equidistant from the points A (2, 3) and B(C, 1). 

Note.— This locus may be constructed as follows: 

With centre A and any radius greater than \AB , draw an arc; with 
centre B and the same radius, draw an arc to cut the former arc. In 
this way any number of points through which the moving point must 
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pass may be found. A smooth line join¬ 
ing these points is the locus, which by 
synthetic geometry can be proved to be 
the perpendicular bisector of AB. Now 
if we let P be any one of these plotted 
points, PA =PB, which locates any point 
on the locus with respect to the fixed points 
A and B. 

In order to locate these points with reference to the x- and y-axes it is 
necessary to express PA =PB in terms of the coordinates of P. 

Solution. —Let P= (x , y). 

Then PA = V (x-2) 2 + (y-3) 2 and PB = V (x —6) 2 -f-(y— l) 2 
V (x—2) 2 -f (y —3) 2 = V(x-G) 2 -f(y-l) 2 
x 2 —4x +4 +y 2 — 6y +9 = x 2 — 1 2x +36 -|-y 2 — 2y +1 
Sx —4y =24 
or 2x — y =6. 

The equation 2x—y=6 expresses the fact that twice the abscissa of P 
minus the ordinate of P is equal to 6 if PA =PB. 

Exercise.—Write 2x —y = 6 in the form y— 2x—6 and find 3 pairs of 
values of x and y that satisfy the equation. Plot the corresponding 
points on squared paper and show, using a pair of dividers, that these 
points are equidistant from A( 2, 3) and B{ 6, 1). 

Example 2.—Find the equation of the locus of a point which moves 
so that it is always 5 units to the right of the y-axis. 

Solution. —Let P(x, y) be any point on 
the locus and draw NP X Oy. 

Then it is given that 

YP = 5. 

But NP = OM —x. 

x — b is the required equation, i.c. the 
equation of the straight line parallel to the 
y-axis and 5 units to the right of it. 

Example 3.—Find the equation of the 
locus of a point which moves so that its distance from (2,-1) is 

always 4. 
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Solution. —Let P(x, y ) be any 
point on the locus and C the point 

( 2 ,- 1 ). 

Then it is given that 
CP = 4. 

But from the distance formula 

CP=V(x-2) 2 + (y + l) 2 . 

Hence V (x — 2) 2 + (y + 1) 2 = 4. 

rf-4*+4+*»+2y+l=16 
or a^+y 2 — 4x+2y —11 = 0. 



This is the required equation, i.e. the equation of the circle with centre 
(2,-1) and radius 4. 


Example 4.—Given that BC is the base of a triangle where B= (3, 2 ) 
and C= ( 9 , 4 ), find the equation of the locus of the third vertex, which 
moves so that the area of the triangle is always 12 square units. 



(t) Let P(x, y) be one of the many 
possible positions of the third vertex 
and complete a diagram as shown. 

(«) Then the geometric equation, 
APPC = 12, expresses the law of the 
locus. 

(in) By the formula for the area of 
a triangle 


A BBC = 2 ) z(2—4)+3(4 —y)+9(y—2) ( 


= i { — 2x+12 —3j/+9y —181 
= !( —2z+6y —6) 


— — x+3y 3. 


-x+3?/-3 = 12 

or x- 3 y + 15=0 is the required equation. 


Exercise.—Writing x —3?/+ 15=0 in the form x=3y —15 we have x=0 
when y =5, and x = 6 when y = 7. Plot the points Pi(0, 5) and P 2 ( 6 , 7) 
together with B( 3, 2) and C(9, 4). Measure the base and altitude of each 
of the triangles P\BC and P 2 BC and hence find their approximate areas. 
Also find their exact areas by means of the formula. 
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Exercises 

(Do 1, 2, 3 Orally) 

1. State the equation of the locus of a point which moves so that it is 

always: 

(а) 10 units to the right of the y- axis; 

(б) 3 units to the left of the y-axis; 

(c) 4 units above the x-axis; 

( d ) 5 units below the x-axis. 

2. State the relation between the coordinates of any point on the locus 
whose equation is x+y= 0. 

3. For what value of y will Pi (3, y) be a point on the locus of the 
equation y- 2x+5? 

4. A moving point is always equidistant from Pi( — 3, 4) and P 2 (5,-2). 
Find the equation of the locus of the point. 

6. Find the equation of the locus of a point which moves so that it is 

always: 

(a) 5 units from (3,-6); (6) 3 units from ( — 2, 1); 

(c) 2 units from (0, 0); ( d ) 4 units from (0, 4). 

6. B(—2, 1) and C( 3,-4) are the ends of the base of a triangle whose 
area is 20. Find the equation of the locus of the third vertex. 

7. The coordinates of the ends of the base of a triangle arc (5, 2) and 
(8, 1) and the length of the median drawn to the base is 6. Find the 
equation of the locus of the other vertex. 

8. A line is 3 units long; one end is at the point (5,-4). Find the equa¬ 
tion of the locus of the other end as the line rotates about (5, — 4). 

9. A point moves so as to be always equidistant from the y-axis and 
the point (8, 0). Find the equation of the locus. 

From the equation show that (4, 0) is a point on the locus. 

Sec. 6.—To find the equation of a locus when its shape 
and location are given. 

Example—Find the equation of a straight line passing through the 

origin and the point Pi(3, 4). 

(t) Let P(x, y) be any point on the given straight line (except Pi). 
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(it) Completing a diagram as 
shown, we have 

AO MP similar to AOilfiPi 

• MP L (n \ 

M l P l ~OM l . (fl) 

(The geometric equation (a) expres¬ 
ses a condition that is true for Pi and 
any other point Pon the straight line.) 

(in) Substituting coordinates for the lengths in (a) we have 
v x 

— =— or 4x—3y =0. 

4 3 

Exercises 

(1 and 2 oral) 

1. What is the equation of a straight line parallel to the x-axis and +5 
units from it? 

2. What is the equation of a straight line parallel to and 3 units above 
the straight line whose equation is y = — 2? 

3. Ddrivc the equation of a straight line passing through (0, 0) and the 
point (6, 2). 

4. Find the equation of the perpendicular bisector of the line joining: 

(a) (2, 1) and (-3,-3); (6) (-1,-1) and (3, 7); 

(c) (3, 0) and (0, 3); ( d) (a, 0) and (0, 0). 

6. Find the equation of the circle with: 

(а) centre (3, 0) and radius 5; 

(б) centre (0, 2) and radius 10; 

(c) centre (0, 0) and radius r; 

(d) centre ( — 2, 5) and radius 3; 

(e) centre (a, b) and radius c. 

\ 

Sec. 7. — The locup of an equation. 

The law of a locus can be expressed as an algebraic 
equation in x and y. Is the converse true? Tl}at is, does 
an equation in x and y express the law of some locus? 

Example.—Consider the equation 2x+?/=0. Interpreting x and y as the 
coordinates of a point, 2x-f-?/=0 is the algebraic statement of the following 
law: “A point moves so that the sum of twice its distance from the y- axis 
and its distance from the x-axis is equal to zero.” 
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Exercises 

(No. 1 oral) 

1. Consider x and y as the coordinates of a moving point and write the 
following equations in words: 

(а) x'+y 2 = 25. Answer. —A point moves so that the sum of the 
squares of its distances from the y- and x-axes respectively 
is equal to 25. 

(б) x'—y' = 4; V 

(c) 3x 2 +4y 2 = 12; 

(d) 5x+7/ = 10; 

(c) x—y=0. 

2. If Pi(2, y), P 2 ( — 5, y), 0, y) are points on the locus whose equa¬ 

tion is 3x—y=0, find the value of y for each of the points. 

Sec. 8. —To construct a locus from its equation. 

Example 1.—Let x—y= 2 be the equation the locus of which is to be 


drawn. 

Solution. — (t) Solving for y-: y=x — 2.(a) 

solving for x: x = i/-f 2.(6) 


Note. —Where possible it is best to solve the given equation for both 

y and x. 

(it) From (a) or ( b ) find pairs of values of x and y which satisfy 

the given equation. 

Thus: when x=0, y = — 2, when y= 0, x = 2, etc. Tabulate the results 

as shown. 


Pts. 

X 

y 

Pi 

0 

-2 

p 2 

2 

0 

■Pz 

1 

-1 

P.1 

-1 

-3 

p 5 

-2 

-4 

Pz 

3 

1 

Pi 

-3 

-5 

Pz 

4 

2 


etc. 



* 
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(Hi) Plot the points Pi, P 2 , P 3 , etc. By giving x (or y) fractional 
values many points lying between these plotted points could be found. 
All these points would fall on the straight line indicated in the figure. 
Hence the locus of x — y = 2 is a straight line which extends both ways 
without limit and which cuts the x-axis at (2, 0) and the y-axis at (0,-2). 


Example 2 .—Find the locus of the equation x 2 -J-y 2 = 25. 


Solution. —( i) Solving for y: y = = t V25 —x 2 .(a) 

and solving for x: x = = fc =V25 — y- . (b) 

(ii) From (a) ?/==*= 5, when x = 0 
and from ( 6 ) x = =*=5, when y= 0. 


Now give x the values 1 , — 1 , 2 , 
— 2 , etc., and find the corresponding 
values of y from (a). Tabulate the 

results. 



Pts. 

X 

y 

Pi & P2 

0 

=±=5 

p 3 & P .1 

=*=5 

0 

P 5 & Pc 

1 

=*= V 24 

Pi & P 8 

-1 

=*= V 24 

P9 & P10 

2 

=*= V2l 

Pll & P12 

-2 

=*= V 21 

Pl 3 & P\A 

3 

±4 

P I 5 & ^16 

-3 

=k=4 

P 1 7 & P1 8 

4 

±3 

P 19 & P 2 0 

-4 

±3 


6 

± V -11 


-6 

= fc V~iT 


=*= V -11 

6 


H- 
< 
t 1 
j 

-6 


Note. — When x = = t 6, ?/ = =*= V —11- 

Since V — 11 has no real value, there is no point whose abscissa is 6 or —6. 
Likewise from (6) it is seen that there is no point on the locus whose 
ordinate is 6 or —6. Evidently x cannot be greater than 5 or less than 
—5.' Similarly for y. 

(in) Plot the points Pi, P2, P3, etc., and join them smoothly. The 
locus is a circle cutting the axes at the points (5, 0), (0, 5), ( — 5, 0), 
(0, -5). 
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Example 3.— Construct the locus of y 2 = 4*. 

Solution. —(t) Solving for y: y = =±= 2Vz 

y- 

and solving for x: x=z ~ ~ • • • 


(a) 

(b) 


Pts. 

* 

V 

0 

0 

0 

Pi & P 2 

1 

=*=2 


-1 

=*= V -4 

p 3 & p* 

2 

=*= V 8~ 

p 5 & p 6 

3 

=*= VI 2 

p 7 & p 8 

4 

±4 

P9 & P10 

5 

=*= V 20 

Pll & P 12 

6 

± V 24 

Pl3 & Pl4 

7 

=*= V 28 

Pl 5 & P 1C 

8 

=*=V 32 

P i7 & P l8 

9 

=*= 6 



(n) Give x values and find the corresponding values of y from (a). 
Tabulate the results. From both (a) and (b) it is clear that x cannot 
have negative values. Hence there are no points on the locus to 
the left of the y-axis. 

(in) Plot the points P lt Po , P 3 , etc., and join them by a smooth 
line. The locus is a parabola passing through the origin and sym¬ 
metrical with respect to the positive z-axis. 

Exercises 

Construct the loci of the equations given below following the procedure 
suggested in the preceding examples: 

1. 2x—5y = 10 
3. x 2 =Sy 
5. y*=x 3 


2 . * 2 + 7 / 2=34 
4. y =x 3 
6. y+5 =0. 
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#H] 

Sec. 9.— Practical applications. 

We have shown how an equation in two variables x and 
y may be represented by a locus when these variables are 
abstract numbers. 

A relation between two variables connected with 
physical quantities, such as distance and time, can also 
be represented by a locus or graph. 

Example.—How far does a body, which is allowed to drop through the 
air, fall in a given t ime? 

Solution.— Let x represent the time in seconds and y the distance in 
feet. Then y = \bx~ expresses approximately the relation between time 
and distance. Let the time in seconds from the instant the body begins 
to fall be represented on the line Oa; and the distance in feet through which 
the body falls, on the line Oy. 
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1 
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<Ki 
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Pts. 

X 

y 

A 

1 

16 P 

( 

B 

2 

64 

C 

3 

144 

D 

4 

256 

E 

5 

400 


etc. 



Find pairs of values of x and y which satisfy the equation and tabulate 
them. 

Plot the points A } B } C , D } E y etc. Joining these points by a smooth 
line gives the graph shown. 

Ascertain from the graph how far the body falls in 1^ seconds, seconds, 
seconds. In what time will a body fall 128 feet? 320 feet? Check 
your answers by substituting in the equation. 
















































/ 


52 \ ANALYTIC GEOMETRY [Chap. 

Exercises 

v 

V ( 1,2 and 3 arc oral) 

V- 

1. How high was an aeroplane from which a bomb fell to the earth in 
10 seconds? 

2. If a car travels y miles in x hours at a speed of 40 miles per hour, 
what equation expresses the relation between y and x. 

3 . S y is the interest on $ 1,000 in 2 yrs. at the rate of x% per annum. 
What is the relation between x and y? 


4. A golfer pays a membership fee of $5 and an extra fee of 50 cents 
per game plaj'ed during the season. If x is the number of games played 
and S y the total cost, state the equation in x and y. Draw the graph. 

6 . A University student pays a tuition fee of $125 in advance and his 
monthly expenses are S50 in a certain year. Find his total outlay during 
the first 5 months from the equation y = 125-f50x. Draw a graph showing 

the relation between x and y. 

x 6. If x° is the reading on the Centigrade scale and y° the reading on the 
Fahrenheit scale for the same temperature, we have the relation y — ^x- f-32. 
Solve the equation for x and find the value of x when y— 0. „ Draw a 
graph of the equation. Of what use is the graph? 

7 . If 1 Kg. = 2.2 lbs., and an object weighs x kilograms or y pounds, 
express v <the relation between x and y. Draw a graph. 

HA 

Sec. 10. —Exercises 

(1,2, 3 and 4 orally) 

1 . What isVthe locus of the equation, 

(a) x\=- 8 , ( 6 ) y = -\, (c) z 5 +j/ 5 =-19? 

2 . Which of the points ( — 3, 17), (4, 6 ), (5, 5), ( 6 ,- 1 ) are on the locus 
of 3x-l-2z/=25? 

3. The abscissa of a point on the locus of x 2 +!/ 2 —6y=0 is 3. What is 

its ordinate? 



4. What is the distance from the origin to where the locus of 2 x — ?/ = 15 
cuts the x-axis? 


6 . Find the coordinates of any point on the locus of x 2 + 2 / 2 = 20 . What 
is its distance from the origin? 

6 . Is any point on the locus of t / 2 = —4x in the first quadrant? Why? 
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Sec. 11.—Intersection of loci. 

Since the coordinates of any point on a locus satisfy 
the equation of that locus, it follows that if two loci 
are plotted with the same axes, the coordinates of the 
point where they intersect must satisf}' both equations. 
Hence by solving the equations simultaneously for x and 
y we may determine the coordinates of the point of 
intersection. 


Example 1 . —Find the intersection of the loci: x+2y = 8 and x—y =2. 


Solution. — Solving the equations 


x+2y = $ .(1) 

and x—y —2 .(2) 

3y=6 
2 / = 2 


Substituting in (2) 

x —2=2, whence x =4, and 
the required point is (4, 2). 



The approximate solution is obtained graphically as shown in the 

figure. 

Example 2.—Find the intersection of x — y-j-1 =0 and x- + y 2 = 25. 


Solution. — x — y+ 1 =0 
x = y—l. 

Substituting in x 2 +y 2 = 25, 

0/-l) 2 +2/ 2 = 25. 

Whence y- — y— 12=0 

and y =4 or —3 

x = 3 or — 4 

.*. the points of intei section are 
(3, 4) and (-4,-3). 

The approximate points of intersection arc found graphically in the 

figure. 6 
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Example 3.—Find the points equidistant from the two points (7, 1), 
(6, 8) and at a distance 5 from the origin. 

Solution.— All points that are at a distance 5 from the origin are 

on the circle whose 
centre is at the origin 
and radius 5. The 
equation of this locus 
is x 2 +?/ 2 = 25. 

Again, all points that 
are equidistant from 
the points (7, 1) and 
(6, 8) are on the JL 
bisector of the line 
joining these two 
points. The equation 
of this perpendicular 
is found thus: Let 
(x, //) be an}' point 
equidistant from (7, 1) 

and (6, 8), then from the distance formula, 

yl (z-7y- + (ij-\y = V(x-G) 2 + 0/-S)-. 

Simplifying, we get x — 7y=— 25. 

Solving the equations x 2 -+-?/ 2 = 25 and x — 7?/=— 25, we get x = 3, y = ~ 1 
and x = — 4, y = 3, whence the required points are (3, *1) and ( — 4, 3). 

Check these solutions by measurement. 

Exercises 

1. Find the points of intersection of the following loci: 

(а) 2 z+y=8 and 3 x-Ft/ = G. 

(б) 2x+37/= 8 and 3x — 5t/-f7=0. 

(c) y = 3x+2 and x 2 +t/ 2 = 4. 

(</) x 2 -f?/ 2 = 4 and 2x — 3y-f2=0. 

r %, Find the distance between the points of intersection of the loci 
x ? 4-y 2 = 9 and 3x —2 t/+ 6 =0. Determine the points of intersection graphic¬ 
ally as well as algebraically. 

3. The equations of the sides of a triangle are x+7?/ + ll =0, 3x+y = 7 
and x-fl=3 y. Find (a) the vertices; (6) the area of the triangle; (c) the 

length of each of the medians. 

4. Find two points equidistant from (-5,-1) and (-3,-9) and at a 
distance 16 from the origin. 
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Sec. 12.—Concurrency. 

When three or more loci pass through the same point, 
they are said to be concurrent. 

To test a set of loci for concurrency proceed as follows: 

(а) Determine the point of intersection of any two 
of the loci by solving their equations simultaneously; 

(б) Substitute the coordinates of this point in each 
of the other equations; 

(c) If these coordinates satisfy each equation, the 
loci are concurrent. 

Example. — Determine whether the loci with equations 2x-}-3y i =0, 
3x4-4?/-10=0 and 2x-?/-3=0 are concurrent. 

Solution. — Solving 2x4-3?/= 7 and 3x4-4?/= 10, 

6x4-9?/ = 21, 

6x-fS?/=20. 

Whence y — 1 , x = 2. 

.*. (2, 1) is the point of intersection 
of the first two loci. 

Substituting the coordinates 2 and 1 
in 2x — y — 3=0, we have 

2(2) — (1) — 3 =0. 

Hence the loci have the common 
point (2, 1) as shown in the figure. 

Exercises 





1 . 


Ascertain which of the following sets of loci have a common point: 


(a) 2x+j/ + l =0 
2x — J/+3 =0 
x+4t/ —3 =0 
(c) 3x+5y+7=0 
4x — 3y —10 =0 
x+2y+2 =0 


(6) 2x-i/ + l =0 
x+y + 4=0 
x+3i/+6 =0 
(d) 2x —3y+4 =0 
Zx—y—\ =0 
4x —3j/+2 =0 


2. If the loci ox-3j/+8 = 0, 2x+7i/-5=0 and 4x-9i/+a=0 are 
concurrent, what must be the value of a? 

































56 'i ANALYTIC GEOMETRY [Chap. 

^3. Find the condition that the following loci may be concurrent, 

f aix-ffexy-hci =0.(1) 

' - (i2X+b 2 y+C2 =0 .( 2 ) 

a3Z+&3?/-f cs =0.(3) 


(Hint.—S olve (1) and (2) simultaneously, and substitute the values 
obtained for x and y in (3). Simplify.) 

Sec. 13.—Exercises 
GROUP B 

(Do 1', 2, 3 and *1 orally) 

1. For what value of a will the locus of y — x=a pass through the point 
(5,-3)? 

2. What law does any point on the locus of x=2y satisfy? 

3. Where does the locus of x —y = 2 cut the x-axis? the y-axis? 

4. What is the equation of the locus of a point which moves so that its 
ordinate equals ^ of its abscissa? 

What condition does the equation V (x —5) 2 -f(y — 2) 2 =6 express 
if x and y are the coordinates of a moving point? 

6. Find the equation of the locus on which every point is 12 units from 
the point (2, 0). What is the shape of the locus and where does it cut the 

x - and y-axes? 

7. The equations of the sides of a triangle are x — 2y-f 7 =0, x-f 2y— 1=0 
and 7x+2y —31 =0. Find: (o) the vertices, ( b) the area of the triangle, 
and (c) the points of triscction of the side with equation x-f2y— 1 =0. 

8. Find graphically the coordinates of the points of intersection of the 
loci represented by x 2 -f-y 2 =25 and 3x+4y — 25=0. Check algebraically. 
Comment on the result. 

9. Construct the loci of the equations: 

(a) x 2 -|-y 2 —6x = 0; (6) x 2 — y 2 =4; 

(c) y- = — 8x; ( d ) 9x 2 -f-16y 2 = 144 (y = = t f V 16 — x 2 ). 

10. If an equation has a constant term can its locus pass through the 
origin? Explain. 

11. Find the equation of a line passing through (4, 5) and, (a) parallel, 
(6) perpendicular, to the line x-H=0. 
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12. Find the point where the locus of 8x — 2?/4-7=0 intersects the 
locus, (a) ?/ = —2, (6) x = 5, (c) x=0, (d) t/=0. 

13. A point moves so that its distance from (3, 0) is always equal to its 
distance from the line x = — 3. Find the equation of its locus. Draw 
the graph. 

14. Find the equation of a circle with the centre (3,-4) and passing 
through the origin. 

16. Derive the equation of the perpendicular bisector of the line joining 
the points (4, 6) and ( — 1. 5). 

GROUP C 

16. Draw the graphs of the equations, 

(a) xi/ = 4, (6) ?/ = 2 X , (c) 7/=x 1 2 3 —2x4-6. 

17. A point moves so that the sum of its distances from (2, 0) and 
( — 2, 0) is equal to 10. Find the equation of the locus traced by this 
point. 

Summary 

Analytic geometry is essentially a treatment of loci. A thorough 
understanding of the principles enunciated and the methods developed 
in this chapter is therefore fundamental. 

1. A locus is the path followed by a given point when it moves according 
to a given law. 

2. The law of a locus may be expressed as an algebraic equation in three 
steps: 

(i) Draw a figure indicating the given data, and let P(x, y) be a 
position of the moving point. 

(«) From the figure, state the law as a geometric equation. 

(in) Replace each geometric magnitude by its algebraic equivalent 
and simplify the result. 

3. The locus of an equation in “x” and “?/” may be found in three steps: 

(i) Solve the equation for y or x or both. 

(t i) By means of one or both of the solutions in (t), find pairs of 
values of x and y which satisfy the equation, and tabulate the results. 

(in) Plot the corresponding points and join them by a smooth 
line. 






i 






58 


ANALYTIC GEOMETRY [Chap. Ill 


4. The relation between a locus and its equation: 

(i) The coordinates of a point on the locus satisfy the equation. 

(it) A pair of numbers that satisfy the equation are coordinates of 
some point on the locus. 

5. The coordinates of the point or points of intersection of two loci 
satisfy the equation of either locus. 

Test on Chapter III 

1. A point moves so that the sum of its coordinates is always zero. 
What is the shape and location of its path? 

2. PP 1 +P/ > 2 =iO is the geometric equation of a locus. State the law 

of the locus in words. 

3. Find 5 points on the locus of 2x — y=0. 

4. Which of the following points arc on the locus of x 2 -ff/ 2 =20: (5, 3). 
(4, 2), (-2, 4), (3, V 7), (0, V 20)? 

5. Solve the equation 3a: 2 -f4y 2 —12 =0 for y. 

6. In which quadrants docs the locus of y-=Ax exist? ITow can you 

tell from the equation? 

7. A point moves so that the square of its distance from P x (5, 0) is 
equal to twice the square of its distance from P 2 U0, 0). Find the equation 

of its locus. 

8. Where does the locus of Sx — 4y = lo cut the x-a\is? 

9. Where do the loci of x — y = 2 and y 2 = 4x — S intersect? Check 

graphically. 

10. The ordinate of a point on the locus of Sx— 10y+5=0 is 2\. What 
is its abscissa? 
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ELEMENTS OF TRIGONOMETRY 


Sec. 1. — In the succeeding chapters considerable use 
is made of trigonometry. The student who is not familiar 
with the fundamentals of this subject will therefore find 
it necessary to study carefully the contents of this chapter. 


Sec. 2.—Relations between the sides and angles of a 
right triangle. 

Geometry shows that the sides and angles of any 
triangle are mutually dependent. Trigonometry begins 
by showing the exact nature of the dependence in a 
right-angled triangle. 



Example 1. — Let ABC be an equilateral triangle with each side 2 units 
in length; draw AD _L to BC. Since AD bisects 
BC , BD = 1 and from the right A ABD, 
AD= V3T 

Now with reference to angle ABD we have 
the following definitions: 

DA 

(1) the ratio —- is called the sine of Z DBA. 
BA 

BD 

(2) the ratio •—■ is called the cosine of Z DBA. 
BA 

DA 

(3) the ratio —- is called thetangentof Z DBA. 

BD 

Briefly, sin 60°= —— = 

BA 2 

„„„ BD 1 

cos6 °=_ = - 

tanGO °=^=^. 

BD 1 

To distinguish between the three ratios, one should remember that 

side opposite to Z 


(1) the sine of the angle =- 


hypotenuse 
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(2) the cosine of the angle = 
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hypotenuse 


v 


(3) the tangent of the angle - side opposite to Z 

side adjacent to Z * 

Example 2.-Placing the A ABD of the last figure as shown here 
for convenience, we have 



sin 30° = —=- 
AB 2’ 

cos 30°=—= — 

AB 2’ 

DB 1 

^ Z0 ° = jrnr^ 

Example 3.—The trigonometric ratios of 45° are obtained from an 
isosceles right A. 

. CA 1 , _ 

sin 4o = — = —— = J V 2 
BA V 2 2 ’ 

BC 1 

cos 45 ° = ^=vT* V2 ~ 

tan 45°= — = ] 

BC 1 

Example 4.—Find the trigonometric ratios of any acute angle. 

Solution.— Let the acute angle XOQ be 
'formed by revolving OQ in a counter-clockwise 
y\ direction from the initial position OX. Suppose 
PX i the amount of revolution in degrees is denoted 
by 6 (theta). 

Let P be any point on OQ and draw PM 1 to 
* OX. 

Then sin 0=%?, cos tan d= MP 




OM 


If, by measurement (or hypothesis), OM=8 and MP = 6, then OP= 10 

and the three ratios may be calculated. Thus sin 0= — = o = 60 . g 
= -A=.80 and tan d=§=.75. OP 15 bU,COS0 
























IV] 


TRIGONOMETRY 


61 


Note 1.—Since £\OMP is similar to A OM'P', 

M'P' MP OM'_OM M'P'_MP 
OP' ~ OP ’ OP' ~ OP ‘ and OM' ~OM ' 

Hence sin 0, cos 0 and tan 0 have constant values for all positions of 
P on OQ. That is, any acute angle has one and only one value for each 
of the trigonometric ratios. 

Note 2. —If an acute angle has its vertex at the origin and is measured 
from the positive x-axis, the angle is said to be in standard position. 

Example 6.—Given tan 0= 2 7 T , find the other ratios of 0. 

MP 

Solution. —In the last figure, tan 0=-. 

OM 

Now, let MP— 7, 0M= 24, then 0P= 25, 

, „ MP „ 

and tan d= — = ^ f . 

sin 0 = ^ and cos 0= 

Exercises 

(Do 1 Orally) 

1. If Z iV/OP in triangle MOP in Ex. 4 equals 0, state the values of 
sin 0, cos 0 and tan 0 when 

(a) OM— 5, MP= 12, OP= 13; 

^ (6) 0M= 3, MP= 4, 0P= 5; 

(c) OM— 3, MP= 2, 0P= V 13; 

C d ) 0M= 1, MP= 8, 0P= V 65. 

2. Draw a right-angled A MOP in which the angle MOP= 50° and the 
hypotenuse OP— 10 cm. (Let the base OM be horizontal for convenience). 
Measure OM and MP to a fraction of a mm. and hence calculate to two 
places of decimals the values of sin 50°, cos 50° and tan 50°. Compare your 
results with those given in the table, page 69. 

* 3. Repeat Ex. 2 when the angle MOP is equal to (a) 40°, (6) 60°, (c) 75°, 

(< d ) 80°. 

^ 4. Determine the values of the other two ratios when (a) tan 0=4, 
(6) sin 0= .6= (c) cos 0= ( d) sin 0= J-, (e) cos 0 = 4 , (J ) tan 0= 

-jzu, (y) tan 0= -V*. 
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{? r 

^ 6 . Head from the table the following ratios: sin 30°, tan 35°, cos 60°, 
cos 65°, tan 89°, sin 2°, cos 1°. 

6 . If tan 0= 4 where 0 is a positive acute angle, find 0 from the table. 
Solution. —tan 0 = f = . 7500 

From the table, tan 37°= . 7536 and tan 36°= 7265. 

Since .7500 is closer in value to .7536 than .7265, the value of 0 to the 
nearest degree is 37°. 

&•; 7 - If 0 is a positive acute angle, determine 0 from the table given that 
l^Aa) sin 0= .456, ( 6 ) cos 0= §, (c) tan 0= V 1 , W) ^ an 0=3.456. 

8 . The angle of elevation of the top of a spire measured at a point 
100 feet from the foot of the spire is 49°. Using the value of tan 49" from 
the table calculate the height of the spire. 

Note. —Since sin 30°= \ we may say, “30° is the angle whose sine is b. n 
A short form for the statement in quotation marks is 

30°= sin" 1 (i) 

Similarly, “0=tan _1 (§)” is read, “0 is the smallest positive angle 
whose tangent is §.” 

Sec. 3.—Trigonometric ratios of obtuse and reflex 

angles. 



Let the angle XOP in each figure be formed by revolving 
OP in a counter-clockwise direction from the initial 
position OX. The angle XOP is said to be in the 1st, 
2nd, 3rd or 4th quadrant according as OP, the revolving 
arm of the angle, lies in the 1st, 2nd, 3rd or 4th quadrant. 
Hence angles in the 1st quadrant are between 0° and 90°; 
angles in the 2nd quadrant are between 90° and 180°; 
angles in the third quadrant are between 180° and 270°; 
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and angles in the 4tli quadrant arc between 270° and 
360°. It should be noted that we distinguish between 
reflex angles in the 3rd and 4th quadrants. 


With respect to “0” in any one of the four quadrants, 
we have 


sin 0 = 


MP 
OP 9 


cos 0 = 


OM 

OP 9 


tan 0 = 


MP 
OM * 


OP is always positive; OM and MP respectively have 
signs as indicated in the figures, (c/. chap. I). 


In the first quadrant the ratios are all positive; in the 
second quadrant sin 0 is positive, cos 0 and tan 0 negative; 
etc. These results arc conveniently tabulated below, 
and should be memorized: 


Quadrant 

Sin 0 

Cos 0 

Tan 6 

1st 

+ 

+ 

+ 

2nd 

+ 

— 

— 

3rd 

— 

— 

+ 

4th 

— 

+ 



Oral Exercise. 

State the sign of each trigonometric ratio of each of the following angles: 
70°, 120°, 300°, 210°, 150°, 350°, 135°, 240°, 220°, 110°. 

Sec. 4. — The numerical values of the trigonometric 
ratios of angles greater than 90°. 

The ratio of any angle greater than 90° can always 
be expressed in terms of the ratio of an acute angle. 
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Example 1.—To find the trigonometric ratios of J20°. 

Solution.— 


MP 



(i) By dcf. sin 120°=-^ which is 
positive. ^ 

T MP 

But ^7 is also the sine of the 
acute angle POM. 

Since Z POM= 1 S 0 °- 120 °= 60° 

anflo.-" 

OP 2 


OM 


Hi 

2 

OM 


sin 120 °= • 

(«) cos ]20 ° = ^^ which is negative. Except for sign is also the 

□sine of angle POM or 60°. But cos 60°=^-. 

cos 120 °= — 

MP 

(in) tan which is negative. But tan Z POM=tim G0°= V 3 

MP , _ 

7 - 7 : = — V 3 whence tan 120° = — V 3 . 

OM 


These results show that sin 120°= sin 60°, cos 120°= —cos G 0 °, and tan 
120 °=-tan 60 c . 


Example 2. —To find the trigonometric ratios of 230°. 
MP 

Solution. —tan 230°=—-- which is 
positive. OAI 

MP 

But —— is also the tangent of the 
OM 

acute angle MOP. 

Since Z MOP= 230°- 180°= 50°, 
tan Z MOP= tan 50°= 1.192 
using the table and hence tan 230° 

= 1.192. 

Similarly sin 230°= —sin 50°= — . 7GG. 
and cos 230°= — cos 50°= — . 643 
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Example 3.—To find the trigonometric ratios of 330°. 


Solution.— sin 330° = —— which is 


the sine of (360°—330°) or 30°. 
But sin 30°= \ 


negative. Except for sign, is also 


sin 330°= — 



V 3 

Similarly cos 330°= cos 30°=-^— 
and tan 330°= — tan 30°= —-=~ 


P 


V 3 


From the preceding examples, we deduce the following 
rule for determining the trigonometric ratios of any 
angle between 90° and 360°: 

1. Determine in what quadrant the angle is and hence 
the sign of the ratio. 

2. Calculate, or find from the table, the ratio of the 
acute angle between the revolving line and the x-axis. 


3. Give the value obtained in (2) and the sign obtained 
in (1). 


Example.—Find the value of tan 130°. 

Solution. —1. Since an angle of 130° is in the 2nd quadrant, tan 130° is 


negative. 

2. The acute angle between the revolving line and the 
x-axis is 1S0°—130°= 50°. 

From the table, tan 50°= 1.192 

3. tan 130°= —1.192. 


./ 


Exercises 

1. Complete orally the following: 

(a) sin 240°=—sin 60°= 


(6) cos 300°= 

(c) tan 210°= 

(d) tan 135°= 











66 


ANALYTIC GEOMETRY 


[Chap. 


2. Evaluate: sin 100°, cos 200°, tan 300°. 

3. Find 0 when tan 0=— 2. 

Solution. —From the sign of tan 0, 0 is in either the 2nd or 4th 

quadrant. 

(0 When 0 is in the 2nd quadrant, the tangent of the acute angle 
(18O°-0)=2. 

From the table, 1S0°— 0=63° or 0= 117°. 

(it) When 0 is in the 4th quadrant, tan (300°— 0)=2 and hence 
360°— 0= 63° or 0= 297°. 

' J 4 . Find the smallest value of 0 if (a) sin 0= —§=—.GG7 

(approx.), (6) tan 6= — ~, (c) cos 0= — $, (d)tan0=f. 

Sec. 6.—Trigonometric ratios of 0°, 90°, 180°, 270°. 


. „ MP OM 

sin 0 op , cos 0 — op , 



y 



(0 For small values of 0, MP is small and OM is nearly 

equal to OP. 

When 0 = 0°, MP =0 and OM = OP. 




y ^ («) For values of 0 near 90°, MP is nearly 

, equal to OP and OM is small. 


When 0 = 90°, MP = 0P and OM = 0. 


MP o 

— = 1; cos 90° = ^r-= = 0 



°° (infinity). 

180° = 0, cos 180°= -1, 
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Sec. 6. — Identities used in this text. 

(t) Refer to any figure in this chapter where 

MP OM MP 

sin 0 — Qp , cos 0 — Qp , tan 0 — 

and verify the following: 

, N . „ , f MP V , / OM\°- (OP) 2 , 

(<i) sm-0 + cos-0- ( op J +y op J ~(OP)2 -1 

.*. sin 2 0 + cos 2 0 = 1 for any value of 0; 

MP 


(b) sin0 MP ^ OM MP OP 
cos 0~ OP : OP ~ OP X 0M 


OM 


= tan 0. 


si nO sin 0 „ _ r ^ 

= tan 0 or tan 0= ——„ for any value of 0. 


cos 0 

*(w) tan (0i — 0 2 ) = 


cos 0 
tan0 L — tan 0 2 
1 +tan0i tan 0 2 ' 


*The following proof is included for reference — 

Completing a figure as shown, 

Z QPR= 90°— Z QRP= Z QRN= 0 { . 

MP 

tan (0i— 0 2 )=tan MOP= —— 

OM 



MQ— PQ __ SR— PQ 
~OS+SM~OS+RQ 
SR PQ A , PQ 

- tan 0i- 

OS OS 1 OS 


OS RQ 
OS+OS 


i+52 

os 


PQ PQ PP 

Now A PPQ is similar to A£OP and hence ——= —— = ——: • 

SR OS OR 


tan (0f — 0 2 ) = 


n R P 

tan 0i — _ 

_ OR tan 0i —tan 0 2 _ tan 0 X —tan 0 2 

RQ . SR SR RP 1 +tan 0 X tan 0 2 

]Jt OS* SR 1+ 0£ * OR 


Here 0i and do are acute angles but it can be shown that the theorem 
holds for all values of 0 X and 0 2 . 
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Levelling the foundations for a large building is a practical 
application of trigonometry. 

Tables 


I.—Trigonometric ratios of some common angles. 


Angle 

0° 

0 

O 

CO 

45° 

60° 

90° 

to 

o 

o 

135° 

150° 

i i 

Sine 

0 

1 

2 

|I<N 

H> 

V 3~ 
2 

1 

lco 

> w 

1 

V 2 

1 

2 

0 

Cosine 

1 

V3 

2 

1 

V 2 

1 

2 

0 

1 

~ 2 

1 | 

toi 

ICO I 

> CM 1 

l 

— 1 

Tangent 

0 

11 CO 

1 

V 3" 

oo 

ICO 

> 

1 

-1 

1 

V 3 

0 
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II.—Ratios of Angles from 0° to 90°. 


Angle 

Sin 

Cos 

Tan 

Angle 

Sin 

Cos 

Tan 

1 

.0175 

.9998 

.0175 

46 

.7193 

.6947 

1.0355 

2 

.0349 

.9994 

.0349 

47 

.7314 

. 6S20 

1.0724 

3 

.0523 

.9986 

.0524 

48 

.7431 

.6691 

1.1106 

4 

.069S 

.9976 

.0699 

49 

.7547 

. 6561 

1.1504 

5 

.0872 

.9962 

.0875 

50 

.7660 

.6428 

1.1918 

G 

1045 

9945 

.1051 

51 

.7771 

.6293 

1.2349 

7 

.1219 

.9925 

. 1228 

52 

.7880 

6157 

1.2799 

8 

1392 

. 9903 

. 1405 

53 

.7986 

. 601S 

1.3270 

9 

. 15G4 

.9877 

1084 

54 

.8090 

.5878 

1.3764 

10 

.1736 

.9848 

.1763 

55 

.8192 

.5736 

1.4281 

11 

.1908 

.9816 

.1944 

56 

.8290 

.5592 

1.4826 

12 

.2079 

.9781 

.2126 

57 

. 83S7 

.5446 

1.5399 

13 

.2250 

.9744 

.2309 

58 

.8480 

.5299 

1.6003 

14 

.2419 

.9703 

.2493 

59 

.8572 

.5150 

1.6643 

15 

. 25SS 

.9659 

.2679 

60 

.8660 

.5000 

1.7321 

16 

. 2756 

.9613 

.2867 

61 

.8746 

.4848 

1.8040 

17 

.2924 

.9563 

.3057 

62 

. S829 

.4695 

1 8S07 

18 

.3090 

.9511 

.3249 

63 

.S910 

.4540 

1.9626 

19 

.3256 

.9455 

.3443 

64 

. S98S 

.4384 

2.0503 

20 

.3420 

.9397 

.3640 

65 

.9063 

.4226 

2.1445 

21 

. 35S4 

.9336 

.3839 

66 

.9135 

.4067 

2.2460 

22 

.3746 

.9272 

.4040 

67 

.9205 

.3907 

2.3559 

23 

.3907 

.9205 

.4245 

68 

.9272 

.3746 

2.4751 

24 

.4067 

.9135 

.4452 

69 

.9336 

.3584 

2.6051 

25 

.4226 

.9063 

.4663 

70 

.9397 

.3420 

2.7475 

2G 

.4384 

.8988 

.4877 

71 

.9455 

.325G 

2.9042 

27 

.4540 

. S910 

.5095 

72 

.9511 

.3090 

3.0777 

28 

.4695 

.8829 

.5317 

73 

.9563 

.2924 

3.2709 

29 

.4848 

.8746 

.5543 

74 

.9613 

.2756 

3.4874 

30 

.5000 

.8660 

.5774 

75 

.9659 

.2588 

3.7321 

31 

.5150 

.8572 

.6009 

76 

.9703 

.2419 

4.0108 

32 

.5299 

.8480 

.6249 

77 

.9744 

.2250 

4.3315 

33 

.5446 

.8387 

.6494 

78 

.9781 

.2079 

4.7046 

34 

. 5592 

.8290 

.6745 

79 

.9816 

.1908 

5.1446 

35 

.5736 

.8192 

.7002 

80 

. 9S4S 

.1736 

5.6713 

36 

.5878 

.8090 

.7265 

81 

.9877 

.1564 

6.3138 

37 

.6018 

.7986 

.7536 

82 

.9903 

.1392 

7.1154 

38 

.6157 

.7880 

.7813 

S3 

.9925 

.1219 

S.1443 

39 

.6293 

.7771 

.8098 

84 

.9945 

. 1045 

9.5144 

40 

.6428 

.7660 

.8391 

S5 

.9962 

.0S72 

11.4301 

41 

. 6561 

.7547 

.8693 

86 

.9976 

.0698 

14.3007 

42 

.6691 

.7431 

.9004 

87 

.9986 

.0523 

19.0811 

43 

.6820 

.7314 

.9325 

88 

.9994 

.0349 

28.6363 

44 

.6947 

.7193 

.9657 

89 

.9998 

.0175 

57.2900 

45 

.7071 

.7071 

1.0000 

90 

1.0000 

.0000 

oo 























CHAPTER V 


THE STRAIGHT LINE J 

U'^ 

Sec. 1.—^A straight line may be defined as the locus of 
a point which moves continuously in one direction.)) 
Two independent conditions determine a line with respect 
to the coordinate axes. In this chapter we shall derive 
standard forms of the equations of straight lines using 
different sets of conditions. 

Sec. 2.—The inclination and slope of a line. The 
direction of a line is usually indicated by the tangent of 
the angle which the line makes with the positive direction 
of the x-axis. This angle is called the “inclination” of 
the line and the tangent of the angle is the “slope” of 
the line. 

The inclination of AB is 6 
and of A X B X is 6 The slope 
of AB is tan 0 and of AiB if 
tan 0i. The slope of a line is 
usually denoted by “ra”, e.g. 
the slope of AB is vi or tan 6 
and that of A 1 B 1 is ra 2 or 
tan di, etc. Since the tangent 
of an acute angle is positive 
and that of an obtuse angle is negative, the slope of a line 
making an acute angle with the x-axis is positive and that 
of a line making an obtuse angle is negative. 

Thus the slope of AB is positive and that of A X B X is 
negative. 

The inclination of a line parallel to the x-axis is 0° and 
hence its slope is 0. The inclination of a line parallel to 
the ?/-axis is 90° and hence its slope is <». 
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The slope or gradient of a roacl is an important factor 
in transportation. The road shown here has a 7% slope. 
It rises 7 feet in a horizontal distance of 100 feet. 


Then m= tan 6= § or .GGG7. 


Example 1.—In the figure on page 70, if the inclination of AB is 70° 
and that of A\B\ is 140°, find the slopes of the lines. 

Solution. —The slope of *4B=tan 70°=2.7475. The slope of A\Bi = 
tan 140°= — tan 40°=—.8391. 

Example 2.—Find the inclination of 
the line which passes through the points 
(2, 3) and (-1, 1). 

Solution. —Complete right-angled 
triangle as shown. 



Use the decimal value and find the 
nearest angle in the table. Thus 
0=34°. This may be verified by measuring the angle with a protractor. 


Example 3.—Draw the line w’hose slope is — 3 and which passes through 
the point (—5, 3) and find its inclination. 

Solution. —Plot (—5, 3) and complete the right-angled A. 

Then tan Q = - § = “ • 6667 
and d = tan -1 (— .6667) 

Since 6 is an angle in the second quad¬ 
rant, 1S0°— 6 is the positive acute 
angle between the line and the z-axis. 
.*. tan (180— 0)= .6667 

and from the table, 180° — 6 = 34° 
whence 6 = 146°. 
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Exercises 

(Do 1, 2 and 3 Orally) 

1. By drawing suitable diagrams, state the slopes of the lines whose 
inclinations are: 

30°, 45°, 60°, 90°, 120°, 135°, 150°. 

2. By using the trigonometric tables state the slopes of the lines whose 
inclinations are: 

2o°, *10°, 75°, 100°, M0°. 

3. What are the inclinations of the lines whose slopes are: 1, yj 3, —1, 

1 1 

V3’ V3> V 3 


4. Draw the lines through the following pairs of points and find the 
. slopes o f these lines: 

(a) (4, 3) and (1,-1); (6) (1, 3) and (-2, 1); 

(c) (2, 3) and (-1,-3); (d) (-3,-2) and (1,-2); 

(e) (1, 4) and (3, 1); (/) (3, 4) and (3,-2). 

6. Find the inclination of the line: 

(a) whose slope is 3 and which passes through (4, 5); 

( b ) whose slope is l and which passes through (4, 3); 

(c) whose slope is —2 and which passes through (—2, 3). 


Draw the line in each case. 


V, Sec. 3.—The slope of a line through any two given points. 

y The slope of any line may be found if two points on 
o- the line are known. Thus in the diagram, Pi(x ly yi ) and 

P 2 (z 2 , 1 / 2 ) are two given points 
on a line. The figure is 
completed as shown. Then, 
from parallels and similar 
QP 1 

triangles, tan 0 = - 



or 

/) 

■■ J- 


P 2 Q 

</l — i/2 

m =- 

*l — *2 

It CJ ^ 


/• 


o 
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Example.—What is the slope of the line which passes through the points 

(5, 4) and (-3,1)?_ \ /. 1 ^ 

^.n-V2 I 4-1 3 ) ' / X J 

F Xi X 2 / 5+3 S ~ ^ ~ 

2/2— 2/i . . 


Solution.— m=T 


Note. —Since 


Xi—X2 3^2—^1 
are taken in either order. 


the result is the same if the points 

_ y-y . 


v, - v, 


Sec. 4. — Exercises 

ClROUP A—(Do l Orally) 

1. State the slope of the line through each of the following pairs of 


Iry-. 


points: 

(a) (4, 7) and (1,3); (6) (5, 2) and (2, 1); 

(c) (3,-1) and (-5,-7); (d) (6,-2) and (0, 0); 

(e) (4, 2) and (6, 2); (/) (a, 6) and (c, 0); 

C 0 ) (x, i/) and (3,-2); (/i) (x, y) and (0, 0). 

2. Plot the triangle whose vertices are (4, 5), (—2, 2), (1,— 3) and write 
the slopes of its sides. 

3. Through the points (—5,— 2), (2, 1) and (3,— 1) draw the lines whose $ 
slopes are §. What geometric property do the three lines possess? 

4. Through (— 1,— 2) draw the lines whose slopes are \ and — 4. Measure evu* 
the angle between them. What geometric property do the lines appear 

to have? *£* ka * j 

6. Find the inclination of the line through each of the following pairs . . ; 

of points: 

(a) (2, 1) and (-3,-2); (6) (4, V 3^ and (3, 0); 

(c) (-1, 3) and (4,-2); (d) (-2V3, 11) and (V3,2). „ f; 

6. A (—4, 0), B (3,-2), C (5, 3) and D (—2, 5) are the vertices of a 
quadrilateral. Find the slopes of the opposite sides. What is the geo¬ 
metric significance of your answer? 


IS 


GROUP B 


7. Find the slopes of the medians of the triangle whose vertices are 
A (5, 6), li (-1, 2), C (7,-4). ^ U 


8. Write in the form of an equation the statement that; , ^ 

(a) the slope of the line through (x, y) and (3,—1) is 3; 


(6) the slope of the line through (x, y) and (1, 0) is —=a, 


(c) the slope of the line through (xi, y i) and (x 2 , 2 / 2 ) is * 
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9. Prove by means of slopes that A (2, 3), B (— *1,— 0), and C (8, 12) lie 
on the same straight line. 

(Hint: show that the lines AB and BC have equal slopes.) 

LlOl Show b}' means of slopes that (7,-2) is on the line joining (4, 0) 
nmf (—2, 4). Find the ratio in which it divides the line joining these 

points. 

11. Show that (4, 3) is on the line joining (3, 7) and (5,— 1) and is equi¬ 
distant from them. 


GROUP C 

12. What is the value of x if the slope of the line joining (x, 7) to ( I, 2) 
is£? 

13. If the slope of the line joining the point P(x. y ) to (2, 1) is always 2, 
what is the locus of P? 

14. The slopes of the lines joining P to (1,-2) and (8, 1) are 3 and — J 
respectively. Find the coordinates of P. Verify b>' plotting the lines. 

16. The slope of the line joining P(x, y) to (4, 3) is alwa 3 's 0. What is 

the locus of P? 

16. The slope of the line joining P(x, y) to (4, 3) is oo . What is the locus 

of P? 


Sec. 6.—The equation of the straight line through 
Pi(xi, Vi) and having the slope m. 



Let P(x y y) be any point 
on the line. 

Then the slope of P X P is 

y-y i 

x — Xi 


X — X i 

or y-y x =m(x-x 1 ) 
which is the required equation. 


Cor. 1.—If (x if yi) is (0, 0), the above equation be¬ 
comes y = mx, which is the equation of a line passing 
through the origin. 
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Con. 2.—If the line is parallel to the .r-axis, then vi = 0, 
and the equation y — yi=m(x — Xi) becomes y = 2/i- This 
is the equation of a line parallel to the x-axis. 

Cok. 3. —If two lines are parallel their inclinations 
and hence their slopes are equal, i.c ., if m x and m 2 arc 
the slopes of the two lines, vii =m 2 and this is the condi¬ 
tion for parallelism. Conversely, if rai=w 2 , the lines 
are parallel. 

■ 

Example 1.—Find the equation of the line passing through (7,— 3) and 
making an angle of 30° with the re-axis. 

Solution. —The equation is y—y \ =m(x—xi) where m = tan 30°= —r= 
and (x,, yi) is (7,-3). V3 

J/ +3 = ^ ( x-7 ) 


!/V 3+3 V 3 = i—7 
z — ijt] 3 =3V 3+7. 


A 


Example 2.—Find the equation of the straight line through (—3, 1) 
parallel to the straight line joining (1, 2) and (3,-1). 

Solution. —The equation of the line through (—3, 1) is y— l = m(x-F3) 
where m is to be found. 


Since the required line is parallel to 
the line joining (1, 2) and (3,-1), it 
has the same slope. This slope is 




V l —.72 


2 + 1 
1-3’ 


_ 3 

• “S' 


Xi—X 2 

.*. ;/i= — J and lienee the equation of 
AB is y —■ 1 = —-|(x+3) 
or 3x+2// + 7 = 0. 



Sec. 6.—Exercises 

GROUP A—(Do 1 Orally) 

State the equation of. the line: ? 

(а) through the o ri g in and with slope & 

(б) through the origin and with inclination in!; 

(c) through (3.— 2 ) and with s lope —2; 


too 
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( d ) through (QjJ>) and with slope J* ) 



' ' - V— -- (J 

(e) through ( 3 y — 5 ) and parallel to the y-axis; - 
(/) through (3, —5) and parallel to the x-axis; 

; (<7) parallel to the x-axis and at a distance'sunits above (3,-2). 


2. Find the equation of the straight line: 

(а) passing through (—3, 2) and having the slope — f; 

(б) passing through (2,-3) and having the slope —2; 

(c) passing through the origin and parallel to 2x —y = 5; 

(</) passing through (—3,— 2) and parallel to 3x— 4y = 7; 

(c) passing through (1, 5) and having an inclination of 135°; 

(/) passing through the intersection of the lines 2x — Sy = 2 and 
3x— y=S and with slope J; 

( g ) passing through (—2, 3) and parallel to the line joining the 
points (3, 1) and (— 2,— 3); 

(h) passing through (0,-3) and parallel to the x-axis; 

( i ) passing through the origin and parallel to 4x-f-7 y= 10. 

(J) passing through the mid-point of the line joining (5. 7), 
(1,-3) and with the inclination of 30°; 

( k) passing through (-3,-2) and parallel to the ?/-axis. 


GROUP B 


3. Show that the line joining the middle points of two sides of the 
triangle whose vertices arc (7, 5), (—3,— 1) and (3,— 3) is parallel to the 
third side. 

4. Find the equation of the line through (—3, 2) parallel to the per¬ 
pendicular bisector of the line joining the points (1, 2) and (5,— 2). 

, % (§; Find the equations of the lines drawn through the points (— 1, 2), 
(1,-2), (5, 1) and parallel to the opposite sides of the triangle formed 
by joining these points. Find the vertices of the triangle formed by these 

parallels. 


6. Find the value of “a" if the line ax— 3y-H9=0 passes through 



7. A man climbed a flight of stairs leading from one floor to the next, 
12 feet above. The distance in a straight line from the foot of the steps to 
the top was 20'. What was the slope and inclination of the stairs? 
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8 . Two sides of a parallelogram are 4x+3?/-b29=0 and bx— 6?/— 71 = 0 
and one vertex is (1, 2). Find the equations of the other sides and also 
the remaining vertices. 

9. Find the inclinations of the sides of the triangle with vertices (6, 5), 
(3, 2) and (4,-1). 

GROUP C 

10. Find the equations of the perpendicular bisectors of the sides of the 
triangle whose sides are 2x-f-3y4-7= 0, 8x+3?/— 17=0 and 4x— 3y4-5=0. 
Find the area of the triangle. 

11. Show that the quadrilateral with vertices (—1,— 4), (3,— 1), (—4, 0) 
and (0, 3) is a rectangle and find its area. (Show the opposite sides parallel 
and the diagonals equal.) 

12. Show that the quadrilateral formed by joining the middle points 
of the adjacent sides of a quadrilateral with vertices (—3,— 4), (7,— 0), 
(5, 2) and (— 1, 4) is a parallelogram. 

Sec. 7.—Intercepts. The distances from the origin 
to the points where a line cuts the coordinate axes are 
called the intercepts of the line. That measured along 
the .r-axis is called the ^-intercept and that along the 
y-axis, the y-intercept. They are denoted “a” and “b” 
respectively. Intercepts may be positive, zero or negative. 

Sec. 8.—The equation of a straight line in terms of its 
slope and the intercept it makes on the y-axis. 



Let PA be the line whose inclination is 0 and whose 
y-intercept OB =6. Let P(x, y) 
be any point on the line. 

Complete the figure as shown. 

Then tan Z.RBP = 
y—b 


tan 6 =' 
y—b 


= m 



and y = mx-\-b, which is the required equation. 

This equation is called the slope form of the straight 
line equation. 
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Example 1.—Write the equation of the line whose inclination is 30° 
and whose intercept on the y-axis is —3. 

Solution— Applying the slope form, we have y =mx+b where m = tan 


30°= -—=r and b = — 3. 
V 3 


u= 


V 3 


-3 or x — y V 3 = 3 V 3. 


Example 2.—Show that x— 2y+3=0 is a straight line whose slope is \ 
and whose y-interccpt is -§. 

Solution. —This equation may be written 2y=x+3 or y= ^x+f, which 
has the form y=mx-\-b. Hence ?/i=i and the y-interccpt 6 = 

Sec. 9.—Exercises 

GROUP A—(Do 1 , 2 Orally) 


1 . State the equations of the following lines: 

(а) slope 2 , y-interccpt 1 ; 

( б ) slope y-intercept —5; 

(c) slope — 3, y-intercept — §; 

(d) inclination 60°, y-interccpt 3; 

(e) slope 3, and through (0, 5). 

2. What do the constants "m” and “b” in the equation y=//?x +6 

mean? 

3 . (a) Draw the line for which m=3, 6=4, also that for which 

m= — 1, 6= — -§. 

( 6 ) Write the equations of the above lines. 

4. A straight line at 00° with Ox makes an intercept li on 0y. Find 
its equation. 


GROUP B 

6 . Find the slope and y-intercept for each of the following lines: 




f(«) 3*+5y—4=0; ,5 ' * 

( 6 ) 5x+5y —7=0; ' 

(c) 2x=3y. c-j - 3 

* 6 . Find the equation of the line whose y-intercept is 7 and which is 
parallel to the line through (3, 2) and (-1,-2). 

7 . If y=mx+b passes through the points (5, 3) and ( 1 ,- 2 ) find the 

values of “m” and “b”. , , 

f our-**- ^ 

Jjl 4 • 


Co hj ' " 


ji'tO 


^ el 











V 

v \y / , . \ c v.'-vV 

V \,MM 


' 


VI 


vi 
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8. Find the equation of the line whose slope is —2 and whose x-intcrcept 
is 5. 


( <Y, •>) 


I 4. " 

9. Find the equation of the line whose slope is u 7ti” and whose x-intcrcept 


is “a”. 


V' 

# Find where the perpendicular bisector of the line joining (3, *4) 
and (—2, 1) meets the line whose slope and ?/-interccpt are — 2 and % 
respectively. 


Sec. 10. The equation of a straight line in terms of the 
coordinates of two points on the line. 


h 


Let P x (* lf t/i) and P 2 (x 2) y 2 ) be two given points an dp, ^ 
P(Xj y ) any point on the straight line joining P\ and P 2 - \^ 

Then since Pi(x 1} y x ) is on the line the equation of the 


line may be written y — ?/i = m(x — Zi) where m is to be 


found. 


The slope of P X P 2 is given by 


y i “ 2/2 






x 1 x 2 


k i'- f i 






VI = 


2/i “2/2 


Si — rc 2 

Hence the required equation is 

2/i —2/2 




4, 

(x —Xi) 


£>- 




or 


y-y\ 


X — Xi 


.Xj a W 

VJ\, 

•v, ' : - 


H i 


yi — V 2 *1 — *2 
This is called the two-point form of the equation of 
the straight line. 


Example 1.—Find the equation of the straight line passing through 
(7, 5) and (3,-2). 

Solution.— Let n=7, yi =5 and x 2 =3, j/ 2 =-2 and substitute these 


values in 


y—y i __s — si 


2/1 2/2 *1“*2 


Then 

Whence 


y—5 ^ x—7 y 5_x 7 

5-(-2) 7-3 ° r 7 4 


7x— 4y=29 is the required equation. 


_ 
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Example 2.—Find the equation of the straight line whose intercepts on 
the x and y-axes respectively are —3 and 2. 

Solution. — Since OA= — 3, A= 
(“3, 0) and OB= 2, hence B=( 0, 2). 

two points through which the 
line passes are ( — 3, 0) and (0, 2). 
We can then obtain the equation of the 
line by applying the two-point form. 
y —0_ x+3 
0—2 “ — 3—0 
or 2x —3?/+G=(). 

Sec. 11.—Exercises 
GROUP A 

v/ 1. Find the equations of the straight lines passing through the following 
pairs of points: 

(a) (3, 4) and (4, 2); (6) (3, 4) and (4-2); 

M (-0, 1) and (-2, -5) (d) (~2\, 0) and (3,-1 §) 

(e) (0, 0) and (2,-3); (/) (0, 0) and (x 1( j/l) 

(g) (3, 0) and (-4, 0) (h) (a, 0) and (0, b). 

(/ 2. Find the equation of the straight line whose intercepts on the x and 

?/-axes respectively are: 

(а) 5 and 2; 

(б) 3 and — 3; 

(c) — 2 and— 7. 

3. Find the point where the straight line through (5, 4) and (—4, —2) 
meets the straight line through (—3, 1) and (6,-4). 



GROUP B 

4. Find the equation of the straight line through (-3,-7) and the 
mid-point of the line joining (—8, 1) and (2, 5). 

5. The vertices of a triangle are (—3, 3), (3, 5) and (5,-1). Find the 
equations of its sides and its medians. Show that the medians are con¬ 
current. 

6. A (4, 7), B (—3, 2), C (-1,-5) and D (6,-3) are the vertices of a 
quadrilateral. Find the equations of its sides and its diagonals. 

7. Show that A (-3,-3), B (5, 1), C (0,3) and D (—4, 1) are the vertices 
of a trapezium and find its area. 
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GROUP C 

8. A triangle lias its vertices at A (— 2, 3), B (-3,-3) and C (7, 2). 
D is a j>oint in the base such that A ABD : A ACD = 3:2. Find the 
coordinates of D and the inclination of AD. 

9. What is the condition that the lines 5x4-2 y=a, 3x—7 y=S and 
10x4-13?/—21 = 0 meet in a common point? 

10. Derive the two-point form of the equation of a straight line by 
taking P\(x\ y y±) and P 2 & 2 , 2/2) two given points and P(x, y) as any 
other point on the line, then stating algebraically that the slope of PP\ 
is equal to the siopc of P A P 2 . 


Sec. 12.—The equation of a straight line in terms of 
the intercepts it makes on the axes. 

Let AB be the given line 
whose 2 -intercept OA=a and 
whose ^-intercept OB =b. 

Then A = (a, 0 ) and 
b ) 

Since these are two points 
on the line, we apply the two- 
point formula, 

V — IJi _ x—x x 

2/1 -2/2 ~Xi x 2 ‘ 

y — 0 

and r— 7 =- 7 . 

0—6 a — 0 

or ay = — bz+cib. 

x y 

Dividing by a 6 , we get “+£ = '• 

This equation is known as the intercept form of the 
equation of the straight line. It cannot be used for 
lines which pass through the origin. 



Example 1.—Find the equation of a straight line which makes intercepts 
of 3 and —5 on the x and ?/-axes respectively. 


x y 

Solution. —Substituting a=3 and 6= — 5 in~4-“— L 
form, we obtain ^4-~. = l or 5x— 3?/= 15. 

o O 


the intercept 
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Example 2.—Show that 2x—7y=2S is a straight line making intercepts 
14 and — 4 on the x and 7/-axes respectively. 

Solution. —We can show that 2x—7?/=28 can be changed to the form 


= l as follows: 

a b 


2x— 7y= 28 
2f_7y = 1 
28 28 


i-S-i 

14 4 


x . y 

°r — H-. =1 

14 —4 


x y 

which is of the form - -f - = 1. 

a b 

—-|—— =] is a straight line whose intercepts on the axes are 14 

14 —4 

and —-4. 


Example 3.— A (2, 7), B (— 1,2) and C (5,— 1) are the vertices of a triangle. 
Plot the triangle and find: (a) the equation of AB; (6) the slope of AB\ 
(c) the intercepts which AB makes on the axes. 



or 5x— 32/4-11 = 0. 


Solution.—( a) Applying the two-point 
form, the equation of AB is: 
y— 7 _ x— 2 
7-2 _ 2+l 

(6) changing fix—3// +11 = 0 to the slope 
form, we get y= fx+V • 
the slope of AB is 

(c) changing fix—3y + ll = 0 to the inter¬ 
cept form, 5x— 3y= — 11 
fix 3y x y 


— 11 


■ =1 or . . 

-11 —V 


+ 


+y 


=i. 


Hence the intercepts of AB are — 2\ and 3§. 


Example 4.—Find the equation of the straight line passing through 
(3,-2) and cutting off intercepts, equal but of opposite signs, from the 

axes. 











































V] 


THE STRAIGHT LINE 


83 


Solution. — Let the intercepts be “a” and “—a”. Then the equation 

of the line is -+ =1 or x — y~ a where “ a” is to be found. Since the line 

a —a 

passes through (3,-2) the equation x—y=a must be satisfied by its 
coordinates. 

3— (— 2)= a and a= 5. 

Hence x—y=5 is the required equation. 


Sec. 13.—Exercises 

GROUP A (Do 1 Orally) 

1. State the equations of the lines whose intercepts are: 

(a) 3 and —2; (6) —5 and 1; 

(c) “4 and —7; (d) ( a+b ) and (a— b). 

2. Find the equations of the lines whose intercepts are: 

(a) —3-i- and lj; (6) and — 


(c) 3 a and — 


(d) — Sh and 5§. 


3. Find the intercepts made on the axes by the lines: 

(a) 3x+4y= 12; 

( b ) 2x+3?/+ 15=0. 

4. Reduce the following equations to the intercept form and draw the 

lines they represent. 

(a) 2x —3v +12= 0; 

«£-?-* 

«> 

5. Find the equation of the straight line through (—3, 5) which cuts off 
equal intercepts from the axes. 

6. Find the equation of the straight line through (—3, 5) which cuts off 
intercepts, equal but of opposite signs, from the axes. 

x y 

7. Find the values of “a” and “5” if the straight line - + ~ = 1 passes 

through (3, 2) and (—2, —5). a 

8. Find the intercepts which the straight line through (—3,— 1) and 
(4,-5) makes on the axes. 
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\ GROUP B 

9. Find where the straight line whose intercepts arc 7 and — 3 meets the 
line through (—2, 1) and (3,-4). 

10. Find the equation of the straight line cutting off an intercept 2 from 
the negative direction of the y-axis and inclined at 30° to Ox. 

11. A A has vertices A (0, 1), B (2, 0) and C (—1—2). Find: (a) the 
equations of its sides; (6) the slopes of its sides and (c) the intercepts of its 
sides on the axes. 

12. Find the equation of the straight line which bisects the distance 
between the points (7, 1) and (—1, 5) and whose inclination is 60°. 

13. Find the equation of the straight line through (5,-2) which is 
parallel to the line whose intercepts are —5 and 2. 

GROUP C 

14. Find the equations of the straight lines which go through the origin 
and trisect that part of the straight line 3x+?/=12 which is intercepted 
between Ox and 0 y. 

16. Find the equation of the straight line which makes twice as great 
an intercept on the x-axis as on the ?/-axis and which passes through the 

oint (—2, 3). 

Sec. 14.—Review Exercises 

GROUP B 

1. A line has a slope —6; what is its intercept on 0 y if it passes through 
(7, 1)? 

2. Determine x if the slope of the line joining (2,-3) to the point 
(x, 5) is 1. 

3. Find the equation of a straight line through the intersection of 
2x“3y=4 and 3x—y=5 making 120° with Ox. 

4. A straight line makes 120° with Ox and its intercept on Oy is —3. 
Construct the line and find its equation. 

6. A straight line passes through the origin and makes an Z 30° with Ox. 
Find its equation. 

6. Find the equation of a straight line with ?/-interccpt 7 and passing 
- through (2, 3). Draw the line. 

7. Show that the lines 9x+5=3 y and 3x—//= SI are parallel. 

8. What is common to the lines y= 3x— J, 2;/=5x—2 and 7x—3//=3? 

9. Docs the line joining (G, 0) and (0, 4) pass through (3, 2)? through 
(“4, 5)? 
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w”; lhrouel ' (5 ' 3) " d 4* «'■ 4* 

11. Find the equation of the circle with: 

(а) center at (0, 0) and radius 4; ' 

(б) center at (—1, 2) and radius’5. ( ^ . 

12. The coordinates of the vertices of a triangle are f2 11 n -91 ' ' 

( 4,-1). Find the equations of its medians. Show that’the point of ft' 
intersection of two medians also lies on the third. • 1 / 

( 13. Find the equation of the line through (0. 0) and through infnr 
section of 2z+37 / = 1 and 5*-2*+26= 0. g ,nter 1 IjJU f) 


f) 


GROUP C 

U. Two lines pass through (1, 5) and f6nn with Ox an equilateral 
triangle. Find the equation of each line. q 

.0 f Rnd f the c ° nditi ° n that the line lx+my+n=0 may pass through 
the intersection of the lines Ax+By+C= 0 and A.x+B.y+C^Oh; 

16. If the line y=mx+b passes through the point (x, „ i / ' 

value of b and hence derive the equation ’ d 1 

ofS^:t£oSr^^ istcr through ;,ic intc “ n 

Sec. 16.—The equation of a 
the length and inclination of 
from the origin. 

Given the straight line AB-, 

OQ -L AB and equal to v ; 

Z XOQ = a. 

Required to find the equa¬ 
ls 


(fl) passes through the origin; 

(6) makes an Z 150° with the’ i-axis; 
(c) passes through the point (-5,-3). 


,fc. 


straight line in terms of 
the perpendicular on it 


tion of 
and a. 

Solution. —Let P(x, 
any point on ,4R. 

Draw PM ± OX, MR 
and QS || PM 

Then 


AB in terms of 

y ) be 

PQ 





■o 

X 


OQ = OR+RQ . (1 )V 
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” OQ=p and from A MOR, 

0 R 

ttt = cos a or OR = OM cos a = x cos a. 

1M 

A SRQ, Z RSQ = 90° — ZtfQS = 90°- ZAOQ=a 
RQ 

^7r =sin a or /2Q = £Q sin a = MP sin a 
7.C. =?/sin a. 

Hence (1) becomes 7; =£ cos a +t/ sin a 

or x cos a+y sin a—p which is the equation of A B in 
the perpendicular or normal form. 


Example 1.—The perpendicular to a straight line from the origin is 2 
and the _L makes 30° with Ox. Find the equation of the line. 

Solution. —Here p= 2 and a= 30° 


sin a = i and cos a = 


V 3 


Hence the required equation is ^ ) X ^~ ^ 


or xV3+2/=4 


Example 2.—Find the equation of the straight line if the length of the 
_L on it from the origin is 5 and the inclination of this _L is 240°. 



Solution. —Let the equation In* 
x cos 240° +y sin 240°= 5 

cos 240°= —cos 60°= — -J- 

sin 240°= —sin 60°= — 

2 

the required equation is 

•HM-f )- 5 

or x +y V 3 -H 0 =0. 


Example 3.—A straight line passes through the point (4, 2) and the _L 
on it from the origin makes an angle of 60° with Ox. Find the equation of 
the line. 
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Solution.— Let the equation be x cos 60°+?/sin 60°= p. 

Since it passes through (4, 2), 4 cos 60°+2 sin 60°=p, 

or 4 (5) +2 (i ? ) =2+v§=p - 

the required equation is 

or x-f I/V 3=4+2V 3. 

Sec. 16.—Exercises 

GROUP A—(Do 1, 2 Orally) 

1. State the equation of the straight line if the length of the _L on it 
from the origin and the inclination of the _L are: 

(а) p= 5, a= 45°; ( b) p= 7, a= 60°; 

(c) p= 10, a= 120°; ( d ) p= 8, a= 135°; 

(e) p= 4, a= 0°; (/) p=2, a=90°. 

2. (a) If a straight line is II to the y- axis, what is the inclination of o z 

the _L on it from the origin? 

(б) If a straight line is II to the x-axis what is the inclination of 
the J_ on it from the origin? 

GROUP R 

3. Kind the equation of the straight line where: 

(a) p= 7, a=30°; (6) p=3, a= 150°; 

(c) p= 10, a= 60°; (d) p= 6, a= 225°. 

4. A straight line passes through ( — 2, 3) and the _L on it from the 
origin makes an angle of 45° with the x-axis. Find its equation. 

6. A straight line passes through (2, 5) and the JL on it from the origin 
makes an angle of 120° with the x-axis. Find the equation of the line. 

Sec. 17.—To change 3x —4?/ —12 = 0 to the normal 
form x cos a +y sin ot = p. 

The two equations may be written: 


x cos a +y sin a = p .(3) 

X (3)+l/(-4)=12.(2) 
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*If (1) and (2) represent the same locus, the correspond¬ 
ing coefficients in the equations are proportional. 


i.e. 


COS a sin a 


-4 


JL 

12 


fFrom algebra, 


cos a sin a V cos 2 <* -f-sin 2 o: 1 


3 -4 V3 2 + (_ 4 )2 

cos a sin a p 1 


3 —4 12 5 

, 3 . -4 12 

and cos a =-, sin a = 


5’ P= T 


(3) 


(4) 


Substituting the values obtained in line (4) in line (1) 
we have the required form, namely: 




The plus signs are used before the root signs in line 
(3) because “p” must always be positive. 

Exercises 

Change the following equations to the normal form as above: 

1. 7x— 24y-f-15= 0. 

2. z+y — 3=0. 

3. 4x-7t/+5=0. 


12 

* Since 3x — 4y= 12 may be written y=%x -\-—it is a straight line with 

slope f and y-intcrcept — V* Also x cos a-\-y sin a=p is a straight 

, , cos a , p 

line with slope-and y-interccpt-. 

sin a sm a 

— cos a_ 3 _ 1 p J2 


whence 


“= T and--= - 

sin a sin a —4 

cos a_sin a_ p 

3 ~ —4 _ 12* 


a c ci c 

J If then we can write -= -= k so that a=bk and c=dk whence 

b cl b cl 


V a 2 -\-c 2 = V bVc'+ddz 1 a c V a 2 +c- 
= k or ~ = 


V P+cP= V 6 2 +d 2 


b c L Tjb'-+(P 
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Sec. 18.—The general equation of a straight line. 

All the equations of straight lines developed in this 
chapter are of the first degree in x and y. Is the converse 
true? That is, does an equation of the first degree in 
x and y always represent a straight line? 

The general equation of the first degree in x and y is 
Ax + By + C = 0 , where A , B and C are any constants 
except that A and B cannot both be zero at the same time. 


Sec. 19.—To show that Ax + By + C = 0 always 
represents a straight line. 

1. If B= 0 , the equation becomes Ax + C = 0 or 

C 

x=— “ which is the equation of a straight line parallel 
to or coincident with the ?/-axis. 


2 . If B is not zero, the equation may be written in the 
A C 

slope form, y =—~g x — which is the equation of a 

A C 

straight line whose slope is — ~ and ^-intercept, — . 

jl > Jd 

Hence Ax + By + C = 0 is the equation of a straight 
line for all values of A , B and C except that A and B 
cannot both be zero at the same time. 


Sec. 20.—Reduction of the general equation Ax + By 
+ C = 0 to ( 1 ) the intercept form, ( 2 ) the slope form, 
(3) the normal form. 

( 1 ) From Ax + By + C = 0 by transposing and dividing 

.A. x 1^ v 

Ax + By = —C and - 3 ^, + 3 ^, = 1 
x y 

—pH-= 1 which is of the form 
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/ 


>(2) Solving Ax + By + C = 0 for y we have 

A C 


F A 
/ 


By = -Ax-C or y= 


which is of the form y = mx+b 

A 


C 


where m, the slope, is—and & = • 

(3) If x cos a + ?/ sin a = p and x (4) +?/ (5) = — C 
represent the same straight line we may write 
cos a sin a y 

= ~B“ = ^C. 

sin a Vcos 2 a+sin 2 a =*= 1 


and 


A 

COS a 


-4 # VA 2 + £ 2 V ^ 2 +# 2 

as explained at the bottom of page 88. 

From (<) and (it) 

A . B -C 


(») 

(u) 


COS a = 


sin a = 


VA 2 +5 2 ' " ± Vi 2 + 5 2 ' 

Hence the required form is 

'( * VA 2 +/p) +2/ ( ± V A 2 + 5=) “ 


P = 


-C 


V A 2 + R 2 


V A 2 + R 2 


Note. —From ( 3 ) above, we derive the following rule 
for finding cos a } sin a and y for any straight line 
Ax + By + C =0. 

(a) Transpose the absolute term to the R.H.S .; 

( b ) find the value of =*= ^ A 2 + B 2 ; 

(c) divide the equation by the value obtained in ( b) 
using the sign which makes y positive. 


/ 


Example. — Use the above rule to find cos a, sin a and p for the straight 
line 3x+4?/4-12=0. 

' [t i 

Solution^— 

(fl) 3x +4y=- 12; _ 

_ lb) =*= V3-+4’=±o; 
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(c) To make p positive we divide 3x+4 y= — 12 by —5 and get 

3 , 4 ” 12 u 

— x-\ - y— - whence 

—5 —5 —5 

cos a= — sin a= — 4, p= V'. 

Note. —Since tan a= —— = 4, it follows that the slope of the distance p 
cos a 

is equal to 4- The slope of the line 3x+4?/=12 is — i.e. tan 0= — 4* 

Hence tan a= --r. 

tan d 


Sec. 21.—Exercises 


GROUP A (Do 1 and 2 Orally) 

, A 

1. We have seen that the slope of Ax+By-\-C= 0 is given-by or 
cocfhck nt of x ^jg f ac ^ s (, a te the slope ,of: 


coefficient of y 

(a) x-f2p-f5=0; 
(c) x-2i/ + l = 0; 
( e ) mx — ?/+b=0; 

(a) -+l= i; 

a b 


(6) 3i—j/=0; ' 

(d) hx+ky+l= 0; 

(/) x cos oc+y sin a — p=0; 

(/i) Xia;=2a(2/+7/ 1 ). 


2. The ^-intercept of a straight line may be found by putting y= 0 
in the equation of the line and solving for x; the p-intercept may be found 

(putting x= 0 and solving for y. Make use of this procedure to find the 
intercepts of: 

(а) 2x+3?/-5=0. (When x=0, y= which is the ?/-intcrcept; 
when y= 0, x=-§» which is the x-intercept.) 

(б) 3x-4p + 12=0; (c) 3x+3t/=7; 

(d) lx- \y= 4; (e) x x x+yiy= r 2 . 

3. Find cos a, sin a and p for the following: 

(а) 5x —12?/ —26= 0; 

(б) 24x+7p+40=0; 

(c) 6x+7y — V2=0. 

GROUP B 

4. Determine sin a, cos a and p for the line 3x—4p —7=0. Draw the 
straight line and indicate a and p on the diagram. 

6. Write 5x—12p —10=0 in the slope form. What is its slope? 
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6. For what value of “a” will ax — 3y— 6=0 have equal intercepts? 

7. Find the value of 6 in degrees for the line V 3x — y — 1=0. 

8. Find a, 6, in, a, p, 6 for the straight lines: 

(а) x — 2y+5=0; 

(б) \2x+5y — 60=0; 

(c) S+V3 y —1 = 0. 

Draw the line in each case and indicate the geometric meaning of each 
constant. 


GROUP C 


9. For the line -+- = 1, find the values of cos a, sin a and p. 

a b 

10. Write the equation y=?nx-{-b in the intercept form. 

11. Show that Ax+By+C=0 is a straight line by taking P i(xi, y i), 
P 2 (xo t y 2 ) and P 3 (^ 3 , 7 / 3 ) as points on the locus and finding the area 
of the triangle Pi P 2 P 3 - 


Sec. 22.—Arbitrary Constants. 

In the preceding sections, the equations of straight 
lines have been derived in terms of certain fixed values, 
viz., a, b y vi t etc. These are called “arbitrary constants” 
because each has only one value for a particular line. 

If certain combinations of two of these constants are 
known for any line, the equation of that line can be 
written. Conversely, from the equation of a line, the 
values of the constants can be found. 

Two conditions will determine a line, as ( 1 ) the slope 
and one point, ( 2 ) the slope and one intercept, (3) two 
points, (4) the two intercepts and (5) the length of the 
perpendicular to the line from the origin and the angle 
that perpendicular makes with the rc-axis. 

The general equation Ax + By + C = 0 may be considered 
as containing two arbitrary constants as it may be divided 
by C so that the third term is always 1 and the two 
A B 

constants are and ^ 7 . (Thus the general equation may 
have the form kx + ly + 1 = 0 .) 
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Sec. 23.—Review Exercises 

GROUP A 

1. A straight line passes through (4, V 3) and makes an angle of 60° 
with Ox. Find its equation. 

2. A straight line passes through (3,-2) and makes 45° with Ox. Find 
its equation and write it in the form x cos ot+y sin a=p. 

3. Find the point where the straight line making intercepts —3 and 5 
on Ox, 0 y respectively is cut by the straight line x= —5. 

4. Express the equation Sx+G?/=9 in the slope-intercept, intercept 
and normal forms and draw its locus. 

5. Do the points (2, 3), ( —4, —G) and (S, 12) lie on a straight line? 

6. Find the equation of the line whose intercept on the 7/-axis is 5 and 
which passes through the point (6, 3). 

7. Find the point in 3x — 4?/= 10 which is equally distant from (2, 5) 
and (4,-1). 

GROUP B 

8. Prove that (11,4) lies on the straight line joining (3,-2) and (19, 10) 
and find the ratio of the segments into which the first point divides the 
line joining the other two. 

9. For what values of k and l will lcx+ly + 1 = 0 pass through (2, 5) 
and (1, — 1)? 

10. The vertices of a triangle are A (2, 1), B( — 2, 3) and C(4, —1). 
Find: 

(a) its area; 

(b) the length and the slope of the median from A to BC; 

(c) the intercepts this median makes on the axes; 

(d) the length of the _L from the origin to this median, and 

( e ) the equations of the _L bisectors of the sides afid show that 
they are concurrent. 

11. The equations of the three sides of a triangle are 7x — 4y —1 = 0, 
8x-f-3i/ — 39=0 and x+7?/4“15= 0. Find its vertices and the equations 
of its medians. 

12. What is the condition that the line Ax+By-\~C=0 may: 

.(a) pass through the origin; 

(6) pass through the point (—1, 1); 
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(c) make an Z of 45° with the x-axis; 

(rf) make an Z of 135° with the x-axis; 

(e) be II to the x-axis; 

(/) be II to the y-axis; 

(p) cut off equal intercepts on the axes? 

GROUP C 

13. Find the equation of the straight line through the intersection of 
4 x _3y-j-a=0, and 3x+2?/+6=0 and making an angle of 60° with the 

x-axis. 

14. Show that the equation x cos a+y sin a — p= 0 represents a straight 

line. 

16. A straight line passes through the point (3, 2) and the _]_ on it from 
the origin makes an angle of 60° with the x-axis. Find the equation of the 
line. (Hint: Let x cos 60°-f-y sin 60°= p be the equation, etc.) 

16. Reduce the equation x+?/V3~V3=0 to the slope, intercept and 
perpendicular forms of the straight line and interpret the results geo¬ 
metrically. 

0 . The equations of the sides of a parallelogram are x-J-3?/+2— 0, 
3_|r3 y _s=o, 3x-2y=0 and 3x-2y=l6. Find the equations of its 
diagonals. ' ' w ^ 

.18. If a, b , m'<6, a and p are the parameters defined in this chapter, 
prove the following relations: 

h ab 

' (i) m= —; (it) p= -j===; (in) tan 0 tan a + 1 = 0. 
a V o*+o* 

Summary 

1. In this chapter the following standard forms of the equation of the 
straight line have been derived: 

(а) the two-point form; 

(б) the intercept form; 

(c) the slope-intercept form; 

(d) the point-slope form; 

(e) the normal form. 

2. It has been shown that any first degree equation in x and y represents 

& straight line. 

3. The meaning and use of the following arbitrary constants or para¬ 
meters have been established: a, b, vi, a, p. 
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Test on Chapter V 


1. What is the equation of the straight line through (3, 2) and ( — 4, 1)? 

2. Write the equation 2x+3 y=6 in the intercept form and state the 
intercepts. 

3. Give the definition of “slope of a line”. 

4. What is the slope of the line through ( — 7, 2) and (0, 4)? 

5. From the equation lx — 11 f/ + 13= 0, find values for “m” and “6”. 

6. Through which of the following points does the line 2x — y + l = 0 
pass: (2, 3), (-2,-3) (5, 0)? 

7. What is the length of the JL from the origin to the line 


10x+24?/— 13=0? 


8. Write the equation Ax-\-By+C= 0 in the intercept form. 

9. Which of the following equations represent straight lines: x — 3t/-f-2=0, 

2x — 7y= 0, —2=0, xy= 4? Why? 

10. Define “arbitrary constants” and list all you have u~^ in 
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CHAPTER VI 

STRAIGHT LINES AND ANGLES 


Sec. 1.—The angle between two straight lines in terms 
of their slopes. 

Given two straight lines 
LS, KS, whose slopes are vi x 
and ?n 2 respectively. 

Required to find the angle 
KSL in terms of vi\ and m 2 . 

Solution.— 

Let Z XLS = 6 U and Z XKS 
= d 2 so that tan 0 V — 
and tan 0 2 =m 2 . 



Denote Z KSL by 0.* 

Then from A KSL , 0i = 0 2 -f0 or <t> = (Qi ~~ ^ 2 )- 
tan 0 =tan (0i — 0 2 ). 


But tan (0i — 0 2 ) = 

Whence 

or 


tan 0 L — tan 0 2 
1 +tan 0i tan 0 2 

nii — m 2 


(Chap. IV). 


tan 0 = 


I m 1 m 2 


0 = tan 


- 1 ( 77li — m 2 \ 

\l + ?n l m 2 ) 


This result may be expressed in words as follows: 

The angle between two straight lines is such that its 
tangent is equal to the quotient, 

difference of slopes 

1 -{-product of slopes' 

Cor.—U nless two lines are parallel or perpendicular to 
each other, the angle 0 between them obtained by the 
above formula may be acute or obtuse. If <t> is acute, 
tan 0 is positive and if 0 is obtuse, tan 0 is negative. 


* 0 is the Greek letter “phi”. 
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Hence from the formula, tan <f> = 


mi — m 2 


1 + mivi 2 

both angles between two lines may be obtained. 


Example 1.—Find the angles between the lines 7^-f-?/— 1 — 0 
and 4x—3?/+2=0. 

Solution. —1. The slopes of the lines are -7 and 3 . 

Now put m 1 = —7 and m 2 — 

m 1 — m 2 _ — 7 —j 


Then tan <f>=- 


-=1 


l+wim 2 1 -h (— 7) (-3 ) 

Whence <p=t an " 1 (1)=45°. 

The other angle between the lines = 180° 45°= 13o . 

2 . If we put wi= i and m 2 — —7, 

tan 4> = —1 or <$>— tan “R —1)=135°. 

The other angle between the lines = 180° —135°= 45°. 
Hence the two angles are given by tan 4>= =*= 1. 


Example (2. —Derive the equation of the line through (3, 2) which 
makes an arigle of 00° with a: — 7 / -+-G= 0. 

Solution. —The required equation may be written y 2 m 2 ( x 3) 
where m 2 has to be found. 

If denotes the slope of x — 2 /+6=0, 
m\= 1 and m 2 is given by 

nil ~ m 2 
1 -\-niim 2 
1 —m 2 



or 


tan 150° = 
V3= + 
V 3= - 


I+W 2 
1 — m 2 


1 -\-tn 2 

From these equations m 2 = —(2— V 3) a,nd 

(2 + V3). 


Since m 2 has two values, there arc two lines. 

The equation of AP is y-2= - (2 + V3)(*-3) and the equation of 

BP is y—2= — (2 — V 3)(z—3). 
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Sec. 2.—Exercises 

GROUP A (Do 1, 2 Orally) 

1. State the expression for tan 0, where 0 is the acute angle between 
the lines. 

(a) y= 2z — o, t/=5x-{-6; ( b ) y— —3x-f 1, y= 4x —7; 

(c) y— -2x+5, y= -3.T+7; (cl) y=mx+b, y= -ax-c; 

(e) Sx — t/4-2=0, 2xH-7t/ —5= 0. 

2. What are the values of 0 when: 

(a) tan 0= =*= V 3; (5) tan 0= =*= 1 ; 

(c) tan0== ± =O; (</) tan0=± oo . 


i 

11 


3. Determine the acute angle between the lines: 

(a) x — t/+5=0, — 5=0; (5) 4x+3?/—12= 0, 8x — ?/ + 10= 0; 

(c) 2 .e+3i/ —6=0, -l.r+Gi/ + 15= 0; (<i) !/=5x+2, ^+r = 1! 

2 5 

(e) 3 j— i/= 7, C.c — -li/ — 9=0. 

4. Find the equations of the straight lines, (a) through (2, l)cnch mak¬ 
ing an angle of -15° with 2x — 3?/+2=0, 

(b) through (3, 2) each making an angle of 30° with x+y= 2. 

5. Find the equations of the straight lines passing through (5,-2) 
each making an angle of 60° with the rr-axis. 

State the inclination of each line. 


6. Find the equation of the line through (5,-2) and parallel to x — 2y— 5. 

GROUP B 

Note. — In finding an interior or exterior angle of a rectilineal figure 
it is necessary to draw the figure to ascertain whether the angle is acute 
or obtuse. 

7. Find the angles of the triangle whose sides are 

x-F3y=4, 3x —2y + l=0, x — y+ 3=0 

(Give the answers in the form, 0=tan- ^ ^ ^, etc.) 




8. Determine the equations of the other two sides of an equilateral A 
with one side along 2x — y=2 and one vertex at ( — 1, 2). 

9. A(4, 1), B( — 2,-3), C(5, —1) are the vertices of a A. Find its 
angles. 

10. Show analytically that the opposite angles of the parallelogram. 


6 

id 


i cup* 

) 


( 


with vertices at A( — 3, —2), 8(2, —5), C(4, 1) and D( — 1, 4) are equal. 

/ - " , :• U , ) 

JA-SUJ /!- ' Oj ) ■ I 




j 

'it jlaJU 
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GROUP C 


11. A( 3, 4) B(— 1, —2), C(5, 0) arc the vertices of a A with BC pro¬ 
duced to any point D. Show analytically that the exterior angle ACD 
equals the sum of the two interior opposite angles. 

12. Show that the lines joining the mid-points of the adjacent sides of 
v the quadrilateral (-1, -3), (9,-1), (3, 5), (-3, 1) form a parallelogram. 

Vhat is the relation between the areas of the two figures? 

Obtain the equations of the equal sides of an isosceles A given that 
* lies along 2x — y=5, the vertical angle is 110°, and the vertex is at 


*7 ^v . .. 


.—Condition of Parallelism.—When two straight 
||, 0 = 0 and tan 0 = 0. 



1 


parallel lines have equal slopes. Conversely, 
be shown that when ??ii = m 2 , 0 = 0. The statement 
= m 2 is called the condition of parallelism. 

Sec. 4.—Condition of Perpendicularity. -When two 
straight lines are at right angles to one another, 0 = 90° 
and tan 0 = °° 



Conversely, if l+wi 1 ra 2 =0, we can show that 0 = 90°. 


The statement, 1 +m 1 m 2 =0, mi?n 2 = — 1 or m 2 = — 
is called the condition of perpendicularity. 

It is thus seen that when two lines are perpendicular 
to one another, the slope of one equals the negative 
reciprocal of the slope of the other, and conversely. 

Example 1.—Find the equation of the straight line through (2, 1) and 
at right angles to 5x — 2y + 10=0. 

Solution. —Slope of ox — 2y-fl0=0 is 


slope of _L = — |. 
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Using the point-slope form the required 
equation is: 

y—l= -f(x-2) 

2x+5y= 9. 

Example 2 .—Show that the quadrilateral 
with vertices (2,-4), (5, 0), (1,3), ( — 2, —1) 
is a square. 


Solution.— 




Slope of A B= 


2 /i — 2/2 -4-0 


3 

‘ 4 » 

4 


xi — x 2 2 — 5 
Similarly, slope' of BC= 

slope of CD= 3 , 
and slope of DA = - f. 

Since the slopes of t he opposite sides 
arc equal, A BCD is a parallelogram. 
Again, the slopes of AB and BC 
are negative reciprocals and hence Z ABC=$0°. 

Hence the figure is a rectangle. 


Since AB= V (2 —5) 2 -f-( —4 — 0) 2 = 5 and RC= 5, the sides are all equal. 
Therefore A BCD is a square. 


Sec. 6.—Exercises 


GROUP A (Do 1 , 2 , 3, 4 Orally) 


1 . State which of the following pairs of lines arc parallel and which 
perpendicular: 

(a)4x-3y+6=0, 4x —3y+2=0; ( b ) 4x-3i/-}-6=0, 3x+4//+2= 0; 
(c) 4 x+ 2 y- 7 = 0 , 2x+?/+5=0; (d) Ax+By+C=0, Ax+By+D=0\ 
(e) 3x — 5y4-7=0, 3i/= 11 — 5x; (/) y= mx+b, mx — y+c=Q; 

(g ) Az+By+C=0, Bx — Ay+D=0\ (h ) x —5=0, 2f/-f-l=0. 


2 . Give (a) the slopes of the lines parallel to, and ( 6 ) the slopes of the 

p _ 

lines perpendicular to, the lines with the following slopes: 2, — 3, J,—, V 3, 
*i - ? 
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3. For what value of “a” will x — 2y-+-6=0 and ax—4y— 6=0 be 
(i) parallel, (it) perpendicular to each other? 

4. What is the condition that the lines x cos <*+!/ sin a=p and 
. Ax+By-\-C=0 may be (i) parallel, («) perpendicular to each other? 

^ 1 

6 . Prove that (a) 0=0, when 77ii=m 2 ; (b ) 0=90°, when 7n 2 — ——• 

\ t -V ' m i 

6 . Show that the lines Ax+By+C=0 and A \X-\-B\y+C\ = 0 arc: 

(a) parallel when A\B — AB i = 0; 

(b) _L to each other when A A i -f BBi = 0. 

(Hint: Apply the conditions in exercise 5 above.) 

7 . Write an equation which will represent all lines: 

(a) parallel to, ( 6 ) _L to, y= 2x-j-5. 


GROUP B 

8 . Show that the line joining ( 10 , 0 ) and (13,-2) is JL to the line joining 
(3,-2) and (5, 1). 

9 . Find the equation of the line II to 3x+4y —7=0 whose ^-intercept 

is —3. 

10. Obtain the equation of the line through (—2, 3) and _L to 4x — 2y=7. 

11. Show that the diagonals of a square bisect one another at right 
angles. (Use the square of Example 2 , page 101.) 

12 . Using slopes, show that the A whose vertices are: A( — 2 , 4), 

B( 3,-3), C(10, 2) is right angled. 

13. The vertices of a A are A( 2 , 1 ), B( — 2 , 3), C(4, — 1 ). Find the 
equations of the altitudes. Show that the altitudes arc concurrent. 

. ; _ I 4 . 7 SI 10 W that (2,-2), ( 8 , 4), (5, 7), (—1,1) are the vertices of a rectangle 

‘and'find the acute angle between its diagonals. 

V y j $ \r 

V sl5. Find the equation of the line through ( — 2 , 1 ) and: 

(a) II to the y- axis; (b) _L to the y-axis; 

(c) II to 3x — y=7; (d ) JL to 3x — y= 7; 

(e) making an angle of 45° with 3x — y=7; 

(J) passing through a second point (3, —1); 

( g ) having the y-intercept —3. 

16. Find the coordinates of the foot of the JL from (5, 0 ) to 2 x — y — 5= 0 . 


C 


V 

.v. 
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Sec. 6.—Review Exercises 


GROUP B 

1. Derive the equation of the straight line through ( — 2, 5) and II to 
the straight line joining (2, 6) and (8,-1). 

2. The vertices of a A are Pi (5, 8), P 2 ( — 1, 2) and P3OO,— 1). Find 
the equations of the lines through the vertices and parallel to the opposite 
sides. 

3. The vertices of a A are (0, 0) (10, 0) and (4, 8). Find the equations 
of the perpendiculars from the vertices to the opposite sides and show 
that these perpendiculars meet at a point. 

4. In exercise 3, find (a) the tangent of the angle at the vertex (4, S); 
(6) the equations of the perpendicular bisectors of the sides. 

5. Pi(3. 12), 0(0, 0), P 2 (S, 0) are the vertices of a A. Prove that 
the line joining the mid-points of any pair of sides is parallel to and equal 
to one-half the third side. 

6. Prove that the A whose vertices are (3, ">), (1, 2), (7,-2) is right 
angled. State an alternative method to the one used. 

7. Three vertices of a parallelogram are (2, 2), (6, S), (10, —4). If the 
abscissa of the fourth vertex is 14, find its ordinate. Show that this paral¬ 
lelogram is not rectangular. 

8. Prove that the diagonals of the parallelogram in exercise 7 bisect 
each other and that either diagonal bisects the parallelogram. 

9. For what value of r will y=rx -\-7 and ?/=5:r-H0 be (a) parallel, 
( b ) JL to each other. 

10. Find the coordinates of the foot of the _L from the origin to 
2x+7y— 10=0. 

m\—mo _ . _ _ . 

11. If in the formula, tan 0 ==*=-- , 7/12= 1 and tan 0 =3, find 7ti\. 

1 -J-777 i?7i 2 

x y x y 

12. Find the angle between the lines '+7= 1 and —= 1. 

a 0 0 a 


13. Find the distance from the origin to -+-=1. (Consider the dis- 

4 3 

tance as the altitude of the A formed by the line and the axes.) 


14. What is the condition that y= 7nx-\-b may be _L to x cos <x-\-y 
sin a= 77? 
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Sec. 7.—The distance from a point to a straight line. 



Let Pi(4 ; 5) be the point 
and x-\-2y — 6=0 the straight 
line. 

Completing the triangle P X RN 
AP\RN = \ base times 
altitude. 

= i (. RN){P 1 M 1 ) 
2APiRN 


or P Y M X = ' 


RN 


In order to calculate the area of the AP\RN and the 
length of RN, we require (he coordinates of R and N. 


From x + 2y — 6=0, y — 3 when x=0 and x = 6 when 
Hence R = ( 0, 3) and A r = (6, 0). 


AP,K.v- 12+0+30 ~ 0 ~ 18 ~ -°- 

2 


and RN = V (0-6) 2 + (3-0) 2 = V45=3 V 5. 

2 ( 12 ) 8 

Hence the required distance P\M X =-= =—=. 

3 V 5 V 5 

Note. —It will be shown later that as a directed distance 

P 1 M 1 = — L. 

V 5 

Exercises 


?/ = 0 . 


4 

5 

0 

3 

6 

0 

4 

5 


1. Find the length of the _L from: (a) (3, 4) to 3x+4?/= 12, (6) ( — 5, 4) 
to x—7y= —7 as above. 

2. A ( — 3, 4), B( — 5,-3), C(7, 2) are the vertices of a A. Find: 
(a) A ABC; (b) the length BC; (c) the distance from A to BC. 


Sec. 8.—The distance from P\(x u 7 / 1 ) to the straight line 
Ax + By + C = 0. 

Let RN be the line Ax + By + C = 0 
and complete a figure as shown on the opposite page. 












) 



(‘Since the ± distances to a given line from any two 
noints on opposite sides of the line go in opposite direc¬ 
tions it canbe proved that these distances have opposite 
s ans’) Hence P 1 M 1 is positive or negative according 
as K is cm one or the other side of the given line and we 

may Write A«+B Ul +C 

P 1 M 1 = ±ylA°-+.B 2 : 


‘The general proof of this theorem is not included in this text. 
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Sec. 9.—The directed distance from a point to a straight 
iine. 

(t) Using the preceding formula, the distance from the 
origin to Ax + By + C = 0 equals 


A (0) +R(0) + C 


or 


=*= VA 2 + R 2 ± Vi 2 + ^ 2 

which we have agreed to consider positive (Sec. 17, 
page 8S). Hence in applying the formula, 

1- a A .rj +/>?/]+ C 


G 


c : PiMi 


=*= VA 2 + R 2 _ 

we must choose the sign of the radical =*= V A 2 + B 2 so that 
C 

the quantity-is positive. This suggests the 

±V/l 2 +£ 2 

following sign rule: Write the equation of the given 
line in the form Ax + By + C = 0 and give =*=VA 2 + R 2 

the sign of C. 

Example 1.—Find the distances from 
(0, 0), (3,-3), (-4,-1), (-J, G) and 


Solution*. —Writing 3x+4y=12 in 
the form 3z-\-4y— 12= 0, we have C= 
— 12 and hence the radical in the 
Ax\ +C 



y 

V / 
/ F 

( r r 

% / 

/N*- /' 
k y . Xv 
/ r- 

/(-*.-/) ° 

/ 

(3.0)/ 


formula P y Mi = 
is negative. 


■ y,l + 


Therefore the distance from: 


(a) 
(< b ) 


( 0 , 0) to 3x+4?/ —12=0 is 


(3, -3) to 3 x+4t/— 12=0 is 

(c) (-4, - 1 ) to 3x+4t/-12=0 is 

(d) (- 1 , 6 ) to 3x+4y —12=0 is 


3(0) 4-4(0) -12 ^12 

- V 3 2 +4 2 5 1 

3(3)-f4( —3) —12 


= 4-3; 


3( —4) -f-4( — 1 ) —12 28 

_ + 5 ; 


— o 

3(—1)+4(6) —12 
-5 


9 

5’ 
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(e) 


(4, 3) to 3x+4j/ —12=0 is 


3(4)+4(3)-12 
-5 


12 
5 ' 


(If we are not concerned with direction these distances may be given as 
¥, 3, -V, t and -¥) 


The results of the example illustrate the following 
conclusions: 


The directed distance to a line from a point: 

(1) on the “origin side” of the line is positive; 

(2) on the “non-origin side” of the line is negative. 


(n) When the line Ax + By + C = 0 passes through 
the origin, C= 0 and the equation becomes Ax+By = 0. 
Since the distance from P\{x lt y x ) to Ax + By = 0 is 


equal to 


Ax x +By l 


the sign rule for the radical given 


V A~ -f- B 2 

above fails. We therefore adopt the convention that 
the distance from any point on the positive z-axis to 
the line Ax + By =0 is positive. Now the distance 

from (1,0) to Ax + By = 0 is A(1) or"- A 

±y/A 2 +B'- i ±VA 2 +R 2 

which is to be positive. If we write Ax + By so that 
A is positive, it follows that the radical must always be 
positive. 


Example 2.—Find the distances from (I, 0), (4, 1), ( — 3, 0) and ( — 4, 2) 
to the line 2x — y=0. 


Solution.— The distance from: 



(a) (1, 0) to 2x — iy=0 is 

2(1) —1(0) _2_ 

+ V2’ + (-l) 2_+ V5 : 


(6) (4, 1) to 2x — y=0 is 



















108 


ANALYTIC GEOMETRY 


[Chap. 


2 ( — 4 ) — 1 ( 2 ) 10 

(d) (-4, 2) to 2x—y =0 is — = - . 

+ V 5 Vo 

These results lead to the conclusion that when a line 
passes through the origin the distance directed to it 
from a point: 

(а) on the “positive a;-axis side” of the line, is 
positive; 

(б) on the “negative rr-axis side” of the line, is 
negative. 


Sec. 10.—Exercises 


GROUP A (Do 1 , 2 and 3 Orally) 

1 . Find the distances from the point: 

(a) (2, 1) to 3a; —4?/ —10=0; ( 6 ) (- 1 , 2) to 4x+3y- 12= 0; 

(c) (3,-1) to x—3y + 10=0; (d) (a, 6 ) to x-{-2y + 3 = 0; 

(e) (0, 0) to 5z-12//-39=0; (/) (4, 3) to 7x+24y=0. 


2 . If 2x+3y —10=0 is the equation of a line interpret geometrically: 
2(— 1 ) +3(3) —10 - 10 2a+36— 10 

to)-=-; to) 


— V 13 


— V 13’ 


(c) 


- V13 


Given the equation 3x — y=0, interpret geometrically: 
3(2) — 1 (— 1) 3( — 2) — 1 (1) 

(a) — , ~ T^ ; (« 


+ V io 


+ V io 


4. Determine the directed distance from the given point to the given 
line; interpret the sign of the result and check by plotting: 

(а) (2, 3), 5z — 12y+39=0; ( 6 ) (3.-2), x-y +1 = 0; 

(c) (-2, 3), 3x+4i/ + 15=0; (d) (0, 0), 5x-3?/-25=0; 

(e) (0, 3), 2 x-?/= 0 ; (/) (3, 0 ), 2x-y=0; 

to) (-5,-3), 2x+3i/+6=0; ( 6 ) (2, 5), y- 3=0. 

6 . (a) Are the points ( — 5, 1 ) and ( 6 , 2 ) on the same side or on 

opposite sides of the line 2//=3x+7? 

( б ) On which side of the line 4x+3y=0 are ( — 2 , — 1 ) and 

(- 1 , 0 )? 
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6. Find the distance between the II lines: 

(а) 2x —1/ — 3= 0 and 2x — 7/-f-o= 0; 

(Hint: Find a point on one of the lines.) 

(б) ‘3x — 4y — 5= 0 and 3x—4?/-f5=0; 

(c) 12x — 5y — 20=0 and 5y= 12x + 10. 


GROUP B 

7. Find the lengths of the altitudes of the triangle: 

(а) whose sides arc lOx-f 3?/ —41= 0, x-y-\- 5=0 and 
5x+8y-l=0; 

(б) whose vertices are (3, 5), (-1,-2) and (6,-3). 

8 . Find the areas of the following triangles by using the formula, \ base 
times altitude and check by using the area formula: 

(а) the triangle with sides 2x — 3y — 4 = 0, x+2y — 2=0, 

3x — ?/ -f-1 = 0; 

(б) the triangle with vertices at (4, 3), ( — 2, 1), (2,-5). 

9. Find the directed distance from the point: 

(a) (3, 2) to the line with intercepts 5 and —3; 

( b ) (5,-2) to the line joining (2, 5) and (-3,-2); 

(c) ( — 3, 4) to the line with slope 2 and through (3,-2); 

(d) (-5,-2) to the line with inclination 120° and y-intercept 
= - 2 . 


10. Find the radius of the circle with centre ( — 2, 3) and which touches 
2x —3 y= 6. 


11. A point P(x, y) moves so that the distance from it to the line 

g 

2x — 3t/ + 12=0 is always H—Find the equation of the locus of P. 

V 13 

Plot the locus and show that it is a straight line parallel to and on the 
origin side of the given line. 


12. Find the equations of the lines parallel to and =*=4 units from the 
line 4x —3y-bl0=0. Which of the two lines is on the origin side of the 
given line? Check by plotting. 


13. Draw the parallel lines Sx — 6y=24 and 4x —3y-{-24= 0. Then 
find the equation of the line parallel to and midway between the given 

lines. 





i f 
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14. B( — 5,-3) and C(3, 1) are the ends of the base of a A. Find the 
locus of the vertex A if: 

(а) the altitude of the A is 4; 

(б) the area of the A is 40. 


GROUP C 


16. (5, 2), (2,-5), ( — 5, 3) and (0, 1) arc the vertices of a quadrilateral. 
Find its area (a) using the formula, area of A equals § base times altitude; 
(6) using the area formula. 

16. 2x— 3?/+7=0, 3x+2//+4=0, x — S?/-F36=0 are the sides of a A. 
(a) Show that the A is right angled; (b) find the length of the altitude 
from the vertex of the right angle to the hypotenuse; (c) show that the 
length of this altitude is the mean proportional between the lengths of the 
segments into which the altitude divides the base. 

Sec. 11.—The bisectors of the angles between two 
straight lines. 


Example 1. — Find 
the equations of the 
bisectors of the angles 
between the lines 



3x-4?/ + 12=0 
and 

5z-H2i/-60=0. 


Solution. — Let AB, 
CD be the given lines 


and EF, EG } the bisectors of the angles. From synthetic geometry any 
point on the bisector of an angle is equidistant from the arms of the angle. 
Hence the perpendiculars from P(x, ?/), any point on EF, are numerically 
equal. Since P is on the origin side of AB, the directed _L from P to AB 
is positive and since P is on the non-origin side of CD, the directed _L 
from P to CD is negative. For P on EF within the angle CEA, the 
signs of corresponding perpendiculars are reversed. 

Hence for any point P on EF, d x and d 2 have unlike signs: 

d\— —d 2 

Sx-4y+l2_ 5x+12y-60 


+5 -13 

7x — 56y+228=0 which is the equation of EF. 


or 
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Similarly for any point Q(x, y) on EG, d x and d 2 have like signs: 

d\ = d 2 

3x —4y + 12 5x4-12y-60 

or -=- 

+5 -13 

8x+Z/— 18=0 which is the equation of EG. 

Note 1. —Since the slopes of EF and EG are £ and 
the bisectors are at right angles to each other. 


- 8 , 


2. The equations of the bisectors may be combined 

. . A1 r 3s-4y + 12 bx + \2y — 60 

into the form, -= =*=- 


+ 5 


—13 


3. For the bisector of the angle which contains the 
origin, d 1 = d 2 and for the other bisector d x = — d 2 . 


Example 2.—The sides of a triangle are 3x — 4y4-15= 0, 4 x4-3t/= 0 
and yH-3=0. Prove that the bisectors of the angles are concurrent. 


Solution. —(1) Plot the lines, 
completing the figure as shown. 

(2) Indicate the signs of the 
directed perpendiculars using the 
conclusions of Sec. 9, page 106. 

(3) Then for any point on the 
bisector AI 

d x = —d 2 

3s—4yM-15 4x-|-3 y 



or lx — ?/4-15=0 which is the equation of AI. 

(4) For BI , di = d 2 or —— V or x —3y=0 which is the 

' 4-5 4-V1 

equation of BI. 

t/ 4-3 4x4-3 y 

(5) Similarly the equation of Cl is -=-— — or 4x4-S//4-15=0. 

4-1 4*o 

(6) Solving the equations of AI and BI we get x= — J and ?/= — 
Since these values of x and y satisfy the equation of Cl, the bisectors are 
concurrent. 
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Sec. 12.—Exercises 

GROUP A (Do 1 and 2 Orally) 

1 . State without simplifying the equation of the bisector of the angle 
which contains the origin and the equation of the other bisector for the 
lines: 

(а) 3x+4?/ + 12=0, 3x-4?/-10=0; 

(б) x-2?/-5=0, x+22 /4-5=0; 

(c) 2x-3?/4-S=0, 2 x+32 / + 10=0; 

(d) 7x-24?/4-l = 0, 24x4-77/4-1 = 0. 

2 . What lines may the equations Ax-\-By-\-C ^ ^ Px+Qy-\-R 

represent? VA 2 4-# 2 ~~ VP 2 4*Q 2 

3. Find the equations of the bisectors of the angles between the following 
pairs of lines and check by plotting: 

(a) 2x-f?/4-5=0, x4-2?/-5=0; (6) 3x+?/4-l = 0, x4-3//4-ll=0; 
(c) 3x4-4?/= 0, 12 x~5t/=60; (d) 3x — 4y= 0, 3x4-4?/= 0. 

4. Determine the equations of the bisectors of the angles of the A whose 
sides are: 

(а) 4x4-3?/—12=0, 5x—12 y=4 and 4x —3?/4-4=0. 

(б) 4x4-3?/4-24=0, 3x — 4y=0, and x —3=0. Show that the 
bisectors in (a) and (6) are concurrent. 

GROUP B 

5. Find the locus of a point which moves: 

(a) equidistant from ( — 2, 1) and (3,-4); 

(b) at a distance 5 from (2,-1); 

(c) equidistant from 3x —4?/4-l = 0 and 4x-f3?/=l; 

( d) equidistant from (3, 2) and x — y -f4=0; 

(e) so that it is always twice as far fjom the line 3x-f4 y= 12 as 
from the ?/-axis; 

(/) so that it is always 3 units from the line 3x —4 y= 10. (Two 
results.) 

6. The vertices of a A are (3, 1), ( — 5, 5), (0,-5). Show that the 
bisector of the angle at (3, 1) does not bisect the opposite side. 
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GROUP C 

7. Find the equations of the bisectors of the exterior angles of the A 
whose sides are 4x — 3?/ — 18= 0, 5z-f-12?/ —9= 0, 24xH-7y —30= 0. 

8 . If (2, 4), (8, 4), (6, 0) are the vertices of a A, find: 

(а) the equations of the sides, the _L bisectors of the sides, the 
medians, the altitudes, the bisectors of the angles; 

(б) the lengths of the altitudes and the medians; 

(c) the tangents of the three angles; 

(d) the area of the A. 

9. Reduce each of the equations x — y + 1=0 and 2x—2y — 25=0 to the 
normal form and hence find the distance between the II lines represented 
by these equations. 

Sec. 13.—Families of lines. 

A series or system of lines having a common character¬ 
istic is often called a family of lines. An equation of 
the first degree in x and y which contains an arbitrary 
constant determines the system. This arbitrary constant 
is called the parameter of the family. 

The following are examples of families of lines: 

1. y=3x+b, where b is an arbitrary constant, repre¬ 
sents the system of || lines with slope 3 . 

2. y—3 =m(x + 2), where m is the parameter, represents 
a series of lines through ( — 2, 3). 

3. y = ?nx+ 7 is a family of lines with ^-intercept 7. 

4. x cos a-\-y sin a =7 represents a system of lines 
where each line is 7 units from the origin. 

5 - +—— = 1 is a series of lines where the sum of the 
a 7 —a 

intercepts of any line is 7. 

6. (2x — y — 1) +k(x +2y — 8) =0, where k is an arbitrary 
constant, represents a system of lines passing through 
the intersection of the lines 2x— y — 1 =0 and x+2y — 8 =0. 

Proof.— Solving 2x — y — 1=0 and x + 2y — 8=0 we 
find that these lines intersect at (2, 3). 







-V y*-' f / y 
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Since *12(2) — 1(3) —1 [ +k\ l(2)+2(3) —8; = 0+A;(0) =0 
the coordinates of the point (2, 3) also satisfy the equation 
of the system. * 

(2x — y— l)+fc(x + 2y — 8) =0 passes through (2, 3). 
How do you know this equation to be that of a straight line? 

Example 1.—Obtain the equation of the line through (2, 1) and II to 
3x — 2y 4-5=0. 

Solution. 3x—2y=k represents a family of lines with slope J and 
hence any line of the family is II to 3x — 2y 4-5=0. For the line that 
passes through (2, 1) we must have 3(2)-2(1)= k or k=4. Hence 3x-2y 
= 4 is the required line. 

Example 2.—Obtain the equation of the line through (2, 1) and JL to 

3x — 2y 4-5=0. 

Solution. 2x-{-3y= k represents a scries of lines with slope — 5 which 
is the negative reciprocal of the slope of the given line. Hence any line 
of the series 2x4-3*/= A: is JL to the given line. 

For the line through (2, 1) we must have 
2 (2)-F3 (1)= A; or k=7. 

2x4*3*/= 7 is the required equation. 

Example 3.—Derive the equation of the line through the intersection 
of 3x— 4y — 2=0 and Sx —3y — 24=0 and _L to 5x4-2y4*10=0. 


Solution. —The equation of any line 
through the intersection of lines (1) and (2) is: 



(3x —4*/ —2)4-A;(8x —3*/ —24)= 0 
or (34-8A)x-(4 +3k)y- (24-24*)= 0. 


(34"8A*)x— (4 4-3 k)y- (24-24A;)= 0. 





be equal to the negative reciprocal of the 
N slope of line (3) or £. 

V 



= - whence k= — 


44-3 k 5 


34* 


Hence the required equation is: 


(3x — 4y — 2)— (8x — 3y — 24) = 0 
- or 46x—11 by 4-100= 0. 


What is an alternative method of solving 
this problem? 
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Example 4. — The sum of the intercepts of a line which passes through 
( — 3, 2) is equal to —2. Find the equation. 


Solution. - + 
a 


— 2 —a 


= 1 is the equation of the system of lines where 
each line has the sum of its intercepts 
equal to —2. 

Since the required line passes through 
— 3 2 

( — 3, 2) we have-—-—=1 

a —2 —a 

Whence a= —6 or —1. 

Hence there arc two lines. 

. When a= —6, b= —2 — a= 4 
and when a= — 1, b= —2 —a= — 1. 
x v x y 

the equations of the lines arc-h~= 1 and -4-=1 

-64 -1 -1 

or 2x —3y 4-12=0 and x4- 1 / 4 -1 = 0. 



Exercises 

(Do 1 and 2 Orally) 

1. State the equation of the family of lines: 

(a) having the slope 5; ( b ) passing through (3,-2); 

(c) where each line is 3 units from the origin; 

( d ) whose //-intercept is 5; 

(e) where the sum of the intercepts of each line is 5; 

(/) in which each line forms a A of area S with the axes; 

( g ) having one intercept double the other; 

( h ) || to 2x — y — 5=0; (i) JL to 2x — y — 5=0; 

(J) passing through the intersection of 2 x+ 3 ?/ 4 - 4=0 and 
x — 2y — 5=0; 

(k) II to Ax + By+C= 0; (Z) _L to Ax+By+C= 0; 

(m) II to x cos a+y sin a= 10. 

2. i/4-3= 7?i(x — 5) is a series of lines through (5,-3). For what value 

of m will a line of the series: -. 

(a) passthrough (6, 1); (6) be II to 3x—i/=o; '•* 

(c) be _L to 9x4-2 y= 11; ( d ) make an Z of 60° with OX? 
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3. Find the equation of the line through (3,-2) and 

(a) II to the x-axis; ( 6 ) II to the y-axis; 

(c) II tox+3y-7=0; (d) ± tox+3y=7; 

(c) passing through a second point ( — 5, 3); 

(J) whose y-intercept is 6 ; (g) with x-intercept 6 ; 

( h ) the sum of whose intercepts is 2 ; 

(t) making an Z 45° with 3x-Hy —7= 0 ; 

O’) having the sum of its intercepts equal to 6 ; 

( k ) making equal intercepts on the axes. 

4. By giving k the values 1, 0 , 3, and —5 write down the equations of 
four lines that belong to the family, (2xH-5y —12)-H^(3x — 4y— 10)= 0. 
What is their common point? 

5 . Find the equation of the line through the intersection of 2x — 5y-f-7= 0 
and 4x *f3 y — 5= 0 and which: 

(a) passes through the origin; ( 6 ) passes through ( — 2 , 1 ); 

(c) is II to 1 lx — y — 3 = 0; (d) is _L to 1 lx+y — 3= 0 ; 

( e ) is II to the x-axis; (/) is II to the y-axis; 

(y) has its y-intercept G; ( h ) has the slope — 1 . 

6 . Find the value of k so that: 

(a) 3 x —4y-fA-=0 passes through ( 0 , 0 ); 

(b) 10x —4y= A; passes through (5,-1); 

(c) ok x —y+ 7=0 has the slope 2 ; 

(d) 9x — 4y-F&=0 has the y-intercept —2; 

(e) 13x —4y-f &=0 has the x-intercept 3; 

(J) 3x — 4y+k=0 is 5 units from (0, 0); 

(g) (x-y-fl)-ffc(x+3y —15)=0 may pass through (0, 0); 

7 . The equations of the sides of a A are x+3y — 4=0, 3x — 2 y + l = 0 , 
x—y“J~3 = 0. Find the equations of the lines through the vertices: (a) II to 
the opposite sides; ( b ) _L to the opposite sides. 

x y 

8 . What is the equation of a line joining the intersection of --+*-= 1 and 

a b 

x y 

--f -=1 to the origin? 
b a 

9 . Find the equation of a line with an inclination of 150° and 3 units 

from (0, 0 ). 
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Solution J. x cos a +y sin a=3 
is any line 3 units from (0, 0). 

Slope of yli?=tan 150°=- 7 =.. 

V 3 

Since OM _L AB, slope of OM= V 3 
tan «= V 3 whence a=60° or 240°. 

Hence the equation of AB is x cos 00 ° 
+ »/ sin 60°= 3 or x-fyV 3 — 6=0. 
Locate the line for which a=240°. 



Solution 2 . ?/=(tan 150°) x-\-b (»r x+ V 3 y— V 3 6=0 represents a 
system of lines with inclination 150°. The distance from the origin to any 

C — V 3 b _ V 3~6 

one of the lines is given by ' 


• V A*+B-' 


— V 3 b 


6 


= 3 or 6==*=-=F-p=., 

— V 3 


: Vl 2 +(V3) 2 
_6_ 

V 3" 


Hence the equations of the two lines are x-p V 3 y — V 3 
or x-fV3 i/= fc 6=0. 


(”v7 )“‘ 


10 . Find the equation of a line 4 units from the origin and: 

(а) whose _L on it from the origin has an inclination of 120 °; 

( б ) whose inclination is 00 °; 

(c) II to 2x — y 4-5=0; 

(d) _L to 2x — y+ 5 = 0 ; 

(c) II to the x-axis. 


Sec. 14.—Review Exercises 

GROUP B 

1 . A (3, 7), B ( — 5, 3), C (1,-1) are the vertices of a A. Find: (a) its 
area; (6) the length of the median from A to BC; (c) the equation of this 
median; (d) angle ABC] (e) the equation of the bisector of the angle ABC ; 
(/) the length of the _L from A to BC ; ( g ) the equation of this _L; ( h ) the 
equation of the right bisector of BC. 

2. Find the points which divide the distance between (-5,-2) and 
(3, 5) internally and externally in the ratio 3 : 2. 

3. Find the equation of the locus of a point which moves so that it is 
always: (a) equidistant from (5,-1) and ( — 3, 2); 

(6) 6 units from (2,-1). 















118 


ANALYTIC GEOMETRY 


[Chap. 


4. Find the equation of the line: 

(а) whose intercepts are 3 and —5; 

(б) through ( — 3, 5) and with inclination 135°; 

(c) through (7, 2) and with inclination 90°. 

6. For the line 3x — 4?/+11 = 0 find: (a) its intercepts on the axes; 

(b) its slope and inclination; (c) the length and slope of the JL to it from the 
origin. Draw a figure. 

6. Arc the points (2, 3) and ( — 3, 4) on the same side of lx — 3y-fl2= 0? 

Why? 

7. Find the directed distances from the points (9, 2) and ( — 7, ^-) 
to the line lOx — 14y+15=0. 

8. Derive the equation of the circle with centre ( — 3, 2) and radius V 13. 
Does the circle pass through the origin? 

9. Find the distance between the lines 

2x — oy — 14=0 and 6x — J5y-f 10= 0. 

10. Find the equation oi the line through the intersection of 2x — 7?/+3= 0 
and 5x-fy-fl = 0 and (a) through the origin; (6) II to 2x —y-f7=0; 

(c) JL to 9x-|-Sy=0; (d) with x-interccpt 10. 

11. What is the condition that the line Ax+By+C=Q may: (a) have 
its ^-intercept —3; (6) have its x-intcrcept 3; (c) pass through (0, 0); 
(< d ) pass through (5,-3); (e) have equal intercepts; (/) be II to 3x — ?/ + 13 
= 0; ( g ) be _L to x=y; (h) be 3 units from (0, 0); (i) be _L to the y-axis. 

12. Prove that the lines 5x-f4y—2= 0, x — 2y-f l=0 and 2x-f3y — 3=0 

are concurrent. 

13. Derive the equation of the line through (2, 1) and: 

(a) _L 4x — 3y-f7=0; (b) through the origin; 

(c) with the sum of the intercepts 0; 

(d) making an angle of 60° with 2x —y-f3=0. 

r 

14. Find the centre of gravity of the A whose sides arc x —4y-f 14=0, 
2x-f3y — 5=0 and 3x — y — 1^=0. 

16. Find the [joint in 4x-^3y— 12=0 which is equally distant from 
(2 ( "'7) and (4,-1). \ 

I 

16. For what values of “m” and “6” will y= rnx+b pass through (3, 1) 

and (5,-2). ^ 

C cut-i-'. cL <_t ,...7/.. '.' 
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17. Determine P and Q so that Px+Qy + 1= 0 maj r pass through (8,-1) 
and (5,-7). 


y 


18. A point moves so that the square of its distance from (2, 1) exceeds / 
the square of its distance from (5, 0) by 14. Find the equation of the 
locus. 

19. Show that the bisector of the vertical angle of the isosceles A with 
vertices (0, 0) (4, 9) and (8, 0) bisects the base at right angles. 


V 




GROUP C 

20. Find the equation of the straight line passing through (//, k) and JL to 
x y 
a b 

21. What is the condition that (a, b) t (c, d) and (r,/) arccollincar? (Find 
this condition using the two-point form of the equation of a line.) 

22. Prove that the two straight lines which join the middle points of 
the opposite sides of a quadrilateral bisect cnch other. 

23. Find the equation of the line joining (1, 1) to the intersection of 
Ax-\-By-\-C= 0 and Dx-\-Ey+F = 0. 

24. A line with equal intercepts passes through (h, k). Find its equation. 

25. Obtain the coordinates of the points which divide the distance 
between (4, 6) and (8, 15) internally and externally in the ratio m to n. 

/$U 

26. Derive the equations of the straight lines 2 units from the origin_ 

and which pass through the intersection of the lines x— 7y-fll=0 and 

4y —17= 0. 

Ax\ By\ ~4~ C 

27. Derive the formula P 1 A/ 1 =- —. by finding the value of p 

for the given line using the normal form and also the value of p for the 
line passing through the given point and II to the given line. 


Sec. 15. — Summary. 

The student should make a list of the formulae, rules 
and methods developed in this chapter. 
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Test on Chapter VI 


1. State the formula for finding the angle between two straight lines 
whose slopes arc given. 


2. State the geometrical significance of the formula 

n Af _ Axi+Byi~\-C <■ Lc-o- ( - 

P\Af { = - . 

±V>i 2 +/i 2 

and give the reason for the double sign. 



3. Find the directed distances from (— ">, 7) to the lines 3x — 7/4-10=0 
and x.-}-5j/=0. 

1 U 

4. Interchange the coefficients of x and y and change the sign of one of 
• o them in the equation 9x —2y4-13=0. What is the locus of the resulting 

equation and how is it related to the locus of the given equation? 


6. Write the equations of the bisectors of the angles between the lines 
3x — ?/-f9= 0 and x — 3y— 12=0. 

6. Write the equation of the family of lines through ( — 5, 9). 

Find the tangent of the acute angle between 2x4-7//= 3 and 10 x — y= 0. 

8. Derive the equation of the line through (11,-1) and _L to 
ox— 13//4-17= 0. 

\9. Find the equation of the locus on which every point is S units from 

6x4-8//-11=0. 

10. Determine the value of “a” so that x —6?/4-a=0 may pass through 
the intersection of 2x4-3?/4-4=0 and x4-4//4-l = 0. 












CHAPTER VII 


THE CIRCLE 

Sec. 1.—A circle (the circumference of a circle) is the 
locus of a point which moves so as to be always at a 
fixed distance from a fixed point. The fixed distance is 
called the radius; and the fixed point, the centre of the 
circle. 

Sec. 2.—To find the equation of the circle whose centre 
is (/i, k) and whose radius is r. 

Let P(x, y ) be any point on 
the circle. 

Then, by definition, CP=r. 

But CP = V (x-h) 2 + (y—k) 2 
.*■ ^(x-hy + (y-k.y=r 
or (x — h) 2 + (y — k) 2 = r 2 
which is the required equation. 

Cor.: If the centre of the circle is at the origin, then 
h = 0, k = 0 and the equation 

(x — h) 2 + (y — fc) 2 = r 2 reduces to x 2 + y 2 = r 2 . 

Example 1.—Find the equation of the circle with centre ( — 4, 3) and 
radius 6. 

Solution: The required equation is obtained if we let /i= —4, A; =3 and 
r=6 in the equation, (z — h) 2 +(y—lc) 2 = r 2 . 

Thus (x+4) 2 + 0/-3) 2 =6 2 

x 2 -f 8x-f 16+ 2 / 2 - 6?/-f 9 = 36 
and x 2 -F 2 / 2 -F&c—6?/ —11 =0 
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Sec. 3. — Exercises 


/ r J GROUP A (Do 1, 2, 3, 4, 5 orally) 

1. State r without simplifying, the equations of the following circles: 


(a) centre (3, 2), radius 4; (6) centre (—5, 0), radius 3; 

(c) centre (0, 5), radius 5; ( d ) centre (—3, —2), radius V 13: 

( e ) centre (a, — b), radius c; (/) (—a, a), radius a. 


2. State the centre and radius of t he circle 
(x-rf) 2 + (y+c) 2 = a 2 . 


3. What is the condition.Uia,t the circle ( xj-h ) 2 - 
rough the origin 9 


^ , . t Y+(y-k) 2 =r 2 may pass 

through 

4. For what value of r does the circle x 2 -fy 2 = r 2 pass through the point 

(2,-3)? 


6. At what points does the circle a; 2 -f-7/ 2 =4 ( J cut the axes? 

6. Find the equation of the circle with (a) c entre (-3, f) and radius 
(b) centre (— g,—f ) and radius g'+p—c. 

7. Construct the circle with centre (5,-2) and radius 4. Find the 
equation of this circle from the figure without using the formula (x-fi)- + 

(y-k)' = r\ 


8. Draw tw*o circles having their centres 
through the origin. What additional fact is 
each circle in order to find its equation? 


on the x-axis and passing 
necessary with reference to 


GROUP B 


9. Find the equation of the circle w’hich has the centre (3,-2) and 
w’hich passes through the origin. Draw the figure. 

10* Lind the equation of the circle whose diameter is the line joining 
the points (7, 2) and (-3,-4). 

_11. Write the equation of the circle with centre (-5,-1) and radius 
V26. Show from the equation that this circle passes through the origin. 

12. Find the equation of a circle which cuts off lengths 8 and 6 from the 
axes and w’hich passes through the origin. (The perpendicular bisector 
of a chord passes through the centre.) 

•,13. Find the equation of the circle with centre (1,5) and w’hich touches 

the line x — 2y-f2=0. 
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Solution: From elementary geometry \vc know that if the circle touches 


the line, x— 2y+2 =0, at T, then the radius 

CT is perpendicular to it. 

> 


rr 1(1) —2(5)+2 - 7 -7 

+ Vl 2 + (-2)’ +V5 V5 

o 

r 

the equation of the circle is 

/ 7 V 

"O 


(,-,,,+6,-5,.-^ 


0 

or 5 z 5 +5i/ 5 -10i —50J/+81 =0. 




I S' 

. (14. Find the equation of the circle passing through the points 
A~( — 2,— 1) and B (3,-2) and with its centre on the line 3x—2 t/H-6 =0. 


Solution: The centres of all circles which pass through A and B lie 
on MN, the JL bisector of AB. C , the intersection of MN and the line 

3x—2y+6=0, is the centre; and CA or 
CB is the radius of the circle. 

! / 

The equation of MN is 



V (*+2)’+(2/+l)* = V (x-3)*+(y+2)’ . 

or 5x—y =4. 

Solving 5x— ?/ = 4 and 3x — 2y = — 6, 
we get x = 2, y =6 
/. C = (2, 6) 


Also CA = V (2+2) 2 -f((> + l) 2 = V65 

c 

the equation of the circle is (x—2) 2 -My — 6) 2 = 65 
or x*-H/*-4x-12y-25=0. 

Find the equation of the inscribed circle of the triangle whose 
vertices are A ( — 3, 6), B{ — 7,-2), and C (3, 3). 

Solution: From the two-point form 
of the equation of the straight line, the 
equations of AB, BC, CA are 
2x-t/ + 12=0 
x —2y+3 =0 
x+2y —9 =0 

Using the rule on page 107 the signs 
of the perpendiculars are as shown. 
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Hence the equation of the bisector of ZA is 

+ 2x ~y + 12 _ + x-\-2y~ 9 

V5 - V 5~ 

or 3x4-y = — 3. 

Also the equation of the bisector of ZB is 

, 2x—?/-hl2 x—2y 4-3 

4 _ -—- = — -■==— or x—y— —5. 

Vo 4-V 5 

Solving the equations of these bisectors, x— — 2, ?/=3. 

2(—2)— (3)4-12 _ 

Hence / = (—2, 3) and IM = — = V 5 

V 0 

the equation of the circle is (x4~2) 2 4* (y— 3) 2 =5 
or x 2 4-2/ 2 4-4x —6t/4-8 =0. 


16. Find the equation of the circle whose centre is (3,-5) and which is 
tangent to the line 2x—3y=7. 

17. A circle with its centre on the line 4x—2y = l passes through (3,-1) 
and (—1, 2). Find its equation. 

18. A circle with centre (—1, 0) passes through (2, 4). Find its 

equation. 

19. Derive the equation of the circle which passes through the points 
(—1, 2) and (3, 4) and whose centre is on the x-axis. 

20. Obtain the equation of the locus of a point which moves so that 
its distances from (8, 0) and (2, 0) are always in a constant ratio equal to 2. 

21. A circle through the origin has its centre at (0,-3). What is the 

equation? 

22. The equations of the sides of a triangle are 

3x — 4y— 19 =0, 4x+3y— 17 =0 and x-f7 =0. 

Derive the equation of the inscribed circle. 

23. What is the equation of the circle which touches the line x— 3?/4-3 =0 
at (3, 2) and which passes through (7,-2)? 
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Sec. 4—To find the centre and radius of a circle from 
its equation. 

You will have observed that the equations of the circles 
in the preceding exercises contained (i) x 2 and y 2 terms 
with equal coefficients and («) at least one of the follow¬ 
ing terms: x, y, absolute. 

Conversely, does a particular equation which fulfils 
these two conditions represent a circle? 

Example: To show that — 4xT6?/ — 3 =0 is a circle and to find its 

centre and radius. 

Solution: The equation may be written 

x 2 — 4x H-b y°~ + 6?/H-= 3 d-. 

Now complete the two squares by adding the squares of half the coeffi¬ 
cients of x and y to both sides as follows: 

x 2 -4x+4+?/ 2 +6y--H)=3+4+9; and (x-2) 2 + 0/+3) 2 =4’ 
which is the same form as (x— h) 2 + (y — k) 2 = r 2 and, comparing the two, 
we see that h= 2, /c = —3 and r =4. 

.*. x 2 -by 2 — 4x-f-fiy — 3=0 is a circle whose centre is (2,-3) and radius 4. 

Exercises 

Show that the following equations represent circles and find their 
centres and radii. 

1. x 2 T?/ 2 — 6x-My — 5 =0. 

2. x 2 -H/ 2 —6x-2y = 15. 

3. x 2 + ?/ 2 +1G.t+18 = 0. 

4. x-+y 2 = Sx. 

5. 2x 2 +2i/ 2 -6x+10y—1 =0. (Hint: divide by 2.) 

G. 9x 2 +9y 2 + 12x+6?/ —31 =0. i3 q 

Sec. 5.—The circle through three given points. 

One, and only one. circle can pass through three 
points not in the same straight line. Two methods of 
finding the equation of the circle passing through three 
given points will now be illustrated. A third method 
will follow in a later section. 
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Example: Find the equation of the circle passing through the three 
points (—1, 0), (-2,-7) and (6,-1). 

First Solution: Find the equations of the JL bisectors of the lines 
joining two pairs of points. Solve for the point of intersection. This 
is the centre. Then find the radius with the distance formula. 
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The equation of CD, the _L bisector of 
the line joining ( — 1,0) and (—2, —7) is 

V(x + l) 2 + (y-0) 2 = V(x+2) 2 + G/+7) 2 
or x+7y = —26. 

Similarly the equation of CF is 


V (x + 1) 2 + (t/-0) 2 = V (x-6 ) 2 + (y +1) 2 
or 7x — y = 18. 

Solving x-\-7y = —26 and 7x—y = 18, x = 2 and y = — 4, whence C = 
(2,-4). The radius is the dis tance from (2,-4) to any one of the points. 
r=V(2 + l) 2 + (-4-0) 2 = 5. 

The required equation is (x—2) 2 -f(?/-f4) 2 =5 2 , or x--\-if— 4x+8?/ -5 =0. 

Second Solution: Let (A, k) be the centre and r, the radius. Then 
(h % k) must be equidistant from the three given points and 
hA V (/i+l) 2 + (A; — 0) 2 = r 2 
A/ 4 / "(A+2) 2 + (A;+7) 2 =r* 

(^-6) 2 + (^-fl) 2 = r 2 

Solving these equations, h= 2, k = — 4 and r = 5. 
the equation of the circle is (x— 2) 2 + (y-|-4) 2 =5 2 . 

Exercises 

1. Find the equation of the circle passing through : 

(а) (-6, 4), (-5,-1), and (-1, 5) 

(б) (0,0), (4, 3), and (-2,6). 


2. Find the equation of the circle passing through any three of the 
following points: (0,2), (3,3), (7, 1), (6,-6), (0,-6), (-1, 1). 

3. A circle passing through (2,-1) and (-4, 3) has its centre on the 
line 3x— ±y-\-7 =0. Derive its equation. 

4. ABC is a triangle, and x+2y+2 =0, 7 x-y- 16=0 and x — 3?/-hl2=0 
are the equations of the sides AB, BC, CA respectively. Obtain the 
equation of the circumscribed circle. 

5. Find the centre and radius of the circle in Exercise 4 graphically. 
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Sec. 6.—The General Equation of the Circle. 

ax 2 + 2hxy + 6?/ 2 + 2gx + 2fy +c = 0.(1) 


is the general equation of the second degree in x and y, 
because it contains all possible terms in x and y of the 
second and lower degrees. 

When (x — hy + (y — ky=r 2 , the equation of any circle, 
is expanded, it becomes 

z 2 + y 2 - 2hx - 2Icy + ( h 2 + k 2 - r 2 ) = 0.(2) 

Comparing (1) and (2) we note that the equation of any 
circle is a special form of the general equation of the 
second degree in that the xy term is missing and a =b = 1. 

Conversely, docs an equation of this special form, 
namely, x 2 +y 2 +2gx + 2fy + c = 0, always represent a 
circle? 

x 2 -\-y 2 -\-2(jx + 2/?/ + c = 0 may be written 
(x 2 + 2 gx) + (y 2 +2fy) = -c. 


Completing squares, 

(x 2 + 2 gx + cf) +(y*+2fy +/ 2 ) = - c + g 2 +p 

(x + y) 2 + (y +/) 2 = (g 2 +P - c) _ 

or [x — (~ ( 7 )] 2 + [?y — (—/)] 2 = [ V (/ 2 +p — c] 2 

which is seen to be of the same form as 
(*-A) 2 + (y-fc) 2 =r 2 


where h = —g, k = —/, and r = V g~ +P ~ c. 

Hence the general equation x 2 +y 2 -\-2g x + 2fy =-0 
represents a real circle with centre at (—g y — /) and 
radius V<7 2 +/ 2 —c, provided {/ 2 +/ 2 — c is a positive quantity. 


Note.—T he equation Ax 2 + Aij 2 + 2Gx + 2Fy + C = 0 also 
represents a circle for it may be reduced to the form 
x 2 +y 2 + 2gx + 2fy + c = 0 by dividing through by A. 


l) 
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Example 1 . —Using the general equation of the circle, find the equation 
of the circle passing through (7,-5), (-3,-1) and (4, 2). 

Solution: Let oc?+y 2 -\-2gx-{-2fy+c =0 be the required equation where 
g, /, and c are to be found. Since (7,-5) is on the circle, 


7 2 + (-5) 2 +20 (7)+2/(-5)-he =0 

or 140 — 10 /-hc = — 74.(0 

Similarly, since ( —3. —1) and (4, 2) arc points on the circle 

- 60 - 2 /+c = -1O . (2) 

and S 0 -f- 4 /-hc= —20 . (3) 

Solving ( 1 ), ( 2 ) and ( 3 ) we get, g — — 2 , / = 3 , c = —16 and the required 
equation becomes 

s=-ft/ 2 -f 2 (-2) x+2 (3) 2/-16=0 
cr x 2 -hl / 2 —4x-h6y—16 =0 


(The student should verify the result by writing the solution in detail.) 


Example 2. — Find the equation of a circle passing through (2,-1), 
( — 4, 3) and having its centre on the line x+2?/= 9. 



Solution: 

Let x 2 +if-+2gx+2fy+c=0 
be the circle. 

Since its centre ( — g, — f ) is on x+ 2 ?/ =9, 


— <7 — 2/ = 9 . (1) 

Since (2,-1) and ( — 4, 3) arc points on 
the circle, 

40 — 2 /+c= — 5. ( 2 ) 

and — 8 ( 7 + 6 / 4-c= —25 . (3) 


Solve ( 1 ), ( 2 ), (3) and ver ify, the results, 0 = — 1 , /=— 4 and c=— 9. 
Write the equation. 


Exercises 

1. Obtain the equation of the circle which passes through 


(a) (3,2), (-1,1), (2,-4) 
(« (3,0), (0,2), (-2,-1) 
(c) (0,-3), (5,0), (0,0) 
















129 


VII] 


THE CIRCLE 


2. Find the equation of the circle which 

(а) has its centre on the y-axis and passes through the points 
(2, 1) and (-3, 3); 

(б) passes through the points (0, 5) and ( — 2, 0), the centre being 
on the x-axis; 

' (c) passes through (0, 1) and (0, 5) and touches the x-axis; 

(d) touches the circle x z +y- — 2x+4y— 8 =0 at (3, 1) and which 
passes through a second point (8, 2). 

Section 7. — Special forms of the general equation of 
the circle. 

Since ( — {/, —f) is the centre of the circle 


z 2 + y 2 + 2gx + 2fy + c = 0, we have 


(a) when the centre is on the y- axis, {7 = 0; 
conversely, when g = 0, the centre is on the y- axis; 

( b ) when the centre is on the x-axis, / = 0; 
conversely, when / = 0, the centre is on the x-axis; 

(c) when the centre is at the origin, g=f = 0; 
conversely, when g =f = 0, the centre is at the origin. 

When c = 0, the circle passes through the origin. 

Why? Is the converse true? 


Exercises 


GROUP A (Do 1 and 2 orally) 


1. State the special characteristic or characteristics of each of the 


following circles: 


(c) x 2 +y 2 +c = 0; 

(i g ) x 2 +i/+4x=0; 
« x 2 +2/ 2 -HOx = 5; 
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2. State the condition that the circle a?+y 2 +2gx-\-2fy-\-c =0 may 

(а) pass through (0, 0). 

(б) have its centre on the x-axis.. 

(c) have its centre on the y-axis. 

(d) pass through the point (1, 1). 

3. Determine the location of the following circles: 

\ I (a) **+ 0 *— 6x+8«0; ( 6 ) x 2 ^- y-+4y- IS =0; 

\ tLi^ V («) ^+y 2 -fx-?/=0; (d) x 2 +?/ 2 + 12x=0, 

\ (e) i '+!/ 5 = 2 ax . *„ / 


Sec. 8.—Three conditions determine a circle. 

In order to draw a circle we must know (z) the location 
of the centre and (it) the radius. The position of the 
centre is determined by two conditions, i.e. two loci on 
which the centre must lie. The centre being thus fixed, 
the radius is then determined by a third condition, e.g. 
a point on the circumference. 

Thus three independent data are required to draw a 
circle, e.g. (t) three points on the circumference, (it) 
three lines which the circle must touch, etc. 

The problem of finding the equation of the circle 
satisfying three given conditions resolves itself, as we 
have seen, into deriving the values of the three arbitrary 
constants in the equation (i) x 2 + y 2 + 2gx + 2fy + c = 0 or 
(it) (x-h) 2 + (y-k) 2 = r 2 . 


Exercises 


1. Find the equation of the circumscribed circle of the triangle with 
vertices at A (0, 0), B (0, 6 ) and C (3,-3). 



3. Find the equation of the circle whose diameter is the line joining 
(-3,2) and (7,-G) : 

4. (a) Find the equation of the circle which passes through the origin 

and cuts off lengths a and b from the x and y axes respectively. 
( 6 ) Find the centre and radius of this circle. 
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6. Find the equation of the circle which passes through (—1, 3) and 
whose centre is at the point of intersection of the lines 

x — 2y — 4 =0 and 2x — 3y — 7 =0. 

,6. Find the locus of the centres of all circles whose radii are 2 and 
which touch the circle x-+y--{-2x — Ay = 20. 

7. Find the equation of the circle whose centre is at the point (4, 5) 
and whose circumference passes through the centre of the circle 

z 2 +!/ 2 -Mx+6?/ = 12. 


Sec. 9. — Tangent and Normal. 

If Pi and P 2 are two points 
on a curve, then the line PiP 2 
is called a secant. 

Now if the secant PiP 2 
revolves about Pi so that P 2 
moves along the curve towards 
Pi until P 2 coincides with P a , 
then the secant becomes the 
tangent at Pi. The point P x is callecfthc point of contact. 



The straight line drawn through a point on a curve 
perpendicular to the tangent at that point is called the 
normal. 


Sec. 10. — To find the equation of the tangent to the 
circle x 2 + y 2 =r 2 at the point Pi(x\ 9 y i). 

Let P 2 (x 2) yo) be another point on the circle. 

Then the equation of the 
secant PiP 2 is 

x X\ = y — y x 
xi~x 2 y i~2/2 

or y-yi = --— (.-c — xi) (l) 

x 1 — x 2 

From (1), the slope of P\P 2 = 
V 1-2/2 

X i — X 2 
















1''"r1 ^ (y-y) 
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This slope may be expressed in another form as follows: 
Since P x and P 2 are on the circle, 

*i 2 +J/i 2 =r 2 
and x 2 2 +y 2 2 =r 2 ; 
subtracting, x A 2 —x 2 2 +Vi 2 — I/ 2 2 =0. 

Transposing and factoring, 

(3/1+2/2) (2/1 —y2) = —(*x+x 2 ) (a-1 -x 2 ) 

2 / 1 — 2/2 Xl+X 2 


or 


* 1 — *2 2/1 + 2/2 

Substituting in (1), 

the equation of P j P 2 is 
I 1 +I 2 

2 /- 2 /i =- 


■ ( 2 ) 


(X-Xi). 


2 /i + 2 / 2 

Now let P a P 2 rotate about Pi until P 2 coincides with 
Pi. Then PiP 2 becomes the tangent P L T, 
x 2 =x 1 and 2/2 = 2 / 1 - 

v-vi - - ( *-* i) 


or 

or 


= — £ i£ +£ ! 2 


ViV-Vi* 

u i*43S±v. ilLSJEl* +2/1 ''- 

Whence.. + 2/1 «/ = ry (since £i 2 +2/i ! =r 2 ). 

Note.— The equation XiX-byi 2 / = r 2 represents the tangent to the circle 
whose centre is at the origin. In this text we are not concerned with the 
tangents to circles whose centres are not at the origin. 

Example.—If (xi, t/i) is the point (3,-4) and r 2 = 25, xix + ijiy =r* 
becomes 3x— 4y = 2o, which is the equation of the tangent to the ciicle 
x 2 +2/ 2 =25 at the point (3,-4). 

Exercises 

(Do 1 and 3 orally) 

1. State the equation of the tangent to the circle: 

(a) x 2 +t/ 2 = 13 at (-3, 2); (6) x 2 +y 2 = 10 at (3,-1); 

(c) x 2 +y 2 = 18 at (4, V2); (d) z 2 +y 2 = 34 at (3,-5); 

(e) x 2 + 2 / 2 =r a at (a,-6); (/) x 2 +l/ 2 =36 at (6, 0). 
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Find the equation of the tangent to at one of the points 

whose (a) abscissa is 2, (6) ordinate is — 

3. For what value of b will 3x — 2y =b be a tangent to x-+y- = 13? j f JyJ 
Show that 4x — // — 17=0 is a tangent to x-+y- = 17. *■ 1 ’ \ 1 ,( • - 

( 6. Under what condition will XiX+yiy = 50 touch the circle x 2 -f?/ 2 =50? 

Sec. 11. To find the equation of the normal to the 
circle x 2 + y 2 =r 2 at tlio ])oint (x lf ?/,). 

Let the equation of (die normal he ?/ — ;/1 = m(.r — .r,) T 
where in is to be found. 

The equation of the tangent at P Y is 

*i £ + 2/i V = r 2 . 

The slope of the tangent 

= 

2/i ’ 

Since the normal is perpendic¬ 
ular to the tangent, the slope of 


y 

\r 

1 0 



J\ 


m , 2/1 

the normaI= — 

£ i 


Hence 


2/~ 2 /1 =m(x—Xi) becomes 

V i / N x y 

2/~2/i=— (£—£i) or — = — 

£ i * v y i 

which is the required equation. 

Xote. — S ince (0, 0) is a point on — = — the normal passes through 

*i Vi 

the origin and hence the centre of the circle. 


Sec. 12. — Alternative method for deriving the equations 
of the tangent and normal to the circle. 

The methods used in the preceding two sections are 
general and applicable to any curve. The method given 
below depends on the fact that in a circle the normal at 
any point is the radius to that point. 
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(t) Since the normal at P Y (xx, y j) is the line 
joining Pi and 0, the equation of the normal is 
x — xi _ y —7/1 x _ y 

*1-0 2/1-0 *1 7/1 

x y y i 

(it) From — =— , the slope of the normal is — 
x i y i i 

x | 

Hence the slope of the tangent at P v is — — 

7/ i 

and the equation of the tangent is 

?/-2/i = -7T 

y i 

or x x x+y i y = x-r + y i- =r- 

i.e. XyX+ijiy = r 2 . 


Example.—The equation of the normal to the circle rc 5 +i/ 5 = 34 at 

x y 

the point (3,-5) is given by the formula — = —. 

*i 2/i 

x y 

Thus, since x\ =3 and y i = —5 we have — = —— or f>x+3y =0. 

3 —5 


Exercises 




(Do 1 orally) 

Find the equations of the tangent and normal to the circle 


(a) x 2 +y 2 = 18 at (3, 3), 
(c) x 2 +i/2 = 20 at (4,-2), 
(e) x 2 +y 2 = 34 at (5,-3), 
( 9) x 2 +2/ 2 =64 at (8, 0), 


(b ) x 2 +?/ 2 =25 at (-3, 4), 
(d) x 2 +2/ 2 =r 2 at (a, b), 

(J) x 2 +y 2 = 30 at (5, V 5), 
(/i) x 2 +t/ 2 = 100 at (0,-10) 


2. Find the equations of the tangent and the normal to the circle 
x 2 ~\~y 2 —13 at the points (3,-2) and (-3, 2) respectively. Comment on 
the result. Are the tangents parallel? What is the slope of each tangent? 


3. A wheel has eight spokes each 9 inches long, the angle between two 
consecutive spokes being 45°. Draw' a diagram so that four of the spokes 
coincide with the axes, and find the equation of each spoke. Also determine 
the coordinates of the extremities of the spokes. 
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4. The driver of an automobile running on a circular race-track suddenly 
causes the vehicle to go in a straight line. How is this straight line related 
to the circular track? 

Sec. 13. — Condition for tangency. 

Note. — In algebra it is shown that the quadratic equation ax-+bx-\-c = 0 
has two roots and that they are given by the formula 

— b =*= V b 2 — 4ac 
X= 2a ‘ 

(i) If b- — 4ac is positive, the roots arc real and unequal 
(u) if b 2 — 4ac is negative, the roots are imaginary, 

(in) if b- — 4ac= 0, the roots are real and equal, 
b 

each being equal to — — . 

Example. — To find the value of “k 9f so that the line y~2x-\-k will 
touch the circle x 2 +t/ 2 =20. 

Solution: 

The equation y=2x+k represents a 
family of parallel lines having the slope 2. 

The y-intercept k varies for different lines 
of the family. 

Any one of these lines is said to cut 
the circle x 2 +y-= 20 in one of three ways. 

Thus, the circle is cut: 

(а) in two real and distinct points 
by line (1), 

(б) in two real but coincident points 
by lines (2) and (3), 

(c) in two imaginary points by line (4). 

If y=2x+k and x 2 -\-y 2 = 20 are solved, 
we get 

x 2 +(2x+A0 2 -2O=O 

or bx 2 +4kx+(k 2 — 20) =0 . . . (i) 

The two roots of the quadratic equation (t) are the abscissae of the 
points of intersection of any one of the lines and the circle. 

For the particular line that touches the circle, the abscissae of the points 
of intersection must be equal, i.e. the roots of equation (i) must be equal 
or b 2 — 4ac=0. 
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In (i) a = 5, b=4k , c=k 2 — 20 
(4A0 2 —4 (5) (A; 2 —20) =0 
16fc 2 -20& 2 +400=0 

or & = =*= 10 which is the required condition. 

It follows that y =2x4-10 and y=2x—10 are the equations of lines 
(2) and (3) respectively. 

Exercises. 

1. Solve y =2x4-10 and x 2 4-y 2 =20, and find the coordinates of the 
point of contact. 

2. Rut6 irr*Tr=2x4-fc?'solve y= 2x — G and x 2 4-?/ 2 = 20 and show 
that line (1) in figure of sec. 13 cuts the circle in two points whose abscissae 
are 4 and £ respectively. What is the value of 6 2 — 4«c in the quadratic 

equation in x? 

3. Solve y =2x4-12 and x 2 4-y 2 = 20; hence show that line (4) meets 
the circle in imaginary points. What value has b- — 4ac ? 

4. Find graphical^ the approximate values of “k” for which y = Jx4~^ 
will touch the circle x 2 4~y 2 =25. 

6. Show that the line y=2x—5 is a tangent to the circle x 2 4-y 2 = 5. 

Determine the point of contact. 

6. Find the length of the chord which the circle x 2 4-y 2 =34 cuts off 
from the line x4-4y = 17. 

7. Find the condition that the line y=mx-\-k may touch tin' circle 

x 2 4-y 2 =25. 

Sec. 14.—To find the equation of the tangent to the 
circle, .r 2 +y 2 =r 2 , in terms of ?n, the slope of the tangent. 

Let AB be a tangent with 
slope m. Its equation may be 
written y = mx + k where k is to 
be found. 

Solving the equation with 
x 2 + y 2 = r 2 , 
x 2 + (mx + k) 2 = r<1 
or (1 +m 2 )x 2 4- (2mk)x 4- (A: 2 — r 2 ) 
= 0 .( 1 ) 
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Since the line AB is a tangent, the values of x in (1) 
must be equal. 

Apply the condition for equal roots, b 2 — 4ac = 0 

Since a = l+m 2 , b = 2mk, and c = k 2 — r 2 , 

(2?nk) 2 — 4(1 + m 2 ) (k 2 — r 2 ) = 0 
4 m 2 lc 2 = 4 (k 2 -r 2 + m 2 k 2 - m 2 r 2 ) 
k 2 = r 2 (l+?n 2 ) 
and k = 


= r V 1 + 771 2 . 

Since k has two values, there are_tAVjo_ti 


slope m. Their equations ar^ y — mx^r V I + m* 
Which of these equations is the equation of A' B'? 



with 




Example. —Find the equations of the tangents to the circle x 2 -f?/ 2 = 10 

whose slopes are §. 

Solution: Here the equations of the required tangents are 
y = mx =*= r V 1 -\-rri 1 where r = V 10, m = §« 

y =I* * v7o~_j/i+(i)- 

or 2x — 3 // = =*= V 130 are the required equations. 


Sec. 16. — Exercises 

GROUP A 




1. Find the equations of the tangents to the circle x 2 -f?/ 2 = 20 whose 
slepes arc 2. 

2. Find the equations of the straight lines touching the circle x 2 +!/ 2 = 25 
and making angles of 45° with the x-axis. 

3. Write the equations of the tangents to the circle x 2 -b?/ 2 = 16 whose 
slopes are -J, 

4. Write the equations of the tangents to the circle x ! +y 2s= r i which are 
inclined to the x-axis at an angle of 30°. 

6. Prove that 3x — t/ = 10 is a tangent to the circle x 2 +!/ 2 = 10 and find 
the point of contact. 

6. Find the values of k that the line y=7nx+k may touch the circle 
z 2 +?/ 2 = 4. 
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GROUP B 

7. Find the equations of the tangents to the circle x--\-y~—4 which are 
perpendicular to the line 4x—9y = 36. 

Solution: The slope of 4.x — Oy = 36 is $. 
Hence the slopes of the required tan¬ 
gents are — J. 

Using the formula, y — mx 
we have m = — } and r= 2; 



A 


rV 1 +wi 2 

Whence the required equations are 

y = 2Vl+(-S) 2 

or 9x-}-4?/ = =*= 2 V 97 

8. What arc the equations of the tangents in Ex. 7 when the tangents 
are parallel to 4x — 9y=36? 

Derive the equations of the tangents to the circle x 2 +y 2 = 10 from 
the external point ( — 5, 5). 

Solution: The equation of cither tangent may be written y — Z> = m 
(x+5) where m is to be found. 

The values of m are most readily 
determined from the fact that the equation 
of a tangent to this circle with slope m is 

?/ = ??iX+ViO V 1 +m 2 . 

Since ( — 5, 5) is on this tangent, 

5=?/i( — 5)-fV 10 Vl +m*; 

Squaring and factoring, 

(3w-H)(m+3) =0, whence 
Hi — — '3 or —3. 

Substituting these values for m in ?/-5=?»(x-|-o) the required equations 
are x+3y— 10=0 and 3 x+ 2 /-f -10 = 0 . 

10. Find the iengtliU )f the tangent from the point (7, 9) to the circle 
x z +y 2 — 8 x — lOy+32 =0. 

Solution: If PT is the tangent and C 
the centre of the circle, the A PTC is 
right-angled. 

PT = V CP 2 — CT 2 . 

The centre and radius of the given 
circle are (4, 5) and 3 respectively 
PT — V5* —3* =4. 

(It is left to the student to verify CP- 5.) 
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11. Find tho equations of the tangents to the circle: 

(а) x--{-y‘=S perpendicular to 4x — y =20, 

(б) x-+y- = \3 parallel to 2x4-2/= 5, 

(c) x 2 -\-y-=b from the external point (3,-11), 

(r/) x 2 4-// 2 = 17 perpendicular to the line whose intercepts on the 
axes arc 3 and — 1, 

(e) x 2 -f?/ 2 =9 from the external point (4, 3), 

(/) x 2 -|-?/ 2 =26 whose inclinations arc 120°. 

12. Find the lengths of the tangents from the points 

(а) (G, 3), ( — 6, 6), (-3,-7) to the circle x-+y-+4x — 2y = 11, 

(б) (12, 5), (S, —6) to the circle x*+y- = 25. 

13. Find the length of the tangent from the external point (a, b) to the 
circle x-~t-y- = r 2 . 

14. Find the equations of the circles passing through (2, 1) and touching 
both axes. 

Sec. 16.—Review Exercises. 

GROUP B 

1. Find the equation of the circle which 

(a) has (2,-3) as centre and passes through (3, 1); 

( b ) has the line joining ( — 5, 3) and (3,-7) as diameter; 

(c) passes through the points (3, 5) and ( — 3, 7) and has its 
centre on the x-axis; 


% 


y 

& 


(c) is inscribed in the triangle with vertices at (0, 6) (8, 6), (0, 0); 
(/) passes through the intersection of the lines 3x — y = 7 and 
2x4-?/ =8 with centre at the point (-1,-2) 

( g ) passes through the centre of the circle 

2x 2 4-2?/ 2 — 10x4-?/—3=0 and has the point ( — 2, 3) as centre. 

2. Find the equations of the tangent and normal to the circle x-4 -y~ = b 
at the point (2,-1) on it. 

3. Find the equations of the tangents to the circle x 2 4 - 2/ 2 =20 

(а) whose slopes are V 3; 

(б) which arc parallel to 2x — y = b) Qj - 2\ 

(c) which arc perpendicular to 2x— u==5.7 ^ I 


((/) circumscribes the triangle with vertices at (4, 5) (3,-2), 
(1.-4); 
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4. Show that the locus of the pbirit'which moves so that the ratio of its 
distances from (2, 1) and ( — 4, 2) is always equal to -j is a circle and find its 
centre and radius. 


6. Find the values of k that the line y = mx+k may touch the circle 

x 2 +y 2 = 10. 

6. Find the equation of the circle whose centre is (5, 2) and which 
touches the line 3 x — y — b. 

7. (a) Show that x 2 -Fy 2 = 34 is the equation of a circle; 

(6) Show that (3, —5) is on this circle; 

(c) Write the equations of the tangent and normal to the circle at 
this point; 

(d) show that (23, 7) is on the tangent; 

(e) show that (0, 0) is on the normal. 

8. Show that the straight line 3x — y = 12 passes through the centre 
of the circle x-+y 2 — lOx — fijy-f 25 =0. X 

9 . Find the equation of the circle whose centre is (h, k) and which 

passes through (a, 6). / 

10. Find the condition that^dx + Zty+C =0 may be a tangent to the 

circle x 2 -J-# 2 = r 2 . ^ A * * J >z 


, i 11. Find the distance between the parallel lines 3x+2/ = l and 3i+y =4. 

12. The points A (6, 5), B (—1, —1), C (11, 2) arc the vertices of a 
triangle. AD is the X from A to BC and AM is the median from A to BC. 

(а) the area of the triangle ADM ; 

(б) angle ABC; f* 

(c) the intercepts that BC makes on the axes; 

(d) the bisector of the angle ABC. 

13. Express 3x—4y = ll in the perpendicular or normal form. 


Find 



14. Find the equation of the circle which touches the x and y axes at 
the points (4, 0) and (0, |) respectively. 

15 % Find the equation of the locus of a point which moves equidistant 
’'^^frqrn (2, 1) and the line 3x+4y = i2. 

16. Are the points (3, —1), (2, —2) and (—1, 4) in one straight line? 

RE&V; f'V-V/ 
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GROUP C 


17. Wlmt is the condition that the lines Ax+By+C = 0 and Px+Qy+R 
= 0 may be (i) parallel, (it) perpendicular to each other. 

18. Show that the quadrilateral whose vertices are (10, 5), ( — 2, 5), 

( — 5, —3), (7, —3) is a parallelogram. 

v • *' , ) 

19. Find the lengths of the tangents from (9, 3) and ( — 6, 2) to the 
circle x 2 +2/ 2 -f 6x-M?/ = 3. 

< • a.-' t/Tu ;'A 

20. Find the equations of the circles which touch the lines 3x — 4y +1 = 0 
and 4x-f3 y— 1=0 and whose centres arc on the line 7x+7y =24. 

21. Find the equations of the circles passing through the point (2, —1) 
and touching both axes. 

22. Using the circle x 2 -4 -y- =25, show (i) that angles in the same segment 
of a circle arc equal, (it) that the angle in a semi-circle is a right angle, 
(in) that the perpendicular from the centre of a circle to a chord bisects 
the chord. 

23. x 2 -f y- = 25 is a circle and tangents arc drawn to it from the external 
point (7, 1). Find the points of contact of the tangents. 


24. A straight line passes through the pdint (3, 2) and the perpendicular 
on it from the origin makes an angle of 60° with the x-axis. Find the 
equation of the line. 

26. Find the equations of the straight lines through ( — 3, —4) and 
making an angle of 60° with x — y= 2. 


26. ABC is a triangle whose area is 20 and B and C are ( — 1, —2) and 
(5, 3) respective!}'. Find the locus of A. 


Summary 

1. The following standard equations have been developed: 

(i) (x — h) 2 + (y-k)- = r 2 , the equation of the circle whose centre is 
(h, k) and radius r. 

(«) X‘-\-y 2 = ?‘ 2 , the equation of the circle whose centre is the origin 
and radius r. 

(tit) x 2 + 7 / 2 + 2 { 7 x+ 2 /?/ 4 -c = 0, the general eq uation of the circle 
whose centre is ( — g, —/) and whose radius is V ^ 2 +/ 2 ~c. 

(iv) XiX-\-yiy = r 2 , the equation of the tangent to the circle 
x 2 +y 2 = r 2 at (x x , y x ). 
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(t/) y = //ix=±=rV 1 -f-w 2 , the equations of the tangents to the circle 
x 2 +y 2 = r 2 where m is the slope of each tangent. 
x y 

(vi) — = — the equation of the normal to the circle x 2 -\-y- = r 2 
*i Vi 

at the point (xi, y\). 

2 . It has been shown how to derive the equation of a circle having 
given three conditions, e.g. three points on the circle or two points on the 
circle and another condition. 


Test on Chapter VII 


1. Show how to find the equation of the tangent to the circle x 2 -f-y 2 =r 3 
i»t (xj, iji) on it. 

2. Find the equation of the circle drawn on the line joining ( — 3, 4) 
and (5, 2) as diameter. 

3. Find the equations of the tangent and normal to the circle x 2 +y 2 = 2'J 
at the point (5,-2) on it. 

4. Find the equations of the tangents to the circle x 2 -f?/- = 13 whose 

slopes are V 3. 

6. Find the equation of the circle whose centre is (3, 1) and which 
passes through the centre of the circle x 2 +y 2 -\-4x — 8y-fl0 =0. 

6. Find the condition that y=mx+b may touch the circle x 2 +y-=a 2 . 

7. What is the condition that the circle whose centre is (a, b) and 
radius r may pass through the origin? 

8. What is the condition that the circle x 2 -\-y 2 -\-2gx-\-2fy-\-c = [) may 
have its centre on the x-axis? 

9. Find the equation of a circle passing through ( — 2, 0), (0, —4) and 
with its centre on the x-axis. 

10. Find the length of the tangent from the point (24, 7) to the circle 

+2,2 =400. 



•'V'. 'V 









CHAPTER VIII 


THE PARABOLA 


Sec. 1.—Conics. 

Conics or conic sections are so 
called because they are curves 
which may be derived by cutting 
a right circular cone as shown in 
the diagram. 

Exercise—From a piece of pliable card¬ 
board cut a sector of a circle and pin 
together the straight edges to form a 
right circular cone. Using a sharp flat 
knife cut the cone at any angle. Now 
place the cut edge of the larger part of 
the cone on a page in your exercise book. 

Make sure that all parts of the curved 
edge touch the paper and then trace it 
with a pencil. The resulting curved line 
will be one of the conics. 

These curves were originally obtained as plane sections 
of a right circular cone and the ancient Greeks discussed 
them from this point of view. In applying to them the 
methods of analytic geometry, however, we prefer to 
define them as loci. 

Definition.—A conic is the locus of a point which moves 
so that its distance from a fixed point called the focus is 
in a constant ratio to its distance from a fixed straight 
line called the directrix. This constant ratio is called 
the eccentricity and is usually denoted by “e”. 

If F is the focus, ZM the directrix and P any position 
of the moving point, the law of the locus may be expressed 
in the form, ^ 

Distance from F to P ' = 

Distance from ZM to P 


C/ort* 
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When e = 1, the conic is a Parabola, when e is less than 1 
but greater than zero, the conic is an Ellipse, and when e 
is greater than 1, the conic is an Hyperbola. 

These loci arc of primary importance in astronomy, 
for the orbits of the earth and of other heavenly bodies 
are curves of this kind. Further reference to the practical 
nature of conics will be made in the succeeding chapters. 



Sec. 2. — Geometrical con¬ 
struction of the Parabola. 

Let ZM be the directrix and 
F, the focus. Draw FZ±ZM 
and let ZF = 4 units. Then A, 
the mid-point of ZF f is a point 

on the locus since = 1. Now 
/j JY 

select any line || ZM such as 
K' K and let the latter meet 
ZF at Q. With centre F and 
radius ZQ draw arcs cutting 
K' K at P and P\ 


Then P and P' 


are points on the locus since 
;= 1 . 


FP - . FP' 

= 1 and 


MP 


NP' 


Similarly D and D' may be located by constructing arcs 
with centre F and radius ZS; etc. 

Joining these points smoothly gives the required conic. 
It is evident from the construction that the parabola is 
symmetrical about the line ZF. 


Exercises 


1. Repeat the above construction letting ZF be equal to (a) 3 units, 
(b) 6 units, (c) 10 units. Use graph paper for each of the three figures. 

2. From the constructions in ex. 1, what effect on the shape of the 
parabola does a variation in the distance from the directrix to the focus 

seem to have? 
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Sec. 3. — Mechanical construction of a Parabola. 

The two conceptions of a locus discussed in chapter III 
lead to two methods of constructing a parabola: 

1. Plotting points that satisfy the given law and 
joining them by a smooth curve. 

2. Letting a point move so that it continuously fulfills 
the given law. 

A mechanism for tracing an 
arc of a parabola consists of 
a right triangle ( ABC in the 
figure) one of whose sides is 
applied to the directrix ZM. 

One end of a string of length 
BC is fastened at C and the 
other end at the focus F . As the 
triangle slides along the directrix, 
the string is kept taut by means 
of a pencil at P which traces 

the curve. The arc below ZF is traced by placing BC 
along ZF with A below BC and then sliding the triangle 
downwards. For all positions of P, the length FP will 
equal the length BP , that is, all points on the curve will 
be equidistant from F and ZM. 

Exercise.— Using a wooden set-square, a string, pins or tacks, etc., 
try the above construction. 




/< .V./ 4 


Sec. 4. — Definitions. 

Let the curve in the figure be 
a parabola with the focus at F 
and the directrix, ZM. Then 
the other points or lines are 
defined as follows: 

1. FZ, the _L from the focus 
to the directrix is the axis of the 
parabola. 

2. A f the mid-point of ZF y is 
- u^ct < the vertex. 
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3. P 1 F jP 2 is a focal chord. 

4. L' F L, the focal chord _L to the axis is called the 
latus rectum; L and L' are the extremities of the 

latus rectum. 

5. The distance ZF is arbitrary and it is often denoted 
by 2 a so that ZA =AF=a. The value of “a” distinguishes 

one parabola from another. 

Sec. g.—Standard Equation of the Parabola. 

Given a parabola with focus 
F and directrix ZM ; ZF = 2a. 

Required to choose coordin¬ 
ate axes and to find the equation. 

Solution — The simplest 
equation is obtained by letting 
ZF, the axis of the parabola, 
be the x-axis and A, the vertex, 
the origin. 

Let P (x, y ) be any point on the curve; join PF and 

draw PM _L ZM. 

Then by definition, = 1 or FP = MP. 

MP 

Since F = (a, 0), FP = V (x — a) 2 + (y — 0) 2 
and MP = MK + KP = a+x. 

V (x — a) 2 + (y — 0) 2 = a+x. 

: ^\xi~2ax + a 2 + t/ 2 = a 2 + 2ax+x 2 

\ i}> 'or^i/ 2 which is the equation of the given parabola, 

\ when~Tts~"dwn axis coincides with the x-axis and the 
vertex is at the origin. 

While y 2 =4ax is the most useful and usual form of the 
equation there are many others. 
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Example. — Show that y 2 =8x is a parabola whose focus is the point 
(2, 0) and whose directrix has the equation £+2=0. 

Solution — Comparing y 2 =8x with 7/ 2 =4ax, we have 4a =8 or a = 2. 
F= (2, 0) 

Since the directrix is 2 units to the left of the y-Sixis its equation is 
x= — 2 or £+2 =0. 


Exercises 

(Do 1, 2, 3 orally) 

1. Find the focus and the equation of the directrix for each of the follow¬ 
ing parabolas: 

(a) y 2 = 12x; (6) y 2 = 10x; (c) y 2 = 3x; (< d) y 2 =20x. 

2. State the equation of the parabola, being given: 

(a) the focus at (3, 0) and the vertex at the origin; 

(b) focus (4, 0) and directrix £=—4; 

(c) focus ( p , 0) and vertex at the origin; 

(d) focus (q, 0) and directrix x= —q. 

3. Find the value of “ a” when the parabola y 2 =4ax passes through 

(a) the point (8, 8); (6) (2, 4); (c) (9,-12); (d) (1, 2). 


4. Without using the formula y 2 =4ax, derive from a figure the equation 
of thr parabola with focus (3, 0) and directrix £ = —3. 


Sec. 6. 


| 

Other forms of the Equation of the Parabola. 
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The equation indicated below each of the three figures 
is the equation of the parabola shown above. When the 
parabola opens to the left as in figure 1, the equation, 
y 2 =4ax, may be derived identically as in section 5, 
page 146. When the parabola opens upwards or down¬ 
wards as in the second and third figures respectively, 
the above solution still applies except that 

FP= V (x — 0) 2 + ( 2 / — a) 2 and MP = MK + KP = a+y. 

Hence, ( 1 ) y 2 =4ax represents a parabola with the 
vertex at the origin, its axis coinciding with the .r-axis, 
and opening to the right or left according as “a” is 
positive or negative; 


(it) x 2 = 4ay is the equation of a parabola with the 
vertex at the origin, its axis coinciding with the y- axis, 
and opening upwards or downwards according as “a” 
is positive or negative. 

Exercises 

.-ij.v.v (Do 4 and 5 oralb r ) 

1. Draw the three figures given in this section and write the derivation 

of each parabola equation. J2* • ! 

2. Sketch each of the following parabolas, indicating the positions of 
the focus and the directrix: 

(а) r/ 2 = — 12x (Here 4a = —12 and a = — 3); 

(б) ^ = 4?/; (c) £*= — 10v/; (</) y 2 =bx; (e)x- = 2y; 

(J) V z = — 16x; (g) y 2 =4px (p being negative). 

3^. Tlqt. at least nine points on each of the following parabolas: 
c 4: M I/ 2 = —8^; (b) x 1 = -4 y\ (c) x 2 = 12 y; (rl) y 2 =x. 

Join the points by a smooth line in each case. 

4. State the coordinates of the focus and the equation of the directrix 

for each parabola in ex. 3. 

6. Find the value of “a,” for which (a) //-=- lax will p:u>s through (4, 1) 
(b) y 2 ~4ax will pass through ( — 2, 3), (c) x- =4a// will pass through (1, —2). 
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Sec. 7. 


V 

The Latus Rectum of the Parabola. 

(t) Consider the parabola whose , ~ 
equation is y 2 = Log and let L' L /, j\. 
be the latus rectum. Since 
L' L is || to the ?/-axis and a 
units to the right of it, the 
equation of IV L is x = a._ 

Solving /gT= ci.) an d c^=Aaxj ° il " c 
y 2 = 4a(a) = 4a 2 . 

.\ y = =±=2a and L = (a, 2a) 
while L' = (a, —2a). 

/ / 

V (a — a) 2 + (2a + 2a) 2 = 4a. i.e^ L' L=4a. ) 



The length of the latus rectum is equal to 


(u) For the parabola x 2 = 4a?/, the equation of the latus 
rectum is y = a. Solving x 2 = 4ay and t/ = a, x==*=2a. 
Hence the extremities of the latus rectum are (2a, a) 
and ( — 2a, a) and the length is 4a. Evidently the latus 
rectum is numerically equal to the coefficient of the first 
degree term in the equation y 2 =4ax or x 2 = 4 ay. 

Cv - • ’ •» h t 

Example. —Determine the extremities and length of the latus rectum 
for the parabola (a) ij 2 = 12x; ( b ) x 2 — —12y. 

Solution — (a) For y 2 = 12x, Aa = 12 or a =3 

Hence L=(a, 2a) or (3, 6) and Z/=(a,—2a) or (3, —G). 

The length L'L=4a = 12. 


( b ) Here Aa = — 12 or a = — 3. 

Hence the extremity (2a, a) becomes ( — 0, —3), and the extremity 
( — 2a, a) becomes (6, —3). 

The length of the latus rectum is 12. 

Verify these results from a figure. 


Sec. 8. — Exercises 

GROUP A (Do 1 and 2 orally) 

1. Determine the extremities and length of the latus rectum for 
(a) y 2 = 7x; ( b ) y 2 = — lOx; (c) x 2 = 9y; ( d ) x 2 = — 8y; (c) y 2 = 2px. 
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2. State the equations of the latus rectum and the directrix for 
(a) y 2 =4xf(b) x 2 =-16y, (c) y 2 = -6x; (d) x 2 =20y. 


3. Find the focus, the vertex, and the extremities of the latus rectum 
for (o) y 2 =-\x) (b) i r-=- i\x; (c) x 2 = lOy; (d) x 2 = -%y. Sketch a figure 
in each case. 


GROUP B 


4 . Determine p so that the parabola y 2 — 4px=0 will pass through 
the point (/i, k). 

6. Find the points where the line y=Sx — 2 cuts the parabola y 2 = 8x. 

6. If a focal chord makes an angle of 45° with the axis of the parabola 
y 2 = 6x, where docs it cut the parabola? 



± 


7. Find the'equation of the circle pass¬ 
sing through the vertex and the extremities 
of the latus rectum of the parabola y 2 = 16x. 


8./ Derive the equation of the parabola 


shown in the figure. 

What arc the coordinates of Z ? of A? 


JMlUXr 


What is the equation of MZ ? of the 
latus rectum? 


& Sketch a parabola opening to the 
^ \ right and let the x-axis coincide with 

Y ^ ' the axis of the parabola, the ?/-axis with 

the latus rectum. Find the equation of the parabola. (Distance from 
directrix to focus is 2a.) — , [' 

» vU-'Y ■* j 

10. By means of the mechanical construction described on page 14S 
draw the parabola y 2 = 12x. (Let the distance from the directrix to tlie 
focus be 6 cm.) 

GROUP C 



11. Find the length of the side of an equilateral triangle inscribed in 
the parabola y 2 =4x if one angular point is at the focus. (Two results.) 


12. Prove that the product of the segments of any focal chord of the 
-j parabola jy 2 = 4nx is equal to “a” times the length of the chord. 


^ 13. Find the points of intersection of the parabolas y 2 = 10x and x 2 =8 y. 
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Sec. 9. — To find the focal dis tance of any point on the 
parabola, y 2 = 4 ax. 

Since P (x , y ) is a point on the parabola, F P = MP. 



But MP = MK + KP = a+x. 

.*. the focal distance / 

^FP = a 

Alternative solution. — Using 
the distance formula, 

FP = V (x—a) 2 + (y — 0) 2 
or V x 2 — 2ax + a 2 + y 2 . 

Since y 2 = 4ax, = 

V x 2 — 2aa; + a 2 + 4ax = x + a. 


Example. Find the focal distance of the point (8, 8) on the parabola 
if- = Sx. 

Here a =2 and x=S. Hence FP=2-f8 = 10; or alternatively, 

FP = V (8 — 2) 2 -b(S — 0) 2 = 10. 


Exercises 

(Do 1, 2, 3, 4 orally) 

1. Find the focal distance of the point ( a ) (2, —4) on the parabola 

// 5 =8.r; (/;) (I, 3) on the parabola 7/- = 9x; (c) (—1, —2) on the parabola 
;/ 2 =-'lx. x 

2. The* distance of a point on the parabola 7/ ? = 16x from the focus is ?0jsi 

Find the co-ordinates of the point. (Two answers.) '■ i 

3. Find the focal distance of any point on the parabola x 2 —4ay. 

4 . The focal distance of a point on x-=3y is 12f. Find its coordinates. Cl 
6. The focal distance of a point on 4y 2 =x is equal to the length of the 


latus rectum. Find the coordinates of the point. v 


'L 


Sec. 10. — The Equation of the Tangent to the Parabola 
in terms of the coordinates of the point of contact. 

(i) Given the parabola ?/ 2 =4ax and P i(xt, Vi) a point 
on it; P X T a tangent. 
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f 1 x 

/t a 

\U 


Required to find the equation 
of P X T. 

Solution: Let P 2 (.r 2 , 2/2) be 
another point on the parabola. 

Then the equation of the 
secant Pi P 2f using the point- 
slope form, is 

2 /i -2/2 


y —2/1 =— 


X\ — %2 


(x-x x ) 


where — —— is the slope of the secant. 
x x —x 2 _ _ 




^ince Pi and P 2 are points on 7/ 2 = 4a.r, 

■ 2/i 2= 4a£i, and 7/ 2 2 = 4ax 2 . 


j .ut J/i 2 -2/2 2 =4a(Xi -x 2 ) 

• ^ 1 nr ^ / (n i 1 ^ (/> i 0 / - 


or 


or 


( 2 / 1 - 2 / 2 ) = 4a (.Tx-Xz). 
^ 2/1 - 2/2 _ 4« 

X1-X2 2 / 1 + 2 / 2 ’ 


Hence the equation of Pj P 2 becomes 
2 /- 2/1 = 


( 1 ) 


2/1 +2/2 

If now P x P 2 rotates about P x until P 2 coincides with 
Pi, then x 2 = x x and 2/2 = 2/i 

Substituting 7/ 2 = 2/1 in (1) we have 

4a 

y ~ Vl ~2y[ (x ~ Xl) 

or 2 /i 2/ — 2/i 2 = 2ax — 2ax x 

or 2/i2/ = 2ax+2a.Ti, since 7/i 2 =4a:r 1 . 

i/i y =2a (jc- h jci) is the equation of the tangent P X T. 

Example.—Find the equation of the tangent to the parabola y 1 — 1 2x 

at the point (3, 6). 

Solution — Here y x =0, a =3, x x =3 and hence the required equation 
is 6j/=6(x-f-3) or 7/=x-f3. 
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(it) Employing the preceding method, the student should 
now show that the tangent to the parabola x 2 =Jtay at 
the point ( x lf y j) is x x x=2a(y+y l ). 

Exercises 

(Do 1, 2, 3 orally) 

1. Find the equations of the tangents to the following parabolas at the 
points indicated: 

(а) t/ 2 = 1Gx, (4, —8). Answer: — 8y =8(*-f4); 

(б) 7/ 2 = -2x, (-8, 4); (c) * 2 =-5y, (5,-5); 

(d) *2 = 18 y, (-6,2); (c)y* = 9*, (1, -3); (/) y= = 10*, (0, 0). 

2. Find the equations of the tangents to y 2 = 4x at the extremities of 
the latus rectum. 

3. Find the equation of the tangent to the parabola * 2 =8 y at the 
extremity of the latus rectum in the first quadrant. 

4. Determine the point of intersection of the tangents at the cxtreqiities 

of the latus rectum of the parabola y 2 =4ax. *■ 

5. Write the equation of the tangent to 

(a) t/2 = 15* at (f5); (6) * 2 =4 py at (a, b ); 

(c) y 2 = cx at (*i, 2 / 1 ); (d) * 2 = -\y at (1, -2). 

Sec. 11. — The equation of the Normal to a Parabola at 
a given point. 

Given the parabola y 2 = \ax\ 
P V T and P\N respectively the 
tangent and normal at P\(x lt y i) 

Required to find the equation 
of PiN. 


Solution — The equation of 
P X T is 

y Y y — 2a ( x+x { ). 



-a/u 




154 


ANALYTIC GEOMETRY 


[Chap. 


Vi 


Since P X N J_ P x T f the slope of P X N = ~~2a 
From the point-slope f or m y — y t =m(x— x x ), the 


equation of the normal iff y — y x = — ^(x — *i)- 

Example.—Find the equation of the normal to y- = 2x at the point 
(S, -4). 


Solution 1.— Here a = J, x\ =S and 2 /i = —4, so that the equation of 
the normal is 

y+4= ~^) { [x ~ s) 

or y-f 4 =4x —32 or 4 x-t/--36=0. 


Solution 2. — The equation of the normal is 

r/-f4 =m(x — 8) where m has to be found. 

From the equation of the tangent at (8, —4), 

— 4r/ = l(x-}-8) or y= — the slope 

of the tangent is — 

Hence m i the slope of the normal, is 4 and the required equation is 
y- f4=4(x-8) or 4a:-?/-36=0. 

Exercises 

, (Do 1 and 2 orally) 

f V ” _ - 

1. Find the equation of the normal to the parabola, 

(а) 7/“ = Sx at, (8, 8). Answer : y — 8 = -”-f--(x — 8); 

(б) y 2 = — 6x at (-6,-6); (c) y 2 = 10xat (■§, — 5); 

(d) y-=j\ t x at (4, J); (£) y 2 — 2px at (x it y{). 

2. State the slopes of (a) y x y = 2a(x+* 1 ); (6) 4y =f (x+1); 

(c) 4x = 8(y+2); (d) xix=2a(y+t/i); (e)-4x = -J(y-3). 

3. Find the equations of the tangents and normals to the parabola 
y~ = 18x at the extremities of the latus rectum. What kind of figure is 
formed by the tangents and normals? 

4 . Show that the equation of the normal to the parabola x 2 =4 ay at 

the point (x lf y x ) is y-yj. = —-(x-xi). 

x i 

(Obtain the slope of the normal from the slope of the tangent, 
xix=2a(y+yi), etc.) 
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5. Find the equations of the normal to 

(a) x-= 8 y at (2, J); ( 6 ) i== —12 y at ( 6 , — 3); 

(c) x*-\y at (-2, 16); (d) i= = -3»/at (3, -3); 
(«) y-=-7x at (- 4 , 2 );(/) t/ 2 =xat ( 1 , - 1 ). 


Sec. 12. — The equation of 
in terms of the slope. 



the tangent to the parabola 

y /Oo kJL^JL/ y 

Given the parabola i/ 2 =4ax 
and PT, a tangent with slope 
“m”. 

Required to find the equation 
of PT in terms of “m ”. 

Solution.—L et y =(inx+k jbe 
the equation of the tangent, 
where k is to be found. 

Solving y = mz + k and y 2 = 4 ax } 
{mz + k) 2 — 4ax = 0. 
or ?R 2 x 2 + (2mA: — 4a)x + fc 2 = 0.(1) 

Since y = mx + k is to meet y 2 =4az in two coincident 
points, the quadratic equation (1) must have equal roots, 
t.e. the condition, B 2 — 4AC = 0, must be satisfied. 

Here B = 2 mk — 4a, A = m 2 and C =k 2 

{2?nk — 4a) 2 — 4m 2 /c 2 = 0, 
a 

whence k =— and the required equation i 

Similarly it can be shown that the equation of the 
tangent to the parabola re 2 =4 ay in terms of the slope 
“m” is y = mx — am 2 . The student should verify this 
result. 



Example 1 . — Find the equation of the tangent with slope 
V 2 to (a) y 2 = — 5x; ( 6 ) x 2 = 2 y. 

a __ -5. 

Solution. —*1[a) From ?/ = iwx-|— we have y = (V 2 )xH— 7 =- 

V 2 

or y-(V 
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(b) From y = mx — am 2 , we have y = ( V 2 )x — i (2) 
or // = (V 2)x — 1 . 

Example 2. — Show that two tangents may be drawn to the parabola 
?/*= 8 x from the external point (— 1 , 1 ) and find their equations. 


V / 5 
fr 

1 i'V Y j 

^ Since (— 1 , 1 ) is a point 


lution. —Let y=mx + — be one of the tangents. 


on it, 1 = — mH—or m 2 +m — 2 = 0 . 
m 


V v 

\ Factoring, (m+2)(m— 1) =0, whence m=—2 or 1 . 

. Since m has two values, there are two tangents and the equations arc, 

y= — 2 x — 1 and y=: r+ 2 . 

Example 3. — Perpendicular tangents to the parabola intersect on the 

directrix. 

Solution. — Let y 2 =4ax be the parabola and m, — — , the slopes of per- 

m 

pendicular tangents. The equations of the tangents arc 

a] / — x 

( i/=mx-\ — rind/ y - - am 

^ mj V m 

Solving these equations, v 

(mx-\ —)=[ — — — am and x () =— a ( m -\ — ) 
k mj \m ) V \ 

x= —a which is the abscissa of any point on the directrix of y 2 =4ax. 


Exercises 

(Do 1,2,3 orally) 

1. State, in unsimplified form, the equation of the tangent to 

(а) y 2 = 4x with slope J; 

(б) y 2 = — ox with slope —1; (c) x 2 = 10y with slope J; 

(d) x 2 — —2y with slope (e) y 2 — 4px with slope c; 

(J) x 2 = — y with slope 5; (g) y 2 = — 7x with slope §. 



x 2 = 6y. 

r\ 

3. I 


am 2 to show that y— 4x — 24 is a tangent to 

-- j - 1 ^ ; *_-/t- J ' 


to find the value of “k” for which y=x+k 

~ m ( a \ 

will touch the parabola y 2 - 2x. I k = — J 

Y i M-', 




A 
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Show that perpendicular tangents to y- = lOx intersect on the directrix. 

5. Find the equations of the tangents to the parabola y~ = 16x from the 
external point (— 1, “3). 


6 . Determine the equation of the tangent to y 1 — llx which is 

(a) || to 3x+2y — 5=0; (6) JL to 2x — y=0'l } v 

7. Determine the equation of the tangent to x 2 — —9y which is 

(a) || to x— 7y+l =0; (6) _L to y = 3x — 8. 


Sec. 13. — To discuss the parabola from its equation. . 


The process of constructing a locus by plotting points 
is frequently long and tedious. The general form and 
characteristics of the locus can be largely determined by 
a study or discussion of the peculiarities of its equation 
without plotting points. 


The following is a discussion of the parabola from its 
standard equation, y 2 = 4ax. 


1. Intercepts. When x = 0, y = 0; hence there are 
no intercepts on the axes and the curve passes through 
the origin. 

2. Location and ektent. From ?/ 2 =4a.x, y = =*= V4ax; 
since a is considered to be positive, x must be positive 
also in order that y may have real values. Hence the 
curve exists only to the. right of the y- axis. Since 
y = + V 4ax, y increases as x increases and the curve 
extends any distance into the first quadrant; again since 
y=— V4 ax, y decreases as x increases and the curve 
extends any distance into the fourth quadrant. 

3. Symmetry. From y =z±z V4 ax, y will have two 
values equal in magnitude but opposite in sign for every 
positive value of x. Hence the curve is symmetrical 
with respect to the x-axis. 

4. Points of intersection with a straight line. 

Solving y 2 =4ax with y =mx+b, we get (?nx + 6) 2 — 

4ax = 0 which is a quadratic equation and hence yields 
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two values for x. Therefore the locus of y 2 = 4ax cuts a 
straight line in two points. 

5. Angle at which the curve cuts the x-axis. 

The slope of a curve at any point on it is equal to the 
slope of the tangent at that point. The equation of the 
tangent to ?/ 2 = 4a:r at (x X) y x ) is given by the formula 
y x y^^a^x+x.x). Hence the equation of the tangent at 
(0, 0) is i = 0 which is the y-axis. Therefore the slope of 
the x curve at^O, 0) is equal to.that of the 7/-axis or infinity, 
and the curve cuts the rr-axis at right angles. 

Exercises 


wli&Langle does the parabola y-=4ax cut the upper end of the 

latus refctum? 

_^>2. Discuss the equation y-=4ax when a is considered negative. 


3. Discuss the loci of the following equations under the headings, 
^(1) Intercepts, (2) Location and extent, (3) Sj'ininetry: 

(a) X‘=4ay; (6) x 2 +y 2 =25; 

(c) 3x4-4?/—12=0; (d) y-=4x. 


Sec. 14.—Practical Applications. 



reflectors a beam can be 
little loss of intensity. 


1. When a parabola revolves 
about its axis, it generates a 
surface called a paraboloid of 
revolution. The reflectors of 
automobile and locomotive head¬ 
lights, searchlights, signalling 
lamps, etc., are surfaces of this 
kind. All rays which emanate 
from a light placed at the focus, 
after reflection are parallel to 
the axis. By means of such 
sent out to great distances with 
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The diagram shows the cross-section of a parabolic 
'reflector. The bisector of the angle between an incident 
ray and its corresponding refteetedxray such as FP and 
PTJds the normal at P. The perpendicular to this, bisector 
at P is the tangent at P. Hence we have a method for 
constructing a normal and tangent at any point on the 
parabola. 

2. The cable of a suspension bridge assumes the shape 
of a parabola if the weight of the suspended roadbed 
together with that of the cables is uniformly distributed 
horizontally. 

3. The path of a ball thrown through the air in any 
direction except vertically upward or downward, is a 
parabola. 

The approximate parabola which a projectile describes 
depends on the elevation of the gun, the direction of 
the wind and various other conditions. This makes 
gunnery a complicated science. 

Water thrown from the nozzle of a fire hose takes a 
parabolic path. To obtain maximum range on a calm 
day the angle of projection should be about 45°. 

These are only a few instances to show that the parabola 
is not merely a geometric figure but that it has applica¬ 
tions in our everyday life. 

Sec. 15—Exercises 

GROUP A (Do 1 to 5 orally) 

1. State a construction for drawing the normal and tangent to the 
parabola at any point on it. 

2 . What is the geometrical significance of “a” in the equation ?/ 2 =4ax? 

3. State the coordinates of the focus and vertex, the equations of the 
directrix and latus rectum and the length of the latus rectum for 

(<*) y- = 5 *; (i>) y-=-llx; (c) x 2 =7y; (< d) x 2 =-3 y. 

4. State the equation of the line which makes an angle of 60° with the 
x-axis and touches (a) y- = 10x; ( b ) x 2 = 10 y. 
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5. Find the equations of the tangents at the extremities of the latus 
rectum for (a) y- = \2z ; (6) x 2 = S y; (c) y 2 = — 6x; ( d) x 2 = —18 y. 

6. Find the equation of the tangent and normal to the parabola y 2 —\yx 
, at tho-'point (xi, y{) 

f 

GROUP B 

\ 

7. Construct the parabola y 2 = lOx, (a) mechanically, (6) by plotting 
[>oints whose coordinates satisfy the equation. 

8. Find the equation of the circle passing through the focus, the vertex 
and the upper end of the latus rectum of iy 2 =4ax. 

9. Derive the equations of the normals to the parabola y 2 = ]2x at the 
points where the line 12x —7?/ + J2=0 cuts the curve. 

'10. Obtain the equations of the two tangents to y 2 =4x which pass 
through the external point (—1, 3). 

11. Show that the normal at one extremity of the latus rectum of a 
parabola is parallel to the tangent at the other extremity. 

12. Prove that tangents to the parabola y 2 =Sx from an}' point on the 
directrix arc perpendicular to each other. 

13. Find the equations of the tangents to y 2 = 9x from the external 
point ( — 2, —5); also find the equations of the tangents from the same point 
to the parabola x 2 = 9 y. 

14. Find the equation of the tangent to 7/ 2 = 5x which is (a) parallel 
to and (6) perpendicular to Ax + By-\-C = 0. 

16. Determine the length of a side of an equilateral triangle inscribed 
in y 2 = 4ax, one vertex of the triangle being at the vertex of the parabola. 


GROUP C 


16. Find the equations of the tangents to the circle x 2 +Z/ 2 = 20 and the 
parabola y 2 =8x respectively at the point where the circle and the parabola 
meet in,the first quadrant. Determine the angle between these tangents. 


\ _ 

17. Derive the equation y — vix H— by comparing the equations 

yiy=2a(x+xi) and y=mx+Jc- 

x y 

18. Find the condition that - N -P - = l may touch the parabola y 2 =4px. 

a '6 

19. Is the source of light in an automobile lamp placed at the focus of the 
parabolic reflector? Explain. 
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20. Find the equation of the circle which passes through the vertex and 
the focus of y' 1 = 1 $.r and has its centre on the focal chord making an anp' 

of 135° with the axis of the parabola. 

\ \ 

Summary 
The Parabola 

1. The parabola is a conic whose eccentricity is unity. 

2. It may be constructed in three ways; (i) geometrically, (it) mechanic¬ 
ally, (in) from its equation by plotting points. 

3. The standard form of the equation is y 2 —4ax ( a being positive). 

I. Other forms of the equation arc: y 2 — 4ax ( a being negative) and 
x- = 4ay (a being positive or negative). 


Equation of parabola 

y 2 = 4 ax 

x 2 — 4 ay 

location of focus. 

1 

III 

a 

o 

F=(0, a) 

Location of extremities 
of latus rectum 

L= (a, 2a), 

L'= (a, —2a) 

!<= (2a, a) 

L'= ( — 2a, a 

length of latus rectum 

4a 

4 a 

Focal distance 

a+x 

a-fy 

Equation of directrix 

x = —a 

y — — a 

Equation of latus rectum 

x=a 

y=a 

Equation of tangent 
at (*i, 7/i) 

y 1 y=2a(x+x 1 ) 

xix = 2a(y+y l ) 

Equation of normal 
at (*i, J/i) 

/-N 

H 

1 

<N 

1 

II 

H 

1 

2a 

y-yi --(i-ii) 

x i 

Equation of tangent 
in terms of slope 

i a 

y = mx-\ — 

VI 

y = ?nx—am 2 


G. The parabola may be discussed from its equation 
general form and limitations. 


with respect 


to its 
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Test on Chapter VIII 

1. What is the distance from the focus to the directrix in the parabola 
y~ = 14x? 

2. State the coordinates of the ends of the latus rectum for the parabola 
x 2 = Sy. 

3 . Write the equations of the tangent and the normal to the parabola 
y~ — 6x = 0 at the point (+$, 3). (Do not simplify.) 

4. For what value of “Jc” will y=x+k touch the parabola x 2 =2yl 

6. Write the equation of the tangent to the parabola ij 2 — 12x = 0, the 
slope of the tangent being —2. 

6. What is the length of the latus rectum for the parabola y 2 = —oyx? 

7. Find the focal distance of the point (§, V 6) on the parabola y 2 = Ox. 

8. Sketch the parabola x 2 — —20 y from its equation. 

9. What line does x\x = 2a(y+yi) represent? 

10. For what value of “a” will the curve y 2 =4ax pass through the point 
(-2, 5)? 




CHAPTER IX 


THE ELLIPSE 

Sec. 1.—An ellipse is the locus of a point which moves 
so that its distance from a fixed point, called the focus, is 
in a constant ratio (less than unity) to its distance from a 
fixed straight line, called the directrix. 

Sec. 2.—Geometrical construction of the ellipse. 

Let F be the focus, ZM the directrix, the eccentricity 
“e” equal \, and the distance from the focus to the 
directrix 6 units. 

Draw FZ _L Z M 
and divide FZ in¬ 
ternally at A and 
externally at A' 

FA . 
so that -r-y = i 


ancl A 7 !"* 5 
then A and A' are 
points on the 
ellipse. 

To plot other points that satisfy the given law, draw 
lines parallel to ZM between A' ancl A ancl number them 
(1), (2), (3), etc., as shown. 

Let line (1) cut FZ at Q. With centre F and radius 
± QZ, draw arcs cutting line (1) at P and P'. Draw 
PM and P'N±ZM and join PP ancl P'F. Then by 
PF P' F 

construction, ~pM = WN = * ience ^ anc * ^' are on 

the locus. Now with centre F and radius |PZ draw 
arcs cutting line (2) at L and L'; with centre F and radius 
IQ'Z draw arcs cutting line (3) at T and T'. Then L ancl 















































SYMMETRY IN NATURE. 
Locate the axis of symmetry. 
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L' f T and T' are also points on the locus. In the same 
way B and B' f S and S', etc., may be plotted. The curve 
through these points is an ellipse. 

The same curve is obtained by using Z'M' as directrix 
and F' as focus, where Z'F f = FZ and A'F' = FA. 

From the construction it is evident that the ellipse 
is symmetrical about A 'A. 


Exercises 

1 . Using the method of section 2 draw an ellipse with eccentricity equal 
to H and the distance from F to ZM equal to f>. (Use graph paper.) t ^ 

i t t 

2 . Draw an ellipse whose eccentricity is 




Sec. 3.—Definitions—In the ellipse shown, 


(1) F is one focus; 
and ZM , the corre¬ 
sponding directrix; 

(2) A and A' are 
the vertices; 

(3) A'A is called the 
major axis and its 
length is usually de¬ 
noted by 2a; 

(4) C, the mid-point 



A'C = CA —a; 


(5) B'CB is JL to A'A and is called the minor axis; 
its length is usually denoted by 2 b so that B'C = CB =b] 

(6) A'C and CA are called the semi-major axes; B'C 
and CB are the semi-minor axes; 


(7) the major axis is longer than the minor axis and 
the focus and vertices lie on it; 


(8) L'FL f the focal chord perpendicular to the major 
axis, is the latus rectum; 
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(9) Any chord through C, the centre, is called a 
diameter. 

Note. —Later in this chapter it will be shown that 
the ellipse is symmetrical with respect to the minor axis. 
Hence there is another focus F ' and a corresponding 
directrix Z f M f so that F f C = CF and Z'C = CZ. 

Sec. 4.—The equation of the ellipse. 

Let F be a focus, ZM the corresponding directrix, and e 


the eccentricity of the 
given ellipse. Draw 
FZ±ZM; let FZ cut 
the ellipse at A ' and 
A. These are the 
vertices. Bisect A'A 
at C and draw 


y 



B'CB ±FZ. 
Let A’F’ = FA 
and Z'A' = AZ. 


SYo.-V 


To obtain the simplest form of the equation of the 
llipse, we let the axes of the ellipse coincide with the 
oordinate axes using C as the origin, A'A coinciding 
ivith the x-axis and B'B with the y- axis. 

; Let P(x, y ) be any point on the curve. Join PF and 
draw PM±ZM, PN±CZ. 

PF 

Then by definition, 'jp^ =e or PF = e * PM. 

In order to express PF and PM in algebraic equivalents, 
we find the coordinates of F and Z as follows: 

FA 

Since A is on the ellipse, -rr. = e or FA = e % AZ . . (1) 

rx /j 

A'F 

and since A' is on the ellipse, ~yy =e or A'F = eA'Z . . (2) 
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Subtracting (1) from (2), A'F-FA = cA'Z-eAZ 
or A'F-FA = e(A'Z-AZ) 

A'F —A'F' = c{A 'A) 

F'F=e • A' A 
2 CF = c- 2 a 
CF=ae and F = {ae, 0). 
Adding (1) and (2), FA +A’F =e(AZ+A'Z) 
or A'A =e(Z'A' + A'Z) 

2 CA =e(Z'Z) 

2a = e • 2CZ 

■ CZ =- 


o & 

, K v/ > 

\ V 


■(-» 


and Z = j 
Now since PF =e-PM =e NZ 
V(*-<ie) s + (y-0) 2 = e(CZ-CiV) = =( a -ex) 

Squaring, (x — ae) 2 +j/ 2 = (a —ex) 2 

or x 2 — 2aex + a 2 e 2 + y~ = a 2 — 2a cx + c 2 x 2 

x 2 - e 2 x 2 + ?/ = a 2 - a 2 e- 

or x 2 (l — c 2 ) + ?/ 2 = a 2 ( 1 — e 2 ) 

. x 2 y 2 

and — + “TTi-rr = 1 

a 2 a-(l — e 2 ) 

Since B is on the ellipse, its coordinates 0 and b satisfy 
this equation, i.e. 

0 2 , 6 2 

a”- + a-( 1 - c~) ~ 1 ° rb --~ a -. (1 - ~ 
x 2 y- ; 

^ + p = l is the required equation. 

Note 1—The equation of the ellipse with the major 
axis along the y- axis and the minor axis along the x-axis 
x 2 y 2 

can be shown to be —- 0 = 1. In this case the foci and 

0 “ a- 

vertices lie on the y- axis. 
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Note 2 —The student should carefully note and 
remember: 

(а) the coordinates of F, F', Z, Z', A , A\ B , B' and C; 

a 

(б) that the equations of ZM and Z'M' are x= =*=—; 

(c) that 6 2 =a 2 (l—e 2 ) or e 2 = —. 

Note 3—In this chapter all ellipses have their centres 
at the origin and their axes coinciding with the coordinate 
axes. 

Example 1.—Find the equation of the ellipse whose focus is (2, 0) 
and c is |. 

Solution.— CF = ac = 2 and c - § 


a (f) =2 or a =3 

6* = a 2 (l-e*)=9[l-(f) 2 ]=9(|) 


x 2 ?/* 

Substituting a 2 = 9 and 6 2 = 5 in —hr =: L 

a- h 2 


a- b- 




Example 2.—Find the foci, eccentricity and semi-axes of the ellipse 


9x 2 -H6// 2 = 144. 


Solution. —The given equation may be written 


9s 2 10//- 

144 ' 144 


or 



a— 4, 6=3, and e 2 = — 

V7 . 

e =-and ae =4. 


ar—br 16-9 7 

a 2 “ 16 _ 16 


a 2 


4 



Hence the foci are (V7, 0) and (— V 7, 0). 
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Example 3. — Find the semi-axes, 
vertices, eccentricity, foci and directri- 
x 2 y 2 

ces of the ellipse f- —- = 1. 

9 1G 

Solution.— The given equation 
x~ yr 

being of the form -—b — = 1, a 2 = 10 
b- ci- 

and 6 2 = 9 whence a =4 and 6=3. 
q 2 -6 2 16-9 7 V T 

a- ~ 1G_ ~ 16 OI ° ~ 4 

tie = V 7, 

i.e. CF = V 7 And CF' = - V 7. 

Hence /•’= (0, V 7) and F'= (0,- V 7). 

. . a 4 10 16V 7 . 16V 7 . -16V7 

Aga,n r7T vT7 andCZ= 7 • 



the equations of the directrices arc ?/ = = 


16 V 7 


Example 4. —Find the equation of the ellipse which passes through the 
points (2, 2) and (3, 1). 

x 2 y- 

SolutiOxW —L et the equation of the ellipse be — br~ = l. 

« 2 6 - 

Then since (2, 2) and (3, 1) are on the ellipse, 

4,4 ,91 

— — = 1 and —h— = 1. 
a 2 6 2 a 2 b 2 

Solving these equations for a and 6 

* + £-4 

4 4 

— = 3 and a- = — 
a 2 3 

32 

Similarly 6 2 =— 

5 

x 2 ?/ 2 

the required equation is = 1 

or 3 x 2 +5// 2 =32. 
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Exercises 

U . yy r > 

(Do 1 to 5 orally) 

1. Find the equation of the ellipse with the major axis along the x-axis 
and 

(а) major axis =10, minor axis =6; 

(б) 2a = S, 26=4; 

— (c) a =5, 6=2; 

(d) semi-major axis =12, semi-minor axis =10. 

2. Repeat Ex. 1 when the major axis lies along the y-axis. 





x~ y~ 

3. Given the ellipse-j—- = 1, find tXs'y >- 

25 16 

(a) the major and minor axes; (6) the eccentricity; 

(c) the coordinates of the vertices and foci. 

/ x 2 y 2 

4. Repeat Ex. 3 for the ellipse — + — = 1 • 

16 2o 

X” y~ 

(Here the equation is of the form —■ H—- = 1 and a 2 =25 and 6 2 = 16; hence 

b 2 ti¬ 
the major axis lies along the y-axis.) 

6. State whether the major axis coincides with the x-axis or y-axis for 
(a) x 2 y 2 x 2 y 2 x 2 y 2 x 2 y 2 

- + - = l; (b)- + - = l, (C)-+- = 1; W )-+--l. 

(e) 4z-+W=36; (/) 9x=+4j/ = 3G. 

Mji) Find the equation of the ellipse, 

(а) whose major and minor axes are S and 5, the major axis being 
along the x-axis; 

(б) whose major and minor axes arc S and 5, the minor axis 
being along the x-axis; 

(c) whose foci are (=*=3, 0) and e = f; 

(d) whose foci are (0, =*=3) and e = f; 

(e) which passes through the points (1,-4) and ( — 6, 1), the 
major axis coinciding with the x-axis; 

(/) whose major axis is 10 and which passes through the point 
(3, —1), the major axis coinciding with the x-axis; 

(g) whose directrix, xV5=27, has the corresponding vertex 
(9, 0); 

(h) whose focus (2, 0) has the corresponding vertex (4, 0). 
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0>,V . 

7. rind the semi-axes, eccentricity, vertices, foci and directrices oi 

(а) 4x 2 +8y 2 = 32; (b) 5x 2 +4if =20; (c) 4x 2 +9y 2 =36; 

(c/) 9x 2 +4y 2 = 3G; (c) x 2 -f4i/ 2 = 16. 

8. Find the points of intersection of the line x — y+l =0 and the ellipse 

*+3**- 3. . |>|. 

9. The vertices of an ellij>sc arc (=*=G, 0) and the latcra recta bisect the 
semi-major axes. 

Find (a) the equation of the ellipse, 

(б) the equations of the directrices. 

Sec. 5. The length of the latus rectum of the ellipse. 

Given — the ellipse 

^+£ = 1 and L'L, the 
a- 6- 

latus rectum through F. 

Required to find 
the length of L'L. 

Solution— 

The equation of L'L 
is x = ae. 

x 2 y 2 „ . 

Solving x = ae and = 1 wc " avc 

& ci- b- 

a 2 e 2 y 2 y~ . 



Now 


, a- - V- V~ . a--b- _b 

e- = -— and hence = 1 — 


a- 


a- 


a- 


V 

a 2 


y*=Ti or v = 


b 2 

n 


Whence 


b 2 

\ Q« <- i 

L ^( ae >a) and L ' ^( <,C ’ r ^ r ) 

L'L = V (ac-ae) 2 +//P , <PV- or £'/,= — 

U J . ‘ 
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Cor. The extremities of the latus rectum through F' 
arc ^ — ^ — ae, —— j and the length of this latus 


rectum is also 


26_ 2 

a 


arc 


an 


Note. —The student should show that the extremities 

.r 2 y 2 

of the latera recta of the ellipse ^ +— 2 = 1 

(£ aC )’ (-^ aC )’ ("a' -00 )’ (a’ ~ aC ) 

. 2b- 

tliat the length of each latus rectum is 

(The equations of the latera recta are y = =±ae, etc.) 

Example 1.—Find the extremities and the length of each latus rectum 
of the ellipse 4x 2 -f 9y 2 =36. 

Solution. —Writing the given equation in the form 

-f — = 1 we have a- =9, b-= 4 
9 4 

q--6- 9-4 5 V 5 

C Qr 9 9 3 


, & 4 

ac = v 5 and — = -. 

a 3 


2b- 


Hence L=(V5, $) and I/=(V5, -J); UL-— = $. 

The ends of the latus rectum through F' arc 

(—V 5^ j) and (- V 5, - J); the length is 

Example 2.—Derive the equation of the ellipse whose latus rectum is 

V and c = b • 

0 26= 18 , 9a 

Solution. -= — and b- = — 

a 5 5 

Since 6 2 =a 2 (l— c 2 ) 

9a r 4 , 9a 2 

-=a’[l-(*)*]=— °ra = 5 


x- y- x 1 y~ 

and the required equation is — + ~ = 1 ° r —-b~ = 1- 
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Exercises 

(Do 1 and 2 orally) 

1. Find the lengths of the latcra recta of the ellipse (a) 3x-+4y- = 12; 
(b) x 2 +4y- = 16; (c) 3i-+2y I = 18; (d) 16z ! +9i/ 5 = 144; (e) b-x'+a'-y-=a-b\ 


2. The equation of an ellipse is of the form —= 1 and one extremity 

a 2 b 2 


of a latus rectum is at (9, 4). Find the other extremities of the latera recta 
and the length of each latus rectum. 

3. Given 5x 2 4-9f/ 2 = 180, the equation of an ellipse, find (a) the major 
and minor axes; (6) the foci; (c) the equations of the latera recta and 
directrices; (d) the extremities of the latera recta and the length of each 
latus rectum. 

4. An ellipse passes through the points (-2, 3), (1, —4) and its major 
axis coincides with the 7/-axis. Find the foci and the length of each latus 
rectum. 


_ 2 V 2 

5. Find the equation of the ellipse whose latus rectum is § and e = - 

the major axis coinciding with the x-axis. 


6. Repeat Ex. 5 when the major axis coincides with the y-axis. I 


• V, 


r 


Sec. 6.—The sura of the focal distances of any point 
on the ellipse. 


Given: the ellipse 


a 2_t “6 2 


any 


and P (x, y) 
point on it. 

Required to 
prove tliat 

FP + F'P = 2a. 

-v.r ' _ • • 

“Solution — Join 
FP and F'P and 



/ (A- 

, r 

A/' 

y 

a 

At 

z' [ 

/ / 

/ / 
f / 

/ 

✓ _•— 

^ N s\A 

\\ 

A 'l 

A' 

^ A I Z- 



S' 


draw PM±ZM , PM' ±Z'M'. 

F'P 

= eor F'P=e-M'P 


pf+ pt 


Then 


M'P 

FP 



I j 


PM 


= e or FP=ePM 


and 
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;i ; 


; !| 


F'P+FP = e-M'P+e-PM = c(M'P+PM) 
or F , P±FP=c(Z'Z)=x(-). 

[ . 

Hence the sum of the focal distances of any point on the 
ellipse is constant and equal to the length of the major 
axis. 

Cor. 1 —Since B is a point on the ellipse, F'B + FB = 2a. 
But F r B=FB and hence F'B — FB = a. This gives a con¬ 
venient way of locating the foci when the axes are known. 

Cor. 2 —From the property, F'P + FP = 2ci, an ellipse 
may be defined as the locus of a point which moves so 
that the sum of its distances from two fixed points is 
v constant. 

0; \) Sec. 7.—The equation of an ellipse whose foci are 
w ■(=*=«£, 0), the sum of the focal distances being equal to 2a. 

Let F' and F be the foci and P(x, y ) any point on the 


■ 

; i 


ellipse. 
Then 


F'P + FP = 2a 


V (x +ae)- + (y - 0) 2 + V (x - ac)- + (y - 0)= = 2a. 


■ !, 


; 

% V 


or 


V (x + ae) 2 + iy 2 = 2a — V (x — ac) 2 + y 2 
x~ + 2 aex + are- -f y 2 — 

4 a- —4a V {x — ae) 2 + y 2 +x 2 — 2aex + a 2 c 2 + y 2 . 
4aex — 4a 2 = — 4a V (x — ae) 2 + y 2 
ex — a=— V ( x — ae ) 2 + y 2 
(ex — a) 2 = {x — ae) 2 +y 2 
e 2 x 2 — 2 aex + a 2 = x 2 — 2 aex + a 2 e 2 + y 2 
a 2 (l —e 2 ) = x 2 (1 —e 2 ) +y 2 


whence 


x 2 (l —e 2 ) y 2 x 2 t y 2 

a 2 (l-e 2 ) + a 2 (l-e 2 ) _1 or a 2+ b 2 “ L 


i 
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Exercises 

1. Kind the equation of an ellipse with (a) foci at (±3, 0), sum of focal 
d,stances equal to 12; (6) foci at (0, ±2), major axis equal to 10; (c) foci at 
(0, ae), sum of focal distances 2a. 

find S' T t j! e f eUi P se r 4 ^+9^=25, show that (2, 1) is a point on it and 
find (a) the distances from (2, 1) to each of the foci; (6) the sum of these 
distances. Show that this sum is equal to the length of the major axis. / 

3. Show that the quadrilateral whose vertices are the extremities of the • 
ifsTrea* 18 ^ ^ f ° C ‘ ° f th ® ° Ilipse 9a;5 + 25 2/ ! = 225 is a rhombus and find 

U' V 

Sec. 8. Mechanical construction of an ellipse. 

l'roni the definition of an ellipse (Cor. 2, Sec. G) we 
get a simple method for constructing an ellipse. 

Take a piece of thread whose length is the major 
axis 2a and fasten its ends to two pins stuck in the paper 

Then a pencil P moved so as to keep the thread taut 
will describe an ellipse, whose foci are F and F '• for F'P 
+ FP will be constant. 


Suggestions. 1. In practice it is better to pass a thread 
whose total length is F'F + 2a about 
F' and F. 


the two pins at 


2. Place the sheet of paper, on which the ellipse is to be 
drawn, on a piece of soft wood or heavy cardboard. 

Example l.-Construct the ellipse = 1 mechanically. 

Solution. —Here a = 5 and 2a = 10. 

, a--b 2 16 4 

e ~ = —— = - or e = -. 
a 2 25 5 

ae=4 and 2 ae or F'F~ 8. 

Now place two pins at F' and F S cm. 
apart and pass a thread of length F'F+2a 
or 18 cm. about them. Then move a pencil 
P as shown. Draw the major and minor axes of the resulting ellipse and 
check their lengths by measurement. 
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v- y 

f’V 

‘ 

\ V: V 

Example 2.—Draw the ellipse 25x 2 -}-4?/ 2 = 100. 

, v Solution. —From the equation, x = =1 =2, 

\J when y= 0 and 2/==*= 5 when x = 0. Hence 
\ the ellijjsc cuts the x-axis at (=±=2, 0) and 

\ the y -axis at (0,=*=5). Draw axes and 

locate A (0, 5), A' (0, -5), B (2, 0), 

B' ( — 2, 0). From Cor. 1, page 174, 

F'B = FB =a. Here a =5. Hence the 
foci maj r be found by drawing arcs with 
centre B and radius 5 to cut A'A at F' 
and F. Now place pins at F' and F, 
pass a thread of length F'F-\-A'A about 
them and proceed to draw the ellipse ns 
in example 1. 

Measure the distance F'F and check 
the result by calculation. 

Exercises 

Choose a convenient scale and construct the following ellipses as in 
either of the above examples: 

1. 4x 2 +9y 2 =3G 2. 4 x 2 + j/ 2 = 16 

3. 9x 2 + 16y 2 = 144 4. 9 x 2 +4t/ 2 =30 

Sec. 9—Any chord through the centre of an ellipse is 
bisncteii at the centre. 

% x 1 y 2 

Let Pi (x lf 2 / 1 ) be any point on the ellipse ^ + “ L 

Then the ^coordinates of Pi will satisfy the equation, i.e. 



But 


*£ + lhL- lm 

a 2 ^ b 2 

, (- yi) 2 _xi 2 yr_ 
a 2 b 2 a 2 b 2 

P 2 ( — — V\) is also a point on the ellipse. 

x — Xi y — y 1 


. •*' — 1 y y 1 

The equation of the chord PiP 2 is ^ = y x +y 1 * 


or 


xv 

— =— which passes through the origin. 

x1 y 1 


1 
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The micl-point of the chord P\P 2 is ~ * ~ 2 ) 

or (0, 0). Hence a chord through the centre of an ellipse 
is bisected at the centre. (A chord through the centre 
is a diameter.) 


Sec. 10.—Exercises 

GROUP A (Do 1 and 2 orally) 


x “7.v—— —." j»-\ \ 

1. (a) ( — 3, 1 ), (0, ;(), (5, 0), (V 2 1 , 5 ) arc the extremities of four 
diameters of the ellipse £ 2 -flG ?/ 2 =25. State the coordinates of each of 
the other four extremities. 

( 6 ) Show that each of these diameters is bisected at the centre 
of the ellipse. 

(c) Find the lengths of the longest and shortest diameters of the 


ellipse (0 Wf, + 5 -‘- 


r~M -' 


2. (2, 0), (0, V 3,) (1, il) arc the extremities of three different diameters j 

of the ellipse 3.t 2 +4t/ 2 = 12. State the equation of each diameter. , 

v — % y > 

3. Show that the chord which is cut off from the line x-{-2/=0 by the *' 

ellipse 3x 2 +5?/ 2 = 32 is bisected at the centre. . . ^ '• ; • 1 * 1 > v*- .» 

x- y 2 

- 4. Find the equation of the diameter of the ellipse —Kr =1 from the 

TV *5 \ 

\ point P i(xi, y\) on the ellipse. Solve the equation of this "diameter and 

that 




£ the equation of the ellipse simultaneously^ and hence show 
; N Po (— X\ t — t/i) is the other extremity of the diameter. ^ ^ h 


GROUP B 

6 . By plotting points whose coordinates satisfy the equation, ^raw.the 


ellipse (o)|-+^ = l; ( 6 )^-+^ = 1 - ’’ 1x ' ^ 



.. 

Ou, ^ ) 

6 . Show that any chord parallel to the major axis of the ellipse 
4x 2 H-9r 2 =36 is bisected by the minor axis. 

(Let y=lc be the equation of any chord.) 

i „ l 


It 


*1* 
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Sec. 11—The equation of the tangent to the ellipse 

— 4- — = 1 in terms of the coordinates of the point of 
a 2 b■ 
contact. 

Let Pi(x ly 2/i) be the 
point of contact and 
P 2 {x 2l 2 / 2 ) any other 
point on the ellipse. 

Then the equation 
of the secant P 1 P 2 , 
using the point-slope 
form, is: 

y - yi = ^ ~ y J ( x - Xl ) where ^ ~~ is the slope of the 
secant. 



Since P[ and P 2 are on the ellipse, 

v 

^ — q 2 ■ b 2 


Xi* , 2/r ,* 2 *. 2/2' 

-T+TV=t and ““7 + TF - 1 
a 2 />2 a 2 ^ 


whence by subtraction, 


Xi 2 —x 2 2 


?/l 2 — 2/2- 


= 0 


or 


and 


a 2 b 2 

(x 1 +x 2 )(x 1 —x 2 ) j (2/1 +2/2)(2/1 —2/2) 
- + b 2 

(j/l +1/2) (l/l -1/2) _ (»l+g») (*!-«») 

• 6 2 a 2 

?/i — 2/2 


= 0. 


, = _fc 2 /x i ±x_ 2 \ 
> a 2 \ 2/i + 2 / 2 / 


Xi —^2 

Hence the equation of the secant P 1 P 2 ma y be written 


V 


b 2 ( Xi +^ 2 ^ ^ 

- yi = -tf{j 7 +yJ { . 


(i) 


Now rotate PiP* about P, until P 2 coincides with P, 
and i 2 =ii, y 2 =l/i. 

6 2 /2xiV 

Then equation (1) becomes y — y i — <^2?/!/ Xl ' - 
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or 


2/i (2/ — 2/i) = -Si(x-Si) 

6 2 a 2 


or 

2/1 y v\ 

— x x x Xi 

b 2 b 2 

a 2 1 a 2 


XiX y x y 

a 2 - b 2 

a 2 T 6 2 

and 

xix yjy 

a 2 b 2 

1 is the 1 


-/4 


Cor. 1.—Since the extremities of the major axis are 
(±a, 0 ), the tangents to the ellipse at these points are 


, x x x y x y 
x= ±a from - 7 + 77 = 1 . 

a** o 2 


Hence the tangents at the 

extremities of the major axis are _L to the major axis. 
Similarly the tangents at the extremities of the minor 
axis are || to the major axis. 

Cor. 2 .—The tangents at the extremities of a diameter 
of an ellipse are parallel. This may be proved by writing 
the equations of the tangents to the ellipse at the points 
(*i> 2 /i) and (-x u - 1 / 1 ). 

Coir 3.—The equation of the tangent to the ellipse 
= 1 at the point (xi, y x ) is + = >• 


Example.—Find the equation of the tangent to 4x 2 +9?/ 2 = 36 at the 
point (1, — £ V 2). 


Solution. —Here x\ =1, y \ — — 2, a 2 =9 and 6 2 = 4. 

(l)* I (-4V2)y 

the equation required is —— H-j-= 1 

r x — 3 V 2 2 / =9. 
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Exercises 

(Do 1 and 2 orally) 

1. State the equation of the tangent to: 

(l)x (^)iy 

(а) 3x 2 +4?/ 2 = 12 at the point (1, -”); Answer: —--b ~— = 1; 

4 o 

(б) 3 i 5 +5j/ 2 =32 at (2,-2); 

(c) x 2 +16i/ 2 =25 at ( — 3, 1); 

(d) x 2 +2j/ 2 = 9 at (1,2); 


(e) 9x 2 +25i/ 2 = 225 at 


e# 2 ) 


2 . 


(а) Give the equations of the tangents at the extremities of the 
major axis of the ellipse: (t) 4x 2 -fl6?/ 2 =G4; («) lGx 2 -b4?/ 2 = 64. 

(б) Give the equations of the tangents at the extremities of the 
minor axis of the ellipse: 

(t) 9x 2 + 16?/ 2 = 144; («) 16x 2 +9t/ 2 = 144. 

3. Find the equation of the tangent at the end of the latus rectum in 
the first quadrant to the ellipse (a) x 2 -b2?/ 2 = lG; (6) lGx 2 -f4z/ 2 =64. 




Derive the equations of the tangents to the ellipse 9x 2 -b *2roif- =225 at 
the extremities of a focal chord making an angle of 90° with the x-axis. 
(Use the right hand focus.) 


Sec. 12.—TKe^equation of the normal to an ellipse at 
any point. 

Let 3x z + 5y 2 =32 be Ihc ellipse and (2,-2) the point on 
it from which a normal istU^iwn. Then the equation of 
the normal is y + 2 = m(x — 2) wfciere “w” is to be found. 
The normal at (2,-2) is perpendiejular to the tangent at 
that point. The equation of this tan'gQnt is 

f? + = 1 or 3.r — 5 y = 16 ., 

X 6 

the slope of the tangent is % and that of the normal — j. 

Hence the equation of the normal is 

7/ + 2 = — 3(2 — 2) or 5x+3y — 4 = 0 . 
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Exercises 

1 . Find the equation of the normal to the ellipse: 

(а) Ax-+2b\)- = 100 at (4, £); 

( б ) 3 i 5 + 42 /"- = 28 at ( 2 ,- 2 ); 

(c) 16x ; +25;/ : =289 at (2, 3); 

(</) 9x J +36?/- = 144 at the end of the lulus rectum in the first 
quadrant; 

X 2 y2 

2. Show that the equation of the normal to the ellipse = 1 ^hc 

point (xj, yi) on it is y—yi =»r 7 ^ (x —xi). 

0‘Xi 

\ 1 

\ 

Sec. 13.—The equation of the tangent to the ellipse 
in terms of the slope of the tangent. 

Let—,+r^ = l be the ellipse'and “m” the given slope. 
a - b“ 

Then the equation of the tangent may be written 
y = mx +k where “ k” is to be found. 

x 2 y 2 

Solving y = vix + k and = \ 

x 2 , (??ix + /c) 2 t 

a 2 + b 2 “I • • -V • • • ' 

or Ifx 1 + a- (m-x- + 2 mkx + fc 2 ) = a-bK 

or (6 2 + irm-)x- + (2m/ca 2 ).r + (a 2 /c 2 - <r!& 2 ) = 0 .. (2) 

(2) is a quadratic where yl =6 2 +a 2 ??i 2 , B = 2mka 2 } and 
C=ci 2 k 2 -a 2 b 2 . \ 

Since ?/ = 77 i£+/c is a tangent, equation (2) must, yield 
equal values for x, i.e. 7? 2 —4AC must equal 0. 

(2 mka 2 ) 2 - 4 (6 2 + a 2 ?n 2 ) (a 2 /c 2 - a 2 b 2 ) = 0 
or 4 m 2 k 2 a 4 — 4 (a 2 b 2 k 2 — a 2 6 4 + a 4 m 2 /c 2 — a 4 b 2 m?) = 0 . 
or a 2 b 2 k 2 =a 4 b 2 m 2 +a 2 b A 
lc 2 = a 2 m 2 +b 2 


(1) 


and 


k = =*= V a 2 m 2 + 6 2 . 
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Sinehas two values there are two tangents with 
slope m Jyid the equations are y — m .r =*= ^ a 2 m 2 +b 2 . 

Example.—\Find the equations of the tangents to the ellipse 2x 2 +3y 2 =6, 
the slope being. V 3. 

Solution.—I ierc a 2 — 3, b 2 = 2 and m = V 3. 

Hence the equations of the tangents are 

y =\j~3)x =t V(3)(3)+2 or y - (V 3)x =*= Vl7. 

Exercises 

(Do 1 and 2 orally) 

1. Find the cquationsV>f the tangents to the ellipse: 

(а) 1 Qx 2 +25t/-=\oO, with slope 2; 

(б) 4x 2 + by 2 = 20, with slope J-; 

(c) 4x 2 -f 9?/ 2 = 36\ with inclination 45°; 

(d) x 2 + 4t/ 2 = 16, the inclination being 30°; 

(e) 4x 2 + Sy 2 = 32, which are parallel to the major axis. 

2. For what values of k will\/ =2x+/c touch the ellipse x 2 -My 2 =4? 

(k — =*= V arm 2 +b 2 ). 

x 2 y 2 

3. Show that the equations of the tangents to — +— = 1 with slope m are 

b 2 a 2 

y =mjc= fc V a 2 -\-b 2 m 2 ] and write the equations of the tangents to 7x 2 -f-3>/ 2 =21, 
having the slope V 3. 

4. For what values of lc will y—2x-\-k touch the ellipse 4x 2 -f- i / 2 =4? 

(A=±Va‘W- 

6. For what values of “m” will y=mx-\-3 touch the ellipse x 2 -H;/ 2 =4? 


■ V 
$ 


6. Derive the equations of the tangents to the ellipse: 

(a) Sx 2 4-3t/ 2 =24 with slope V 3; 

( b ) 5x 2 -f3// 2 = 6 with slope —; 

V 3 

£ c) b 2 x 2 ~ha 2 y 2 = a 2 br t the inclination being 120°; 
id)' 2x-+3y 2 = J2 which cut off equal intercepts on the axes; 
(e) 4 x 2 4 -by 2 = 20 which a re II 2x—y — b =0; 

(/) 7x 2 +4y 2 = 28 which are _L x-\-by — 1=0; 

(y) 25x 2 +4t/ 2 = 100 which arc II Ax'+By+C = 0; 

(/<) 16x 2 +25y 2 =400 which are _L mx — y+k=(). 
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a 2 ^6 2 



discuss the ellipse from its equation 


1 . Intercepts. When x=0, y=*=b; hence the curve 
cuts the 7/-axis at (0, =*= b), i.e. the ^-intercepts are +b 
and —b. If y = 0 , x== t a; hence the curve cuts the 
x-axis at (=*=a, 0), i.c. the x-intercepts are +a and —a. 


2. Location and extent. Solving the equation for x, 

wc have x = =*=- V b 2 — 2/ 2 ; hence for real values of x, 

b 

(b 2 — y 2 ) must be positive or zero; the values of y lie 
between j^b and —b^ Again, solving the equation for ?/, 

we have y = =*=- Va 2 — x 2 ; hence for real values of y } 

a 

(a 2 —x 2 ) must be positive or zero and the values of x 
lie between +a and —a. From these considerations it 
follows that the curve must exist within the rectangle 
whose vertices are (a, b), (—a, b), ( — a, — b), (a, — b). From 

t/=+-Va 2 — x 2 , it follows that y continually decreases 

a 

as x increases from 0 to a and as x decreases from 0 to —a. 
Since 7/= — - V a 2 — x 2 also, 7/ continually increases as x 
increases from 0 to a and as x decreases from 0 to —a. 

3. Symmetry. ?/ = =*=- ^ a 2 —x 2 ; hence for every value of 

x between —a and a, 7/ has two equal values with opposite 
signs, so the curve is symmetrical with respect to the 

x-axis. Since x = =*=y V b 2 — y 2 , the curve is also sym- 
b 

metrical with respect to the 7/-axis. 


a 4 


4. Points of intersection with a straight line. 

x 2 y 2 

dving the equations y = ?7ix+k and —^+t; = 1, we 

. (??ix+/c) 2 , . a . 

H-p— = 1, which is a quadratic equation 


have 
in x 
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and hence gives two values for x. Therefore the straight 
line y = mx+k cuts the curve in two points. 

5. Angle at which the curve cuts the x-axis. Since 
the tangents at (a, 0) and (-a, 0) arc perpendicular to 
the x-axis, the curve cuts the x-axis at right angles. 


1. At wh 


Exercises 




X- 7/" 

\’hat angle docs the locus of —-f —= 1 cut ( a ) t,ic ?/- axis J 
\ X (6) either latus rectum? 

2. Find the points of intersection between the line y=2x-\-l and the 

v %V * X 2 7/“ 

• locusof M + ^r =1 - 

T* 3. Discuss the locus 9x 2 -M?/ 2 =3G under the headings: (a) Intercepts: 
( b ) Location and extent; (c) Symmetry. 

Sec. 15.—Practical Applications. 

Many ellipses are encoun¬ 
tered in nature and much 
use is made of them in prac¬ 
tical work. A few examples 
follow: 

\ 1. The orbits of the planets 

x are ellipses. The earth's orbit 
i^ an ellipse with a small 
eccentricity, i.e. the path of 
the earth around the sun is very nearly a circle. The sun 
is at one of the foci. The distahne between the foci in the 
figure is greatly exaggerated because actually this distance 
is only 3 million miles as compared to a distance of 186 
million miles between the ends oV the longest diameter 
A'A. The point A nearest the sun is called 'perihelion , 
the point A' farthest away apheliorii 

2. The roofs of “whispering galleries" are elliptical 
in shape; faint sounds originating at onc/ocus arc reflected 
to the other and can be heard there although inaudible 
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between the fdci. This is explained by the fact that the 
sum of the focal distances of every point on the ellipse 
is constant and the normal bisects the angle between these 
distances. 

3. The area commanded by a gun stationed on the 
side of a hill is an ellipse, provided the hillside is a plane. 
The gun is at one of\tbe foci. 

4. Some machine-gears, man-holes in ships’ decks, the 
arches of many artistic bridges, etc., are elliptical in 
shape. 

Exercises 

(Do '1 orally) 

1. Given that the normal at any point on the ellipse bisects the angle 
between the focal distances to that pojnt, state a construction for drawing 
the normal and tangent to the ellipse at a point. 

2. If the length of the major axis of the earth’s orbit is 186 million miles 
and the distance between the foci is 3 million miles find: (a) the eccentricity; 
(6) the minor axis. 


3. The Colisseum in Rome was elliptical in.shape: 620 ft. long and 510 


ft. 

wide. If the area of an ellipse is given by the formula ~ ab , what ground 
area did the Colisseum cover? 

4. How long a loop of string should be used to lay out an elliptical 
flower-bed 16 ft. long and 9 ft. wide? How fai\apart should the stakes 
be placed? What area would the bed cover? 


Sec. 16. — Review Exercises 


GROUP B (Do 1 and 2 orally) 

1. State the geometrical significance of the following equations: 

(a) b-x'+ahj- =a 2 6 2 . ( Ans . This equation represents an ellipse 

with the centre at the origin and the major axis coinciding 
with the x-axis; the length of the major axis is 2a and that 
of the minor axis is 25.) 

(5) a-x- -f 5*v 2 = a* 6-; (c) ~~ = 1 ; (d) V= mk ,+ V a 2 +brm* 

a- u- \ 

(c) ~ +'~ = 1; (J) i/\ V , 
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2. State the main steps taken when deriving: (a) the equation of the 
tangent to the ellipse in terms of the coordinates of the point of contact; 
(6) the equation of the normal to the ellipse at any point; (c) the equation 
of the tangent to the ellipse in terms of the slope. 

3. Find the equation of the ellipse, having given: 

(a) focus (4, 0) and directrix x = 9; 

(b ) focus (0, 3) and e = J; 

(c) foci (=*=5, 0) and minor axis =6. 


4. Find the foci, vertices, directrices, major axis, minor axis, eccentricity 
and the Iatus rectum of the ellipse (a) 4x-+2oy- = 100; (6) 25x 2 -M;/ 2 = 100. 
Construct each ellipse mechanically on graph paper. 

5. Write the equation of the tangent and normal to the ellipse 
4x-’+9r=25 at (2, 1). 

5 6. Write the equations of the tangents to x 2 -H?/ 2 = 16, having the 
slope V 3. 

7. Find the sum of the focal distances to any point on 25x 2 +36j/ 2 =900. 


t 


8. (a) Show that (4, —1) is on the ellipse x 2 +4?/ 2 =20; 

(b) Write the equation of the tangent to the ellipse at this point; 

(c) Find the slope of this tangent; 

i(d) Find the equation of the normal at (4, —1). 


9. The sum of the focal distances to any point on an ellipse is 10 and 
the distance between the foci is 8. Find the equation of the ellipse. 

10. Find the equation of the ellipse which cuts the axes at ((>, 0), 
(-6, 0), (0, 3) and (0, -3). 

11. Find the equation of the parabola whose vertex is at the origin and 
whose focus is (7, 0). Deduce the equation of the tangent at the lower 
end of the latus rectum. 


12. Find the equations of the tangents drawn 
frojn the external point (5, —7). 


lrojn 
S 13. 


13. Find the distance between the focus and 
9x 2 +l6y 2 = 144. 


to the parabola j/ 2 = 8x 
directrix of the ellipse 


14. Show that the third proportional to the semi-major and semi- 
minor axes is the semi-latus rectum. 


16. Find the equation of the ellipse if the latus rectum = c = £ and 
the major axi6 coincides with the 2 /-axis. 
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16. — 4x4-2?/ — 20 =0 is the equation of a circle and A (—1, —5) 

and B (2, —6) are two points on it. Show that the _L from the centre 
to the chord AB bisects the chord. 


17. Find the equation of the straight line passing through (3, 2) aDd 

(а) passing thiough the intersection of x-\-2y-\-3 =0 and 
3x+4?y+7=0; 

(б) parallel to the y-axis; 

(c) passing through the origin; 

(d) making an angle of 30° with the x-axis; 

(e) JL to 3x — y = 7; 

(J) making an angle of 4f>° with 3 x — y = 7. 

GROUP C 

x- y 2 

18. In the ellipse —hr , = 1 show that the semi-minor axis is the mean 

a 2 b 2 

proportional between FA and A'F. 

19. If the latus rectum of an ellipse is equal to its semi-minor axis, 
find e. 


x - y - 

20. In the ellipse = 1 , if a=b the equation becomes x 1 -\~y z = o,- 

a b2 •)' y 

which is the equation of a circle. Hence the circle is a special form of - 


the ellipse. Find its foci, eccentricity and directrices. 








21 . Find the equations of the circles passing through ( — 2 , 5) and 
tangent to both axes. 

22 . F'( — ac, 0) and F(ae, 0) are the foci of the ellipse — +71 = 1 and 

a 2 b- 

P(z, y) is any point on the curve. Show that F'P =a+ex and FP =a — ex. 


23. Derive the equation of the normal to a 2 x-+b-y- =a-b 2 at the point 

2/i). 

- ZjX y\y 

24. Derive the equation y = mx- 1- V o 2 //i 2 -b^ ? by comparing —7 = ^ 

with y=mx+k. a 


26. Find the equations of the tangents drawn to the ellipse 3z 2 -|-4y 2 = 12 
from the external point ( 6 , — 1 ). 

(Hint—Let y = ?«z+V in z a 2 -\-b 2 be the equation, etc.) 
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l. 


Summary 


Equations of the ellipse 

x- y- 

a- b- 

X 2 7/ 2 

r +- = t 

b 2 a 2 

Location of foci 

(=*=ae, 0) 

(0, ^ae) 

Equations of directrices 

a 

x = =*= - 
e 

II 

H- 

I 0 

Location of vertices 

(*«, 0) 

(0, ±a) 

Equations of latera recta 

x = =±=ae 

y = =*=ae 

Lengths of latera recta 

2b 2 

a 

2b 2 

a 

Sum of focal distances 

2 a 

2 a 

Equation of tangent at 
(*iyi) 

3l * | V\V j 
a 2 6 2 

j yiy_ ] 

6 2 a 2 

Equation of normal at 
<Afi> 

From equation 
of tangent 

From equation 
of tangent 

Equates of tangents 

with slope m 

\ 

y — mx V m 2 a 2 +6 2 

7/ =77?X= t 

Va’+liW 


**• A. 


Any* chord through the centre of an ellipse is bisected at the centre. 

\ bvv 

3. The characteristics and extent of the elli]>se may be studied from 
the equation. 


4. The ellipse may be constructed in three ways: (a) geometrically; 
(6) mechanically; (c) bj r plotting points whose coordinates satisfy the 

equation. 
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Test on Chapter IX 

1 . Write the equation of the ellipse: (a) whose major axis is 10 and minor 
axis 8 and ( 6 ) whose major axis is 8 and minor axis 4. 

2 . Find the equation of the ellipse 

(а) whose foci arc (=*= 2 , 0 ) and eccentricity 

( б ) whose foci arc ( 0 , =*= 2 ) and eccentricity 

3. What is the length of the latus rectum of the ellipse: 

(a) 4 s 2 +77/*=28; (fc) 7x 2 +4y 2 =28. 

4. Find the foci and directrices of the ellipses: 

(«) 4x 2 +49y 2 = 19G; (6) 49x 2 +4y 2 = 190. 

5. Write the equations of the tangent and jiprhnaFto the ellipses: 

(а) x 2 -My 2 =Sat (2, 1). 

( б ) 4x 2 +y 2 = 8 at (1,2). 

6 . Write the equations of the tangents to the ellipse 3x 2 -{-7y 2 = 21 

making an angle of 45° with the x-axis. f „ / 

7. Find the equation of the diameter of the ellipse 4x 2 d-9y 2 =40, one 
extremity being ( 1 , — 2 ). 
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CHAPTER X 

THE HYPERBOLA 

Sec. 1.—An hyperbola is the locus of a point which 
moves so that its distance from a fixed point, called the 
focus, is in a constant ratio (greater than 1) to its distance 
from a fixed straight line, called the directrix. 

Sec. 2.— The geometrical construction of the hyperbola. 

To draw an hyper¬ 
bola having given 
the focus F, the 
directrix ZM and 
3 

the eccentricity e = 

the distance from 
the focus to the dir¬ 
ectrix being 5 units. 

Construction. — 
Draw ZF _L ZM. 
Divide ZF internally 
at A and externally 
at A f so that 
AJF_ 3 A'F 3 
ZA~ 2 and A'Z~ 2‘ 
Then A and A' are^points on the hyperbola. 

To plot other points that satisfy the law, draw lines 
|| to ZM to the right of A and to the left of A', and 
numbered (1), (2), (3), etc. 

Let line (1) cut ZF at Q. With centre F and radius 

ZQ draw arcs cutting line (1) at P and P'. Draw PM 

and P'N JL ZM and join PF and P'F. Then by con- 
PF P'F 3 

struction = '^rz T =r. Hence P and P' are on the locus. 
PM P'N 2 
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Again let line (2) cut ZF at F. With centre F and radius 
3 

2 ZF draw arcs cutting line (2) at L and L'. Then L and 
L' are also on the locus. 

In the same way plot other points T , T\ S, S ', etc. 

The curve through these points is the hyperbola. 

Note that it consists of two distinct branches. 

The same curve would be obtained if Z'M' and F ' 
were the directrix and focus respectively where F'A' = AF 
and F'Z' = ZF . 

From the construction it is evident that the curve is 
symmetrical about A'A. 


Exercises 

1 . Using the method of Sec. 2 draw an hyperbola whose eccentricity 
is 2. (Use graph paper). 

2. Draw an hyperbola whose eccentricity is -J. 

Sec. 3.— Definitions. In the hyperbola shown 

(1) F is the focus and 
ZM the corresponding di¬ 
rectrix; ZF JL ZM. 

(2) A and A ' arc the ver¬ 
tices. 

(3) A'A is called the 
transverse axis and its 
length is denoted by 2a. 

(4) C, the mid-point of A'A, is the centre so that 
A'C = CA = a. 

(5) B'CB is _L A'A and is called the conjugate axis. 
Its length is denoted by 2b so that B'C = CB = b. 
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(6) A'C and CA are called the semi-transverse axes 
and B'C and CB are called the semi-conjugate axes. 

GO 'J ?hc foci and vertices always lie on the transverse 
axis. 

(8) Z/EL, the focal chord, ± to the transverse axis is 
called the latus rectum. 

(9) Any chord through the centre C is called a diameter. 

Note. —Later in this chapter it will be shown that an 
hj'perbola is symmetrical with respect to the conjugate 
axis. Hence there is a second focus F f and a corresponding 
directrix Z'M' so that F'C = CF and Z'C — CZ. 

Sec. 4. —To find the equation of an hyperbola. 

Let F be the focus, 
ZM the corresponding 
directrix and c, the 
eccentricity of the 
given hyperbola, (c > 1) 

Draw ZF _L ZM and 
let ZF cut the hyper¬ 
bola at A and A\ 
These are the vertices. 
Bisect A'A at C and draw B'CB ± A' A. Let F'A' = AF 
and = 

To obtain the simplest form of the equation of the 
hyperbola, we let the axes of the hyperbola coincide with 
the coordinate axes using C as the origin, A'A coinciding 
with the rr-axis and B'B with the ?/-axis. 

Let P(x, y) be any point on the curve. Join PF and 
draw PM JL ZM , PN _L ZF. 

FP 

Then by definition, -rFn = e or FP = e m MP. 

MP 
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In order to express FP and MP in algebraic equivalents 
we find the coordinates of F and Z as follows: 

Since A is on the hyperbola 
AF 

ZA =e or AF = e-ZA . ( 1 ) 

and since A' is on the hyperbola 
A'F 

^T^=e or A'F=e-A'Z . (2) 

Adding (1) and (2) 

AF + A'F=e(ZA+A'Z) 

F'A' + A'F = e(A'A) 

F'F = e- 2a 
2CF=e-2a 

CF =ae and E = (ae, 0) 

Subtracting (1) from (2) 

A'F — AF =e (A'Z-ZA) 

A'A=e (A'Z-A'Z') 

2a =eZ'Z 
= e-2 CZ 

CZ — and Z= 0^ 

Now FP =e - MP 

or V (x - ne) 2 + (y - 0) 2 = e -ZN =e(CN - CZ) 



or (x — ae) 2 + (y —0) 2 = (ex — a) 2 

x- — 2aex + (Per -\-y- = e 2 x 2 — 2aex + a 2 
x 2 (l-e 2 )+?/ 2 = a 2 (l-e 2 ) .... 


t.e. 


( 1 ) 
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Since e>l multiply (1) through by —1 ancl we get 

x 2 (e 2 — l)—y 2 =a 2 (e 2 — 1) ; -r) 


x~ 

or —— 


y 




y 


a- . a 2 .(C“l ' 


= 1 


. c + 

< ^ # V 


a 2 ""f 2 = 1 '^ erc JZf " • )• 


. v** 


Note 1.—The equation of the hyperbola with the 
transverse axis along the ?/-axis and the conjugate axis 

/ y~ a* 2 

along the x-axis can be shown tome ^ — ^ = 1. 

In this case the foci and vertices lie on the y- axis. 


Note 2.—The student should carefully note and 
remember: 

(а) the coordinates of F, F\ Z, Z', A , A', B, B' and C. 

a 

(б) that the equations of ZM and Z'M' are x = =*= 

a 2 +b 2 

(c) that 6 2 =a 2 (e 2 —1) or e~ =—. 

Note 3. —In this chapter all hyperbolas have their 
centres at the origin and their axes coinciding with the 
coordinate axes. 






Example 1.—Find the equation of the hyperbola whose foci are (=*= JO, 0) 
and c= $. 

Solution.— F= (16, 0 ) CF= ae= a .:{= 10 and a— 12. 

Also 6 2 = a 2 (e 2 — 1)= 144(- 9 G — 1 )= 112. 

i i x ~ y~ 

the required equation is-— = 1 . 

M M 144 112 

Example 2.—Find the equation of the hyperbola whose foci are (0, =*= 5) 
and e= 3 - What are the equations of its directrices? 

Solution. —Here the foci are on the y-axis and the equation is of 

the forliV~——~ —1. 
q 2 b 2 ; 
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CF= ar.= a . :(= f> 

n= 3. 

b-= a 2 (e 2 — 1) = 9( V — 1) = 10 

lienoo the required equation is 
?/- X" 

- -=1 or 9x 2 — 16// 2 +144 = 0 

9 1G J 

e _ ;r‘ v 

.*. the equations of directrices are y= =tz $ 

Example 3.—Find the transverse axis, 
conjugate axis, vertices, eccentricity, foci 
and directrices of the following hyperbolas: 

(а) 4x 2 -9y 2 =3G; (6) 4x'--9y- +36=0. 

Solution. — (a) This equation may be written in the form 
x 2 ?/ 2 

---=1. a =3, 6=2. 

9 4 

The transverse and conjugate axes are 6 and 4 respectively. 

/a 2 +6 2 /9+4 V~13 

c= v—= v^j-=—• 

V 13 _ 

CF=ac=3.-^= V 13 

o 

and fori are (=*= V 13, 0) and vertices (=*=3, 0). 

3 

a —9 9 

CZ=-= V 13 = — and directrices arc x — =*= — — 

c —— V 13 V 13* 

^ 2/ 2 £ 2 

(б) This equation may be written in the form —— — = 1. 

a— 2, 6=3. Plencc the transverse axis is 4, the conjugate axis is 6 
and the vertices (0, =*=2). 

/a 2 -f6 2 /4-P9 V~3 

e= v^—v—- — 

CF= ae= 2. = V 13. foci arc (0, =•= V T3). 

J 


CZ=-= V 13= V 13 
C 2 


. the equations of the directrices are ?/= =*= — r^=. 

V 13 

Note. — T t is left for the student to sketch the diagrams for Example 3. 
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Exercises 

(Do 1 to 5 orally) 

1. Find the equation of the hyperbola with the transverse axis along 
the x-axis and: 

(a) transverse axis = 10 and conjugate axis =6; 

/ (6) 2a= 4 and 26=8; 

X,' (c) a= 5 and 6=2; 

l/ (d) semi-transverse axis= 10 and semi-conjugate axis =12. 

2. Repeat Ex. 1 when the transverse axis lies along the //-axis. 

x 2 y~ 

3. Given the hyperbola ~ —— =1, find 

(а) the transverse and conjugate axes; 

(б) the eccentricity; 

(c) the coordinates of the vertices and foci; 

(d) the equations of the directrices. 

.y* x 1 

4. Repeat Ex. 3 for the hyperbola = 1 • 

9 lo 

y 2 x 2 

(Hint: Here the equation is of the form ——— =1, hence the transverse 

a 2 6 2 

axis lies along the //-axis.) 

6. State whether the transverse axis coincides with the x-axis or //-axis 

for the hyperbola: 


- '' ^ x 2 y- 

(a) 25-H : 

£'p' (c) 


x- ?/- 


6. Find the equations of the hyperbolas when: 

(а) a= 6, c=2, and transverse axis is on the x-axis; 

(б) 6=3, e=$, and transverse axis is on the //-axis; 

(c) foci are (=*=8, 0) and e is V2; 

(d) foci arc (0, =±=8) and 6 is V2; 

(e) a=4, foci (=*=6, 0); 

(f) a= 3, and (6, 3) is a point on the curve and the transverse 
axis coincides with the x-axis; 
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( g ) e=2, the distance from the focus to the corresponding vertex 
is 1 and the transverse axis coincides with the x-axis. 

(/i) c=2, the distance from the focus to the corresponding vertex 
is 1 and the transverse axis is on the y-axis. 

(i) transverse axis = 10, foci (=*=0, 0). 

7. Find the transverse axis, conjugate axis, vertices, eccentricity, foci and 
directrices of the following hyperbolas: 

(а) 5x 2 —4y 2 =20; ' V ^ I 

(б) 4x 2 -5y 2 =-20; },. • i 

(c) 9x 2 -25?/ 2 -225=0; # ^ * - 

(<l) 9x 2 -257/ 2 -f225=0. 

8. Find the points of intersection of the hyperbola 2x 2 —3// 2 =6 and the 
line y= 2x — 4. 


Sec. 5.—The length of the latus rectum of the hyperbola. 

Given the hyperbola 

x 2 7/ 2 

— —— = 1 and L'L the latus 
a 2 6“ 

rectum through F. 

To Find the length of L'L. 

Solution.— The equation 

of L'L is x=ae. 

x 2 y 2 

Solving x = ac and — —— = 1, 
a- b 2 1 



2^2 y2 


a*e 


y £ 


—r— t; = 1 or e 2 —tt = 1 


6 2 


b 2 


b 2 -• 


a- 


a‘ 


b* 


b°- 




L =( ae ’ an d^ = ( ae ’ — a~) 
__ 26 s 


whence L'L = L'F + FL 
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Cor. 1.—The extremities of the latus rectum through 
F* are ^ — ae } and «e, —and ^ ie length of 
, 2 b 2 

this latus rectum is also —. 

a 

Note. —The student should show that the extremities 

y 2 x 2 

of the latera recta of the hyperbola ^ = 1 are 
(^ ne )' (”«>“) ami (-«’ 

2 b~ 

and that the length of each latus rectum is —. (Hint: 

Draw a suitable figure. The equations of the latera recta 
are y = =*= ae, etc.) 

Example.—Find the extremities and the length of the latus rectum 
of the hyperbola: 

(a) 25x 2 —4y 2 = 100; (6) 25s 2 - 4 y 2 +100=0. 

.Solution.—( a) 25.x 2 — 4 y 2 = 100 may be written: 

— — — =1 and a = 2, 6=5. 

4 25 

a 2 +5 2 4+25 29 


V 29 , 0 V 29 

c=-and ae= 2. -= V 29- 

2 2 

6 2 _25 

a 2 

L=(V 29. ¥) and L'=( V 29,-V). 
25 2 

L'L=—= 2.-V'=25. 
a 


The extremities of the latus rectum through F' are (— V 29, V), 
( —V 29, —*V') anc l the length is also 25. 
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( 6 ) 25x 2 — 4?/ 2 -hl00=0 may be written in 
y 2 x~ 

the form — — — = 1 , whence a = 5, 6=2. 

( _aM-6-_25-M_ 29 

a 2 25 25 

V29 t , . 

.. e= -so that 

5 

ae= 5. ^ ^ = V 29 and - = -i 
5 a 

Ls(-J, V29) and V29). 


26 2 

L'L= — = 2 . 5 =' 
a 


6 - 



The extremities of the latus rectum through F' are V29) and 

( a, — V 29); the length is 


Exercises 


(Do 1 and 2 orally) 


1. Find the lengths of the latera recta of the hyperbolas: 
(a) 3x 2 —4?/ 2 = 12; ( 6 ) 3x 2 -4y 2 = -12; 

(c) 'lx 2 —9y 2 =3G; (d) 4x'--9y-= -3G. 


2 . The equation of an hyperbola is of the form —— — =1 and one 

a 2 b~ 


extremity of a latus rectum is at (9, 4). Find the other extremities of 
the latera recta and the length of each latus rectum. 


3. Find the transverse and conjugate axes, the foci, the equations of 
the latera recta and directrices, the extremities of the latera recta and the 
length of each latus rectum of: 

(a) 9x 2 —20y 2 = 180; ( 6 ) 9x 2 -20y 2 4-lS0= 0. 

4. Find the equation of the hyperbola whose latus rectum is 15 and 
eccentricity }, the transverse axis coinciding with the x-axis. 

6 . Repeat Ex. 4 when the transverse axis coincides with the y- axis. 

6 . Find the equation of the hyperbola whose foci are (=*= S, 0 ) and e= j 

7. Find the equation of the hj'perbola whose foci arc (0, =*=S) and e— j. 
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Sec. 6.—The_ cliffprence of the focal distances of any 
point on an hyperbola fs~equal to the transverse axis. 

x 2 ?/ 2 

Let —; — 77 = 1 be the hyper- 
a 2 b- 

bola and P(x, y) any point 
on it. Complete the figure as 
in the diagram. 

F'P 


Then 

and 


M'P 
FP 
MP 

Hence F'P - FP = e ( M’P - MP) 

— e (M'M) 

= e (Z'Z) 


= e or F'P=e-M'P 
= e or FP — cM P 


-(¥ 


F' P — FP = 2a 


This property enables us to define an hyperbola as the 
locus of a point which moves so that the difference of its 
distances from two fixed points is constant. 


Sec. 7.—Mechanical construction of an hyperbola. 

The definition for an hyperbola in section 0 enables 
us to construct an hyperbola mechanically, having given 
the foci and transverse axis. 

To draw an hyperbola having given the foci F, F ' and 
the transverse axis 2a. & 

Secure a straight-edge longer 
than 2 a and a string of length 
“l” such that the straight-edge 
F'Q = 2a+l. Fasten one end of 
the string at Q and the other 
at F. Now rotate the straight-edge about F' keeping 
the string taut with a pencil at P. Then an hyperbola 
is traced by the pencil. 











X] 


THE HYPERBOLA 


201 


Proof: F'P = F'Q-PQ=2a+l-PQ 
FP = (FP + PQ)-PQ=l-PQ 
F'P — FP = {2a+ 1 — PQ ) - (I - PQ ) = 2a. 

By fastening the string at F' and the straight-edge at F , 
the other branch of the curve may be traced. 


Example.—Draw the hyperbola 3x 2 —j / 2 4-27=0 mechanically. 

V x ' 

Solution. —The given equation may be written- =1 which is of 

y~ x~ _ 27 9 _ 

the form-— = 1 . «=3V3 and transverse axis is 0>/3 or 10 .- 1 . 

a- o- 


/27+9 


V 27 3V3 ' 

C7>'=ae=G. /■’= (0, 6 ), ^'=(0,-0). 


Here 2a-fZ= 10.4 +1. 

Now draw the coordinate axes on squared paper, locate F and F' t and 
proceed as explained above. 


Exercises 

1 . Find the diffeicnce of the focal distances and draw the curve of each 
of the following equations mechanically: 

(а) 4x 2 — 5 ?/ 2 — 20= 0; 

( б ) 4x 2 -5 ?/ 2 4-20=0; 

(c) 9x 2 —36y 2 = 144; 

(rf) 7x 2 —9y 2 = 252. 

2 . Find the equation of the locus of a point which moves so that the 
difference of its distances from two points (0, 0) and ( — 6 , 0) is S. 

3. Find the equation of the hyperbola whose foci are F{ae } 0 ) and 
F'( — ae t 0), the difference of the focal distances being 2a. 

(Hint: See Sec. G. page 200.) 

Sec. 8.—Every chord through the centre of an hyperbola 
is bisected at the centre. 

This theorem may be proved for the hyperbola in 
the same way as for the ellipse. (Page 176). 


















'202\\J / ANALYTIC GEOMETRY (OiiAr. 

^ ^Sec. 9.—The equation of the tangent to the hyperbola 
\ v x 2 y 2 

\ ——— = 1 in terms of the coordinates of the point of 

a- b- 

contact. 

Let Pi(x*i, ?/ 1 ) be the point of contact and P 2 (x 2) y 2 ) 
any other point on the hyperbola. 

Then the equation of the 
secant P\P 2y using the point- 
slope form, is 

12/7-2/2] v 
y-y 1 = L 1 *—*1) 



x i — x 2 

7/j — 7JT, ^, r . 

where- r is the slope of the 

X i — X 2 


secant. 

Since Pi and P 2 are on the hyperbola 


*1 y i 


y 2“ 


6 2 

whence by subtraction, 


—2 — ~r: = l and —“rr = i 


a 2 6 2 

^i z —^ 2 Z y\- — yf 


or 


or 


7 2 =0 

a 2 b- 

(■Tx+Xz)^! — Xj ) _ (2/1 + 2/2X3/1 —1/2) 
a 2 ~ b- 

(l/l +2/2) (2/1 — 2/2) (Xi +X2)(Xx — x 2 ) 


6 2 a- 

2/i si+32 ^ 

Xi — x 2 — a 2 \ 7/1 +2/2/ 

Hence the equation of PiP 2 may be written 

. (1) 

Now rotate P\P 2 about Pi until P 2 coincides with P x 
and x 2 =x lf 7j 2 =yi. 

b 2 ( 2xA 

Then equation (1) becomes y — yi ( x “"* 1 ) 

2/i(2/ — 2/i) _ g A (a;-Si) 

b 2 a 2 


or 
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or 

Si y 

l /i 2 Si 2 

b 2 

b 2 a 2 a 2 


X x 2 

V \ 2 *ix ViV 

* * 

a 2 

b 2 a 2 b 2 

or 

XiX 

ViV __2/r 

a 2 

b 2 a 2 b 2 


X\ x y x y .... . . . 

—- — -~nr = ' which is the required equation. 

a- b“ 


Con.—The equation of the tangent to the hyperbola 

if , i. .1 • w \ • y\y x \ x « 

- 0 — tz = 1 at the point (x lf y i) is —~nr= L 
a o a “ o“ _ ___—_ 

Example.—Find the equation of the tangent to the hyperbola 5x 2 —3y 2 
= ‘12 at the point (3,-1). 


Solution. —Here xi = 3, t/i= — 1 , a-= V~ 

, 3x 

the required equation is 7^7 — 

V 

or 15x+3?/=42 

or 5x-f7/=14. 


and 6 2 = 14. 



Exercises 

(Do 1 and 2 orally) 

1 . Stale the equation of the tangent to: 

, — T Ox V 5y I 

(а) x 2 —4y 2 = 16 at ( 6 , V 5 ); I Ans : — — —1 [ 

( б ) 9x 2 —4y 2 = 36 at (4, 3V3); 

(c) 2x 2 -y 2 = 4 at (2,-2); 

(d) 3x 2 -4y 2 = 12 at (-4, 3). 

2 . Give the equations of the tangents at the extremities of the transverse 
axis of the hyperbola: 

(a) 3x 2 —4y 2 = 12; (0 9x 2 -4y*=36. 

3 . Find the equations of the tangents to the following hyperbolas*: 

(а) x-—-iy 2 = lo at 

( б ) 5i l —4j/ 2 = 20 at (4, VI3). 
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4 . Find the equation of the tangent to the hyperbola 25x- —0y 2 =225 
at the end of the latus rectum in the second quadrant. 

41. J. J 

6 . Using the formula - ——= 1 find the equation of the tangent to: 

a 2 b 2 

(а) 4x 2 -3y 2 +12=0 at (3, 4); 

(б) x 2 -4t/ 2 + 15=0 at (1,-4). 

j 6 . Find the equation of the tangent to 4x 2 — 5y 2 +20=0 at the end of 
the latus rectum in the second quadrant. 

7 . Find the equation of the tangent to 2 x 2 — 3y 2 =6 at (3, 2 ). 


Sec. 10.—To discuss the hyperbola from its equation 



1 . Intercep ts .. —If y = 0, x= =*= a. lienee the curve cuts 
the re-axis at (a, 0 ) and ( — a, 0 ). 

If x = 0, ?/ = =*= 6 V — 1 which is imaginary. Hence the 
curve does not cut the y-Sixi s. (We have seen that the 
quantity “ 6 ” is geometrically interpreted by taking the 
points ( 0 , b ) and ( 0 ,- 6 ) on the 7 /-axis.) 


2. sJ^^_and_lo.catioii^ Solving the equation for y: 

7 /==fc- Vre 2 — a 2 . Hence for real values of y, x cannot 
° a 

take a value that lies between +« and —a and no point 
on the curve falls between the parallel lines x— =*=a. 

If x is numerically greater than a and increases, y is 
real and increases numerically. This shows that the 
curve is made up of two parts or branches, one passing 
through the point (a, 0 ) and opening to the right and the 
other passing through (—a, 0 ) and opening to the left. 

3. -Sum rnxJjM .—Since y— ^ ^ x 2 — ci 2 , y has two values 

equal in magnitude but opposite in sign for every value 
of x. 

Hence the curve is symmetrical with respect to the x-axis. 
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Solving the equation for x: x= =*=^ V y 2 + b 2 which show. 


that the curve is also symmetrical with respect to the 
7/-axis. 

4. Points of intersection with a straight line. 

x 2 y 2 

Solving the equations y = mx+k and ^ = 1 we have 



hence gives two values for x. Therefore the straight line 
y — mx + k cuts the curve in two points. 

5. Angle at which the curve cuts the x-axis. 

The equations of the tangents at (a, 0) and ( — a, 0) 
arc x ==*=«. Since these tangents are perpendicular to 
the x-axis, the curve crosses the x-axis at right angles. 



Exercises 


1. At what angle docs the hyperbola cut the latus rectum? 

2. Discuss the locus of 3x- — 4?/ 2 = 12 under the headings: (a) Intercepts; 


(6) Location and extent; (c) Symmetry. Construct the locus by plotting 


>ints. L 1 1 t 

3. Repeat Ex. 2 when the equation of the locus is x- — y 2 = 16. 


points. 


Sec. 11. — Exercises 

GROUP B 


1. Find the equation of the hyperbola: 

(а) which passes through the points (3 V 2, 5). and ( — 9, 5 V 8); 

(б) whose foci arc (=*= G, 0) and vertices (=*=4, 0); 

8 

(c) whose latus rectum is —r=. and conjugate axis 4. 

V 5 

(d) whose transverse axis is 14 and eccentricity, -f . 

2. Find the transverse axis, conjugate axis, vertices, eccentricity, foci, 
directrices and latera recta of the following hyperbolas: 


(a) 9 x*-16t/ 2 =144; (6) 9z 2 -16?/ 2 +144=0. 
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3. Find the equation of the tangent at the end of the latus rectum in 
lie fourth quadrant for each of the hyperbolas: 

(a) 9x 2 -16y 2 - 144=0; (6) 9 x 2 -16 t / 2 + 144=0. 

4. 2x 2 — 3y 2 =G is an hyperbola and (-3,-2) and (3, 2) arc two points 
on it. Show that the line joining these two points is bisected at the centre. 
What is this line called? 

5. Show that the latus rectum of an hyperbola is a third proportional 

to the transverse and conjugate axes. :>, 

£.«_. j / -t. 

6. Given the parabola ij 2 =Sx find: 

/ X, 

(a) the focus; (6) the latus rectum; 

(c) the directrix; ( d ) the focal distance of (2, 4). 

7. Find the semi-major and semi-minor axes, vertices, foci, directrices 
and latera recta of: 

(a) 4x 2 +25y 2 =100; (b) 25 x 2 +4 t / 2 = 100. 


GROUP C 

b. Find the equation of the normal to the hyperbola 4x 2 —y 2 — 15 at (2, 1). 
(Hint: let y — l = 7ti(x — 2) be the equation of the normal and then find 
“m” by using the fact that the normal is _L to the tangent at (2, 1).) 

9. Find the equations of the tangent and normal to the hyperbola 
3x 2 — 2y 2 =30 at (4, 3) on it. 

/ / 10. Find the equation of the tangent to the hyperbola 2x 2 — 3y 2 =6 

^ (Jiving given the slope of the tangent equal to 2. (Hint: let y=2x+k 
* vj^bc the tangent, eliminate y b}' substituting in 2x 2 — 3y 2 = 0 and apply 
1 *, the condition for equal roots to find the value of /;, etc.) 






x- y 

Show that the equation of a tangent to the hyperbola — — ^;= 1 hi 


terms of its slope m is y=mx+ij m 2 a 2 — b 2 . 




x 2 y~ 

12. Write the equations of the tangents to — — — = 1: 


(а) making an Z 60° with the x-axis; 

(б) making an Z 90° with the x-axis; 

(c) whose slope is 2. 

13. Find the .points of intersection of the hyperbola 3x 2 — y 2 =3 and the 
line x—2y+4 = 0. 

14. Find the equations of the tangents to 3x 2 +y 2 = 3, which are: 

(a) II to and (6) _L to x+7/ + l = 0. 

i [ls/'4rk) li 
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16. Find the equations of the tangent and normal to 4x 2 -\-y 2: = 16 at. 
(V3, 2) on it. 

\ x 2 y 2 

16. F and F' arc the foci of the hyperbola ——~= 1 and P(x, y) is any \ 

c point on the curve. Prove that: a ° 

(a) F'P=cx+a; (6) FP=ex-a; (c) F'P±FP=2a. V 

17. At any point on the hyperbola the tangent bisects the angle between 
the focal distances. Using this fact state a construction for drawing t.hc. 
tangent and normal at any point on the hyperbola. 

Note. —The property of the hyperbola proved in Ex. 16 (c) is made 
use of in “Sound Ranging 

Summary 

The student should tabulate the formulae developed 
in this chapter. 

Test on Chapter X 

1. Write the equations of the hyperbolas whose transverse axes = 10 
and conjugate axes =4. 

2. Find the equation of the hyperbola whose foci are (=*=3, 0) and 
transverse axis =4. 

3. Find the equation of the hyperbola whose foci are (0, =±=3) and 
transverse axis =4. 


4. What is the length of the latus rectum of: 

(a) 4x J — 3y 2 = 12 and (6) 4x*-3t/ 2 +12=0. 

6. Find the foci and directrices of the hyperbolas: 

(a) llx 2 — 25y 2 =275 and (6) llx 2 -25y 2 +275=0. 

6. Find the equations of the tangent and .normal to 4x 2 — 3y 2 =9 at 
(3,-3). 

7. One end of a chord through the centre of the hyperbola x 2 — Sy 2 =S is 
(4, 1). Find the other end of the chord and show that the chord is bisected 
at the centre. 

8. State the coordinates of the ends of the latera recta of the hyjjerbola 
25x 2 —4y 2 = 100. 

9^ Discuss the hyperbola 2x 2 — y 2 =S as to: 

(a) symmetry and (6) extent. 

10. Make a mechanical drawing, on graph paper, of the hyperbolas: 
(a) 7x 2 -9y 2 =63; (6) 7x 2 -9i/ 2 +63=0. 














CHAPTER XI 



SECONDARY FORMS OF THE EQUATIONS OF 
CONICS, AND THE GENERAL EQUATION. 

Sec. 1.—The equations of the parabola, the ellipse and 
the hyperbola derived in .the last three chapters may be 
interpreted so as to give properties of the curves which 
do not depend on the position of the conics with respect 
to the coordinate axes. 

Sec. 2.—The parabola (y — /c) 2 =4a(x — h). 

The equation y 2 = 4:Cix is true for every point P(z, y) 
on the parabola in the figure. 



If PM is perpendicular to the axis 
of the parabola and A is the 
vertex, we have 


x = AM and y = MP. 


Hence ?/ 2 = 4aa; may be written 



which is a relation that holds for all points P on the curve. 


Suppose now that this 
parabola is moved to a 
position such that its axis is 
parallel to the x-axis and the 
vertex is at the point (/i, k) 
as in the figure. 



Then MP=SP-SM=y-k 
and 


AM — RS = OS — OR =x-h. 


Hence the algebraic equation of the curve in the new 


position is 


(y — /c) 2 =4a(x — h). 


Example 1.—When the parabola y 2 =Sx is moved to a position such that 
its vertex is at the point (3, 5) and its axis parallel to the x-axis its equation 
becomes (y — 5) 2 =8(x— 3) since /c= 5, 4a=8 and h= 3. 
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Example 2.—Find: 

(a) the coordinates of the vertex, the focus and the extremities 
of the latus rectum, 

( I )) the length of the latus rectum, 

(c) the equations of the axis, the directrix and the latus rectum 
for the parabola (y — 3) 2 =4(z — 5). 

Solution. —Since h= 5 and A;=3, the vertex A=(5, 3). 

Plot A and through A draw 
a line II to Ox. This parallel 
line is the axis of the para¬ 
bola. Then from the fact . 
that (y — 3) 2 =4(x —5) is the 
same paiabola as y 2 = 4x with 
which we are familiar, the 
focus F, latus rectum L'L and 
the directrix ZM may be 
readily placed as in the figure 
The following results may be determined from the diagram: 

(а) F=(6, 3); L=(6, 5); L'=(6, 1); 

(б) L'L=4. 

(c) the equation of ZF is y= 3; that of ZM is x=4 and that of 
L'L is x= 6. 



Exercises 


1 . Construct the following parabolas on squared paper indicating their 
foci, directrices and latera recta. Then, from the figure, write down the 
coordinates of the vertex, focus, and ends of the latus rectum; and the 
equations of the axis, directrix and latus rectum for each parabola: 

(a) ( 2 /- 1 ) 2 = 8 (x- 2 ); 

(b) (y+4) 2 = — 12(x —5); 

(c) ( 2 / 4 -3) 2 =4(x+5); 

(d) (y- 0) 2 =16(x —4). 

2 . By means of the formula (*/ — 7c) 2 =4a(x — h) write the equation of 
the parabola whose axis is parallel to the x-axis and: 

(a) with the vertex at ( — 3, 2 ); a=S; 

(b) with the vertex at (4,-1); a=4; 

(c) with the vertex at (-6,-5); a= 12 ; 

(d) with the vertex at (5, 0); a= —1. 
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3. Find the equation of the parabola whose focus is (3, 5) and directrix 
the line x —1 = 0. 

(Hint: Draw the figure indicating the focus and directrix: then determine 
he coordinates of the vertex and value of “a”.) 

4. Find the equation of the parabola whose vertex is (3, —2), its axis 
being parallel to the x-axis, and the distance from the vertex to the focus 
equal to 2. (Let the parabola open to the right.) 

6. Derive the equation of the parabola whose vertex is (4, 2) and directrix 

the line x +1=0. 

Sec. 3.—The parabola (x — h) 2 = 4a(?/ — 7c). 

By reasoning similar to that in section 2, it can be 
shown that if the parabola .x 2 =4a?/ is moved to a position 
such that its axis is parallel to the ?/-axis and the vertex 
at (/i, k ), its equation becomes 

(x-70 2 =4a(?/ — k). 

Exercises 

1. Write the equation of the parabola whose axis is parallel to the //-axis, 
whose vertex is at (3, 5) and for which a=8. Draw the parabola on squared 

paper. 

2. From the figure in exercise 1, determine the coordinates of the focus 
and the ends of the latus rectum, also the equations of the axis, the directrix 

and the latus rectum. 

3. Repeat exercises 1 and 2 for the parabola with the axis parallel to 
the y-axis and the vertex at ( — 1, 2), “a” being 4. 

Sec. 4.— (i) The equation By 2 + Dx + Ey + C = 0. 

We have seen that (y — &) 2 = 4a(.T — h) is a parabola with 
its axis parallel to the rc-axis. 

Expanding and rearranging the terms in ( y—k) 2 = 
4 a(x—h) the equation takes the form y 2 — 4ax — 2ky + 
(/s 2 + 4a/i) = 0 which is of the form By 2 + Dx + Ey + C = 0. 
Conversely it can be shown that an equation of this form 
represents a parabola with its axis parallel to the x-axis. 
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Example.—Consider the equation 

By- +Dx+Ey+C=0 when B= 1, D= — 4, E— —4 and C= —8. 

Substituting, we obtain 

y- — 4x —4?/ —8=0. 

Completing the square of the {/-terms and transposing terms: 
(t/ 2 -4?/+4)=4x-f8+4=4x-fl2. 

(t/-2) 2 =4(x+3) 

which is the same form as (y — fc) 2 =4a(x— h). Hence y z — 4x — 4?/ — 8=0 
represents a parabola with its axis parallel to the x-axis, its vertex at 
( — 3, 2) and for which a= 1. 

(u) Similarly it may be shown that an equation of the 
form Ax 2 + Dx + Ey + C = 0 represents a parabola with 
its axis parallel to the ?/-axis. 

Example.—Consider the equation: 

2x 2 -12x-4?/-f 10=0. 

Dividing through by 2, completing the square of the x-terms, and trans¬ 
posing: 

x 2 — 6x — 2?/-f-5= 0; 

(x 2 — 6x -f-9) =2y — 5 +9; 

(x-3) 2 =2(t/+2); 

which is of t he same form as (x — /i) 2 =4a(?/ — k). Hence 2x 2 — 12x — 4?/+ 10 
= 0 is a parabola with its axis parallel to the ?/-axis, its vertex at (3,-2) 
and for which a= 


Exercises 

1. Construct the particular parabolas considered in the above two 
examples. Then find their foci, extremities of the latera recta and the 
equations of their axes and directrices. 

2. Determine the vertex, focus, equation of the directrix and of the axis 
for the parabola: 

(a) 2/ 2 -x+ 2 2 /+3=0; (6) x 2 -4x-f8{/-6=0; 

(c) (i/+4) 2 = 8x4-12; (d) 2 x 2 -4x+t/=0; 

(c) ?/ 2 =4ox — 4a 2 . 
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Sec. 5 —The ellipse 


(x-hy (y-k.y- 
a 2 ^ b 2 


= 1 . 


x* y- 

(i) Let P(x, y ) be any point on the ellipse + L 

and draw PM ± to the major 
axis as in the figure. 

Then since x = CM and y = 
x 2 . y 2 



MP the equation ~+rz = 1 
1 a 2 b- 

may be written 

CM 2 MP 2 


b 2 


= 1 . 



Let this ellipse be moved 
to a position such that its 
major axis is parallel to the 
rr-axis and its centre is at 
the point (/?, k). 

Then CM = RS = OS - OR = 
x-h and MP = SP — SM = 
y-lc. 


Now from 


CM 2 . MP 2 
b 2 


a~ 


= 1 the algebraic equation of the 

(x-h) 2 (y-k) 2 

a 2 + b 2 

7/2 

-j-=1 is moved so that its centre is 


ellipse in its new position is -- 7r~ + w ,o 7 =1. 

Example.—When the ellipse , 

25 16 

at (1, 2) and its major axis is parallel to the x-axis, its equation becomes 
(x-iy- (y —2) 5 =1 


25 


16 


Exercise.—Draw a diagram for the ellipse ^ X —+ ^ = 1 on 

2o 16 

squared paper and determine from the figure, the coordinates of the 
vertices A and A 
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(u) If the ellipse in the first figure in this section were 
placed so that the centre is at the point (/i, 1c) and with 
its major axis parallel to the ?/-axis, its equation becomes 


(x-hy {y-kY 

k2 ‘ o 


Exercise.—Draw a figure similar to the second figure on the opposite 
page and verify this changejn the equation. 


Sec. 6 — The equation Ax 2 + By 2 + Dx + Ey + C = 0. 



= 1 by expansion and rearrange¬ 


ment of terms we obtain the equation 

b 2 x 2 + a 2 y 2 — 2 b 2 hx — 2ci 2 ky + ( b 2 li 2 + a 2 k 2 — a 2 b 2 ) = 0 
which is of the form Ax 2 + By 2 -\-Dx + Ey + C = 0. 

... (x — h) 2 (y — k) 2 , 

Evidently the equation -^- \-—— = 1 may be re¬ 

duced to the same form. 

Hence the equation of the ellipse with its major axis 
parallel to the .r-axis, or the ?/-axis, takes the form 
Ax 2 + By 2 + Dx + Ey + C = 0 in which the coefficients A 
and B arc of like sign. 

The following numerical example will suggest the 
general proof that an equation of this form represents an 
ellipse the axes of which are parallel to the coordinate 
axes. 

Example.—Show that 9x 2 +25y 2 — 36x — 50r/—164= 0 represents an 
ellipse and determine its elements. 

Solution.—O n completing the square for the terms in x, and also for 
those in y and transposing, the equation becomes: 


9(x 2 - 4a:+4)+25(?/ 2 - 2y +1 )= 164+36-f25= 225 


or 


9(a;-2) 2 25(j/-l) 2 

225 + 225 

(x— 2)- Q/-l) 2 _ 


5 2 3 2 
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(y— k) 2 

This is of the form---1-—— =1 and is therefore an ellipse. The 

a- b- 

entre is (2, 1) and the major axis is parallel to the x-axis. The major 
xis is equal to 10 and the minor axis has length 6. 


The eccentricity c= = i 

. ac— 4 and -=—. The length of the latus rectum is — or (3$). 
c 4 a 
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The figure indicates the location of the various elements of the ellipse 
with respect to the coordinate axes. (The student should verify the 
coordinates of the points and the equations of the lines.) 

Exercises 

1. Rc]>cat the solution given in the above example, together with a 
figure when the equation of the cllij)se is 9x 2 +16y 2 +54x — 160//+337=0. 

2. Find the centre, vertices, eccentricity, foci and directrices of the 
ellipse 25x 2 4-9// 2 —100x-f-IS// —116=0. Draw a figure and indicate the 
coordinates of the centre, vertices and foci; also the equations of the 
directrices. 

(Note. —When the coefficient of x 2 is greater than the coefficient of y 2 
in the given equation, the major axis is parallel to, or coincident with 
the //-axis.) 

3. Find the centre, vertices, eccentricity foci and directrices for each 
of the following ellipses: 

(а) 12x 2 + 16// 2 -120x + 108=0; 

(б) 16x 2 -F36// 2 — 192x= 0 ; 

(c) x 2 +4// 2 —4x+24//+24=0. 
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4. Find the equation of an ellipse if its axes are 8 and 4, its centre (2,-3) 
and its major axis is parallel to the x-axis. 

6. Find the equation of an ellipse if its axes arc 5 and 3, its centre (3, 7) 
and its major axis parallel to the ?/-axis. 


Sec. 7.—The hyperbola 


(x-h) 2 (y-k) 2 


a* 


b 2 


= 1 . 


x £ y 1 . 

When the hyperbola — — = 1 is moved so that its 

J a- b 2 

centre is at (//, k) and its transverse axis is parallel to the 


x-axis the equation becomes 


(x—h) 2 (y — k ) 2 


= 1 . 


a 2 b 2 

(The proof is similar to that used in the cases of the 
parabola and the ellipse.) 


In the same way, 


(: V-k) 2 (x-h) 2 

d 2 b 2 


= 1 represents an 


hyperbola with its centre at (/i, h ) and its transverse axis 
parallel to the y-Sixis. 

Example.—The equation of the hyperbola whose transverse axis is 
parallel to the x-axis and equal to 16, conjugate axis equal to 10 and whose 


centre is at (2, 3) is 


(x-2)’ (?/ — 3)- 


= 1. The same hyperbola with its 


centre at (2, 3) and transverse axis parallel to the y -axis is 
0/-3) 2 (x —2) 2 


8 - 


5 2 


-= 1 . 


Exercise. — Sketch the two hyperbolas referred to in the example in two 
separate figures. Indicate the lengths of the axes and the coordinates of 
the centre for each hyperbola. 


Sec. 8.—The equation Ax 2 + By 2 +Dx + Ey + C = 0. 

(x — h) 2 (y — k) 2 


a 2 b 2 

(y — k) 2 (x-/Q 2 

a 2 b 2 


= 1 


= 1 


( 1 ) 

( 2 ) 
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Either equation (1) or (2) upon expansion and rearrange¬ 
ment of terms takes the form Ax 2 + By 2 + Dx + Ey+ C = 0, 
here the coefficients A and B are opposite in sign. 
oes an equation of this form always represent an 
perbola whose axes are parallel to the coordinate 
es? 

The numerical example below will illustrate the method 
used to prove that it does. 

Example.—Show that 9a; 2 — 16y 2 —90x -f-61y4-17= 0 represents an 
hyperbola and find its elements. 



Solution. —Completing the square of the terms in x and also for those 
in y, and transposing, the equation becomes: 

9(x 2 —lOx-f-25) —16(y 2 —4y-f4) = —17+225 — 64= 144 
9(x —5) 2 16(x-2) 2 _ 

144 ~ 144 


(*-5) 2 (y —2)' 


9 


16 


= 1 . 


Comparing this result with---——=l,it is evident that the 

a- b- 

given equation represents an hyperbola with centre at (5, 2) and transverse 
axis parallel to the x-axis. 


Since a=4 and b= 3, e= j 


/l 6+9 5 


16 4 

the distance from the centre to the focus (or ac) is 5 and the distance 

Q Jjl 

from the centre to the directrix (or -) is -C 6 ; also — = -J = 2i 

e a 
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From these results the hyperbola can now be constructed and the 
positions of the elements shown. 

(The student can readily verify the coordinates and the equations 
indicated in the diagram.) 

Exercises 

1. Find the centre, vertices, eccentricity, foci and directrices of the 
hyperbolas: 

(а) 4y- — 16x 2 —96x —8y — 204=0; 

(б) Ux-~ 25?/- 150y — 500= 0. 

(c) ox- — 4y 2 — 40x=0. 

2. Find the equation of an hyperbola with its transverse axis parallel to 
the x-axis and its centre at (-1,-5), the semi-transverse and semi- 
conjugate axes being 5 and 8 respectively. 

3. Derive the equation of a parabola with its axis parallel to the x-axis 
and its vertex at (8,-2), the distance between the focus and the directrix 
being 10. Let the parabola open to the left. Draw the figure. 


Sec. 9.—The general equation of the conic. 


Let P(x , y) be any point on a 
conic section whose focus is 
F{r, s), whose directrix is 
Ax + By + C = 0 and for which 
the eccentricity is “e”. Draw 
PM _L to ZM and join PF. 

Then by definition 
FP 

— =e or FP —c. MP. 

iii i 



Ax + By+ C 
V A 2 + B 2 


Since FP= V {x — r ) 2 + (y — s ) 2 and MP = 
the required equation is 

(x-r ) 2 + (i/-s ) 2 = e 2 

This equation enables us to writeThe equation of the 
parabola, the ellipse or the hyperbola when the focus, 
directrix and eccentricity arc given- 
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Example.—(x — 5) 2 -f (y — 2) 2 = e- 


(3x —5?/+6) 2 


is a parabola, an ellipse, 


3 2 + (-5) 2 

or an hyperbola with focus at (5, 2) and directrix 3x — 5?/+6=0 according 
as c==l, is less than 1 or greater than 1. 


Exercises 

1. Write the equations of the conics determined by the following data: 

(а) Focus (1,-2), directrix 3x — 4y-f 12=0, eccentricity 

(б) Focus (5,-3), directrix \2x-\-y— 2= 0, eccentricity 
(c) Focus (8, 2), directrix 12x — y=0, eccentricity 1; 

(fl) Focus (5, 0), directrix x—1=0, eccentricity •§; 



( c ) Focus (0, 0), directrix 2y — 7=0, eccentricity 


2. Obtain the equation of an ellipse with the focus at (0, 0), eccentricity 
= -J- and directrix x—l=0. 

3. Derive the equation of an hyperbola with the focus at ( ae, 0 ), cccen- 

a 

tricity c and directrix x — =0. 

c 


Summary 


1. (y-k)-=4a(x—h): parabola with vertex (/*, k), axis li to Ox, ZF=2a. 
( x—h) i =4a(y—k ): parabola with vertex (h t k), axis !l to 0//, ZF=2a. 


2. ^ = 1 • ellipse with centre (/i, k ), major axis II to Ox, 


a 2 6 2 

(x-h)* , {y-ky 


semi-axes 11 a" and “b". 


= J: ellipse with centre (/t, k) % major axis II to 0 y, 
semi-axes “a” and tl b". 


3. 


(x-h¥ (y-k)‘ 


a 2 b- 

(y-ky (x—k)‘ 


6 s 


= 1: hyperbola with centre (h, k ), transverse axis 
II to Ox, semi-axes “o" and “b”. 

= 1: hyperbola with centre (/i, A;), transverse axis 
II to 0 y f semi-axes "a” and “b 


4. By 2 -\-Dx+Ey+C= 0: parabola with axis II to Ox. 
Ax 2 +Dx+Ey+C=0: parabola with axis II to 0 y. 

6. Ax 2 +By 2 + Dx+Ey+C= 0: 

(i) If A and B have like signs, the equation represents an ellipse 
with its axes parallel to the coordinate axes. 
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(it) If A and B have unlike signs, the equation represents an hyper¬ 
bola with its axes parallel to the coordinate axes. 

( Ax+By+C )= . 


6. (x-r) 2 -f (?/-s) 2 =c- 


is the equation of a conic with the 


A 2 +£ 2 

focus at (r, s), directrix Ax+By 4-C=0 and eccentricity e: 
(i) If c— ], the conic is a parabola. 

(it) If e is less than 1 the conic is an ellipse. 

(tit) If e is greater than 1, the conic is an hyperbola. 


Test on Chapter XI 


1. Locate the vertex and the axis and state the value of "a” for the 
parabola (*/+3) 2 =8(x —2). 

2. Write the equation of the axis for the parabola (x — 5) 2 =4 (,y+7). 

3. What conic does 3x 2 -|-5i/ 2 — 6x-F7?/= 0 represent? Why? 

4. Write the equation of some particular parabola with its axis parallel 
to the ?/-axis. 

6. How do you distinguish between the equations of an ellipse and an 
hyperbola? Use two particular equations to illustrate. 

6. Find the centre of the conic whose equation is 3x 2 -f-2// 2 —6x-b 10y — 1 = 0. 

7. Find the vertex of the parabola 5?/ 2 — 2x-}-15?/= 0. 

8. Write the equation of an ellipse with one focus at (—1, 3), directrix 
x —2=0 and eccentricity J. 

(x 4-2) 2 (v —3) 2 . 

9. Sketch the hyperbola ——---1, indicating its centre, axes 

and vertices. 


10. What is the length of the latus rectum of the ellipse 

(s-5) 2 (y+2)* _ h 


16 


25 















Miscellaneous Exercises 


1. State precisely the relation which exists between a given locus and 
the algebraic equation which is known as the equation of that locus. 

2. Derive the standard forms of the equation of the straight line and 
state the geometrical significance of the arbitrary constants used in each. 

3 . Sketch the parabola, the ellipse and the hyperbola and find the 
equation of each in the standard form. Compare the three solutions and 
state the main steps taken in each. 


4 . Derive the equation of the tangent to each of the following curves at 
the point Pi(xi, r/i), using the secant method: 

(a) x 2 -\-y 2 —r 2 \ ( b) y-= 4ax; (c) b 2 x 2 +a 2 y 2 = a-b-; (d) b 2 x 2 — a 2 y 2 = a 2 b 2 . 
State the main steps taken in each derivation. 

6. Complete the following statements: 


(a) y=mx+— is the equation of the 
m 


to 


in terms of the slope. 


x y 

(6) —=— is the equation of the normal to - — 

*i 2/1 

at the point-. 

(c) The focal distance of any point on the parabola x 2 =\ay is 

equal to -. 

(d) The eccentricjt}* of a conic is equal to the following ratio, 


( e ) The equation of the straight line through the origin and 
having slope m is-. 

6. State the geometrical significance which each of the following state¬ 
ments has been given in this text: 

(a) F'P+FP= 2a; (6) Kx+Ly + 1 = 0; (c) wi?n 2 "H = 0; 

(d) P\P 2 = V (z 1 —x 2 Y+(yi—y2Y\ W x cos a+y sin «=p; 

A mx 2 +nx i 

(/) w= -T/, ( Q) x= ---; 

B m-\-n 

(/*) F= ( 0 , ae ), where e is less than unity. 

7 . State briefly how you would solve each of the following: 

(a) To find the equation of a tangent to a conic in terms of the 
slope of the tangent; 
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(6) To ascertain whether three straight lines arc concurrent, the 
equations of the lines being given; 

(c) To find the centre of a circle whose equation is given; 

(d) To find the length of the latus rectum of a conic; 

(e) To determine whether two straight lines, whose equations 
are given, are _L to each other. 

8. Determine the numerical values of m and n in the equation 
3x-f-?m/+n=0 so that this equation will represent a line _L to 3x — 2?/= 0 
and passing through (2, 2). 

9. Show that the line 3x —2 y= 5 is a tangent to the hyperbola x- — y z — T 

10. A point moves so that the sum of the squares of its distances fro 
the x-axis, from the y-axis and from the origin is IS. Find the equatio* 
of the locus. 

11. Prove that the ellipse, 9x 2 4-25?/ 2 = 225, and the hyperbola, 7x 2 — 
9y 2 = 63, have the same foci. 

12. A diameter of the circle x 2 -fy 2 — 6x-f2y —90= 0 passes through 

(0, 0). (i) Find the equation of the diameter, (it) Find the equation of 

the chord through (1,1) which is parallel to the above diameter. 

13. Find the upper end points of the latus rectum of each of the parabolas 
y 2 =4px where p takes the values 1, 2 and 5 respectively. What would be 
the locus of these end points if p is given all possible values? State reasons 
for your answer. 

14. Classify each of the following as, parabola, ellipse, hyperbola or 

circle: 3x 2 -4y 2 =12; 9x 2 +9y 2 =49; 6 2 x 2 +a 2 // 2 =r 2 ; 

x— =*= * V 100 — y 2 ; x 2 +cy= 0. 

16. Find the equation of the circle through (0, 0), (2, 0) and (0,-4) and 
show that it touches the line whose equation is x —2y=0. 

16. Find the condition that the point (a, b) lies in the straight line 
joining the points (5, 2) and (3,-4). 

17. Describe the shape and location of the following loci: 

(a) x 2 -H/ 2 = 2ax; (6) x 1 x-\-y 1 y= r 2 ; 

x 1 v 2 

(c) — ——= 1; {d) x cos a +y sin ct= p; 

a 2 b 2 

(e) y=vix—am 2 ; 


CO y= //ix+r V 1 -Hw 3 














222 


ANALYTIC GEOMETRY 


18. Pi(x l} y i) is a point on the parabola 7/ 2 =4ax; F is the focus; and 
P\N is a tangent at Pi so that Pi N cuts the 7/-axis at N: 

(a) Write the equation of the tangent at P j; 

(b) Find the coordinates of N; 

( c ) Find the equation of the line FN; 

(i d ) Prove that P\N is _L to FN. 

19. For the straight line 3x — 4y — 5=0, find: (a) the length of the 
shortest line from the origin to the line; (6) the slope of this shortest line. 

20. Find the equation of the locus of a point which moves so that the 
slope of the line joining it to the point (5, 0) shall always be twice the 
slope of the line joining it to the point ( — 5, 0). 

21. With respect to one given set of axes draw accurately the curves 
whose equations are x--\-y-= 32 and y 2 =4x. Draw the tangents to these 
curves at one point of intersection and find the equations of these tangents. 
What is the angle between these tangents? 

22. Given the circle x 2 -\-y 2 =25 and the line y=x + 1, find the abscissa 
of their intersections. 

23. A circle touches the ?/-axis at a distance of +4 units from the origin, 
and cuts off from the x-axis a chord C units in length. Find the equation. 

24. In what ratio does ( — 2, 3) divide the distance between ( — 3, 5) 



mx 2 +nXi 
m-\-n 


Use the formula x= 


and 


26. What is the length of the tangent from the point (G, —4) to the 
circle x 2 -\-y 2 -\-2x—6y— 15=0? 

26. Find the equation of the circle which is tangent to the line 
4x+3^= 12, at the point (3, 0), and whose centre is on the line x-\-4y= 19. 

27. Find the equations of the straight lines which pass through the 
origin and trisect the portion of the straight line 3x+4?/=]2 which is 
intercepted between the axes. 

28. Determine the area of the rectangle formed by joining the extremi¬ 
ties of the latera recta of the ellipse b 2 x 2 -\-a 2 y 2 = a 2 b 2 . Also show that the 
diagonals of this rectangle are diameters of the ellipse. 

29. 15x—lS//-f*l = 0, 12X+10// — 3= 0 and Gx-f-GGy— 11 = 0 are three 
lines. Show: (a) that they are concurrent; (6) that the first two are JL to 
each other and, (c) that the third line bisects an angle between the other 

two. 
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30. Prove that ( — 2, 3), (4,-1), (1,-3) and (—11, 5 ) are the corners 
of a trapezium. Find the coordinates of the intersection of the diagonals. 

31. Find the angle between the tangents drawn at the extremities of a 
I a tus rectum of: 

(a) the ellipse 9x 2 + 16y 2 = 144; 

( b ) the hyperbola 9x 2 — 16i/ 2 = 144. 

32. (a) Find the equation of the parabola whose latus rectum is 20 , 

the vertex being at the origin and the axis along the x-axis. 

( b ) Determine the angle between the tangents drawn at the 
ends of the latus rectum of the parabola in (a). 

33. Find the equation of the tangent to 4x 2 —?/ 2 =6 at the point whose 
abscissa is 2 and the ordinate negative. 

34. P(4, 1 ) is a point on the hyperbola, x 2 — 8 // 2 =S, whose foci are 
F' and F. Find the lengths of F'P and FP and show that F'P — FP is 
equal to the transverse axis. 


35. Match each statement in column two with some locus in column one: 


1. x 2 +t/ 2 =10. 

2 . if= - lOx. 

3. 9x 2 +l6*/ 2 =144. 

4. x- — y-= 12. 

5. x 2 +?/ 2 =12x. 

G. 2x+3?/=15. 

7. x—y— 10. 

8 . y= =*= V 36 —x 2 . 

9. x 2 = lGy. 


1 . 2x — ?/= G is a tangent. 

2 . The centre is (0, 0). 

3. The equation of the directrix is 2x —5=0. 

4. The x-intercept is 12. 

5. (V 7 , 0 ) is a focus. 

G. (2, ^ 3 * ) is a point on the locus. 

7. The radius equals 6 . 

8 . The slope of a _L is — 1 . 

9. The length of the latus rectum is 1 G. 


10. b-x- — ary 2 = a-b-. 10. The transverse axis is along the x-axis. 


36. Select the correct answer from those given: 

(а) 5x — 3y+2=0 is _L to, (t) ox— 3f/=0, («) lOx — 6 ?/+5=0, 

(m) y= i;(x+2), ( iv ) s+|y—1=0; 

( б ) The inclination of the _L from the origin to a line is usually 

B 

denoted by: (z) ——, («) a, ( Hi ) m } ( iv ) 0 ; 

A 

(c) The centre of the circle, 4x 2 +4i/ 2 +7x+5?/— 16= 0 , is (t) (£, o), 
(«) (-7,-5), (in) <-■},—|), (it.) (-i,-f); 
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(d) The equation of the tangent to x 2 -\-y 2 = r- at a given point 
is (t) x\x+>Ji! /=r 2 , (i i) yix—x L y=0, (in) yiy=2a(x+xi ), 
(zV) ?/= mx — ryj l +m 2 ; 

(e) The equation of a directrix to b 2 x 2 +a 2 y 2 = a 2 b 2 is (z) x=rz, 

a 

(ii) x= c, (in) x= ac , (zv) x= 

c 

37. Find the equation of an ellipse with the centre at the origin, its 
major axis along the 2 -axis and equal to 10 and in which the line joining 
the positive ends of the axes is parallel to the line joining the centre to 
the upper end of the left hand latus rectum. 

(Exercises 38-12 are based on Chapter XI) 

38. Classify each of the following as a circle, an ellipse, an hyperbola, or 

a parabola: 


(t) 

x-+y- — 1 x 4 - 67 /= 12 , 

(ii) 2 /*- 12 y+ 12 *= 0 , 


(x — 3)" (t/4-5 ) 2 


(in) 

64 36 

(iv) 4x 2 +9^ 2 +l(ix — lS//= 0, 

to 

GO 

II 

Cl 

<N 

1 

C « 



39. Find the equation of an ellipse whose foci are ( — 3, 0) and ( 0 , 0) 
and whose eccentricity is §. 

40. Find the equation of the parabola whose focus is ( 2 , 4) and which 
has the line x+y— 1 = 0 for its directrix. 

41. Derive the equation of the ellipse whose foci are the points ( 2 ,- 1 ) 
and ( 10 ,- 1 ) and whose directrices are the lines x= — \ and x= 12 |. 

42. Find the equation of an hyperbola whose foci arc ( 6 , 2 ) and ( — 4, 2 ) 
and whose eccentricity is equal to 2 . 
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2 . 
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Sec. 3. (Page 9) 

(a) (4, 0), (— 5, 0), ( — 1, 0), (3, 0); (6) (0, 0), (c) zero; (d) on the //-axis, 
(a) 5 units to the right of the //-axis, 3 units above the x-axis; etc. 

A(2, 1), B( —2, 2), C(-l,-2), D(l,-1), E(-l*, 0). 


Sec. 4. (Page 10) 

Like in I and III, unlike in II and IV. 2. Abscissae positive in I and 
IV, ordinates negative in III and IV. 3. II, I, III, IV, II. 4. I or 
IV. 6. Along a line three units to the right of and parallel to the 
//-axis; along a line two units below and parallel to the x-axis. 


Sec. 5. (Page 11) 

£=(1, 5), C=(0, 3), D= ( — 5, 3), E= (1,-1), b = (1,-4), <7-(8, 0), 
H= ( — 6, 0), K— ( — 4, — 3); A, C and D have equal ordinates; they 
lie on a line || to the x-axis; B, E and F lie on the line || to the //-axis 
one unit from it. 

10. Square^GV 2._ 

11. 45. 2V5, 2V~T3, V“6I, V G5. 

12. 24. 

13. 22$. 

14. (-4, 3), (-4, —3), (3, 4), 

( — 3, 4); cuts axes at (5, 0), 
(-5, 0), (0, 5), (0,-5). 

16. 2 : 5. 


5 units. 

2nd, 1st, 4th, 3rd, 2nd 
Right-angled; 24 sq. units; 
Midpoints are ( — 2, 0), (2,-3), 
(2, 0); ADEF=\AABC; yes. 
(ljJ), (3,-4) and (5,-1). 

V 74, 13, 12$. 

Isosceles; AB=AC = 13. 

(3, G), (5$, 0), (8, 3), <55, 6), 
(3, 3). 


Sec. 6 . (Page 14) 

(a) a minus, b minus, (6) a plus, b minus, (c) both plus. 

2nd, 4th, 3rd, 1st. 3. On x-axis to the right; on //-axis below the origin 
OM lt M X P U OM 2 , M 2 P 2 , OM 3i M 3 P 3 . 


Sec. 7. (Page 15) 


1. QA+AE, EA+AQ, etc. 2. CB-CR , etc. 3. No; yes. 
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1. 30. 


Sec. 8. (Page 16) 
Sec. 9. (Page 17) 


1. (a) (2,1), (6) (2, 3), (c) (—10, 0), 
(d) (3, 4). 

2 . ( 0 , 6 ). 

3. (a) 3rd and 4th, (6) 2nd and 3rd. 

4. Positive. 

6. On aline || to the y-axis, 2 units 
to the right. 

6. A rhombus. 

7. (7, 0), (-7, 0) and (0, 24) or 
(0, -24). 

9. Third point in line with the 
other two; yes. 


10. (a) ordinate is zero, 

(6) abscissa is zero, (c) y — 2. 
12. A ( — 20, 0), C (29. 0). 

14. Trapezium. 

16. (5, 7); length V 74. 

/ 121 121 \ 

16. (a) 2 V 2£_’ 

(6) (-3V2 >Z 3V2), 

(c) (90+5 V 19, 45), 

(d) (90, 20). 


Test. (Page 19) 


2. On the y-axis. 

3. 4th. 

4. 5 or —5. 

6. X\ — x 2 . 


6 . - 10 . 

7. 1 6j. 

9. V ff'+d 2 
10 . Yes. 


Chapter II 
Sec. 2. (Page 20) 

1. (a) (o, y 3), (* 1 , 2/2), (* 1 , 1 / 4 ); (b) Z3 or x 2 , x lf x 4> x 3 or x 2 , y 3, 2/2, 
2/2 — 2 / 3 , £i-.T2, 2/1 —2/2, 2 /i, 2/2, 2 / 4 , « 4 “*i» 2/2 — 2/1, 2 / 3 - 


2. (a) 4, (6) 7, (c) 3, id) 5, (c) 7, 

Sec. 6. 


1. (a) 5,_(6) 10, (c) Va 2 +6 2 , (d) > 

(/) 4 V 2. 

2. (a)J3, (6) 4 V^5, (c) 5, (d) V 34, 

3. V 58, 10, VS2._ 

6. 2a+26+2V a 2 +6 2 . 

7. 26 §. ___ 

9. Each is distant V 34 from (0, 0). 

10. 4+4V34- _ 

11. Two sides each_equal V 10, 
the other two 3 V 2. 


(Page 22) 


(a —c) 2 +6 2 , (e) V (^1 —a) 2 + (yx-6) 2 

(«) V"74, (/) 10. 

12. 7 or -1. 

13. 1 : 3. 

14. (9, 0) or (-1, 0). 

16. 4 or -4. 

16. 16 or -8. 

17. x 2 +?/ 2 -10x+4?/ + 13=0. 

18. x+3?/ = 5. 









ANSWERS 


Sec. 7. (Page 24) 

(a) (4,5). (6) (3,2), (c) (1,5), (d) (0, f), (e) (—, |), (0 (|, |), 

(o) (o, 0), (ft) (0, 0). V 

(|,-1), (-1,-4), (-4, I). 7. (-4, X), (-1. 3), (2, 5). 

(a) V82, (6) 4 V 234. 8 - ( 2 > 8 >- o , . , 

10. Ordinate -7 or 3; midpoint 
(1, 1), V13. (1,-S) or (1, i). 


Sec. 9. (Page 27) 


(-5,0). 

(a) a, V), (« (V, V). 

(2, l), (4,-1). 

(2}, 44). 


6 . (- 2 , 1 ). 

6 . (4,-1). 

10. (2, 5), (6,-3), (-4, -1). 


Sec. 10. (Page 30) 

(a) (-22, 14), (20,0); ( 6 ) (44,2), (-5,-8); (c) (21, 14), (-19,-16); 

(d) (-114,-34), (164, 114). B , AW 

(-13,21). 6 . (— 5, 0), (— 3 , 2). 

Bisected. 6 . 5. 

(- 1 ,- 8 ), (5, 10 ). 7. (V, V), ( 8 , I)- 

Sec. 11. (Page 31) 

(a) 14, ( 6 ) 425, (c) 224. 

Sec. 13. (Page 33) 

(a) 4, ( 6 ) 7, (c) 13, (d) 20, (e) 0, (/) ab, (g) l(a--b'-). 

Yes. 8. 96. 

4(3;/-6x-6). 9. (14,-2), (64,-84). 

234. 10. 1 : 6 - 

Sec. 16. (Page 35) 

(a) 28, ( 6 ) 73J, (c) 96, (d) 52, (c) 91, CO 26, ( 9 ) 561. 


V 265. _ _ 

(a) 20, ( 6 ) 5 V 2, (c)4V2. 


8 . 


/'Xi+X2+3 ; 3 +1/2+1/ 


V 3 

10 . ( 11 , 1 ). 


11 . ( 11 , 6 ). 


*)■ 


Sec. 16. (Page 36) 


12 


(a) 2V5, ( 6 ) 12, (c) *-=, W) 6 , (c) (3, 3), (/) 4. 

9. (a) (V, I), (W (V, ¥), 
(c) W. 9), (d) (5,-5). 

275, 10 - (a) 9 ‘ 

174. 


48. _ 

2a+2b+2V ar+b-', 2 ab. 
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1. 5 V 2. 

2 . ( 2 , 2 ). 

4. (-1, i), (-7, /)• 


Test. (Page 37) 

6. 14. 

7. 41. 

8. (2j_— 1), (0,-3). 

9. Vo. 


Chapter III 


Sec. 3. (Page 42) 


1. (a) Line II to and 5 units above Ox; 

(6) Line j | to and 3 units to left of 0?/. 

3. (a) No; (6) ordinate =0. 6. Straight line joining (0, 0) and (3, 

7. Equal numerically but opposite in sign. 


1 ) 


Sec. 4. (Page 43) 

2. (a) y = 3x; (6) xi/ = 10; (c) x = 3ij; (d) y+x = 12. 

4. y=x. 

Sec. 6. (Page 46) 

1. (a) i—10=0; (b) x+3=0; (c) j/ —4=0; (d) y+5 = 0. 

2. Numerically equal but opposite in sign. 

3. 11. 4. 4x-3y-l=0. 6. (a) x 2 +t/ 2 -Cx + 12!/+20 = 0. 

6. x +y- 7=0. 7. 2x 2 +2i/ 2 -26x-6y + 17 = 0. 

8 . *5+,,! —l0x+8y+32=0. 9. 3 / 2 = 16x-64. 


Sec. 6. (Page 47) 

3. 2x —6y=0. 4. (a) 10x+8t/ + 13 =0; (&) x+2y— 7=0; (c) x —i/ 

(d) 2x —a =0. 

6. (a) x 2 +y 2 —6x—16 = 0; (b) x 2 +i/ 2 -4j/-96 = 0; 

(c) x-+y 2 = r"; (d) x 2 +y 2 +4x- 10y+20 =0; 

(e) x-+y--2ax-2by+a-+b~--c‘ = 0. 

Sec. 7. (Page 48) 


2. 6, -15, 0. 


ANSWERS 
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Sec. 9. (Page 52) 

1 . 1,600 ft. 2. y = 40x. 3. y = 20x. 4. y = b+\x. 

6. S375. 6. x = i (t/ —32); —175. 7. j/ = (2.2)i. 

Sec. 10. (Page 52) 

1. (c) Circle with centre" (0, 0) and radius 7. 

2. (-3, 17), (5, 5). 3. 3. 4. 7J. 5. V 20. 

6. No; x must be negative. 


Sec. 11. (Page 54) 

1. (a) (-2, 12); (6) (1, 2); (c) (0, 2), (-5, -?); . 

(A ( -4=^ 12 V 3 , 6=fcSV3 ) 

V 13 13 / 

2. .WH7. _ 

5 , V 170 

3. (a) (3,-2), (2, 1), (-4,-1); ( b ) 10; (c) V 20, =- —. 




Sec. 12. (Page 55) 

1. (a) Concurrent; ( b ) Not concurrent; (c) Not concurrent; 

Id) Concurrent. _ . . 

2 . a = 13 . 3 . a 3 (6iC2-t 2 ci)-f63(cia2-c 2 ai)+C3(ai02-a 2 6i) = 0 . 


Sec. 13. (Page 56) 

1. a=— 8. 2. Abscissa equals twice ordinate. 3. (2, 0), (0, —2). 

4. x — 3y=0. 5 . Moving point is 6 units from (5,_2). 

6. x 2 -\-y- — 4x — 140 = 0; circle (14,0), (-10, 0), (0.^2V 35). 

7. (a) (-3, 2), (5,-2), (3, 5); (6) 24; (c) (-}, i). (4.-5). 

8. (3, 4); loci touch each other. 10. No. 11. x = 4, y = 5. 

12. (a) (-v -2); ( b ) (5, V); (c) (0, 3$); (tf) (- {, 0). 13. 2 / 2 = 12x. 
14 . X 2_|_^_0 X -|_8 2/ =O. 16. 5x4-2/-13=0. 17. 21x-4-2oy- = o2o. 


Test (Page 58) 

1. Bisector of Z yOx'. 4. (4, 2), ( — 2, 4), (0, V20). 

5 . 7/ = dh W 3(4 —x 2 ). 6. First and fourth; x must be positive. 

7. x 2 4-2/ 2 -30x4-175=0. 8. (5, 0). 9. (2, 0), (6, 4). 

10 . y. 
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Chapter IV 

Sec. 2. (Page 61) 

1. (a) sin 0 = j|, cos 6 = vV, tan 6 = \f\ etc. 

4. (a) sin 0 = ~=, cos 0 = -=; (b) cos 0=.S, tan 0=.75; 

V 74 V 74 

(c) sin 0=1, tan 0 = ~~=; etc. 

V 3 

5. .5000, .7002, .5000, .4226. etc. 

7. (a) 27°; (5) 48°; (c) 73°; (r/j 74°. 

8. 115.04. 

Sec. 3. (Page 63) 

sin 70° is positive, cos 70° is positive, tan 70° is positive; 

sin 120° is positive, cos 120° is negative, tan 120° is negative; etc 

Sec. 4. (Page 65) 

2. 984S, - .9397, -1.7321. 

4. (a) 222°; (6) 139°; (c) 109°; (r/) 37°. 


Chapter Y 


Sec. 2. (Page 72) 


1. ^g,i,vs.oD.-va.-i,--^- 

2. .4663, .8391, 3.7321, -5.6713, 
-.8391. 


3. 45°, 60°, 135°. 30°, 120° 150°. 
4- (a) i, (6) I, (c) 2, (rf) 0, (e) - 
(/) °°. 

5. (a) 72°, (6) 22°, (c) 117°. 


Sec. 4. (Page 73) 


1- (a) i, W i, (c) i, (d) - i, 

2 * i n R 

“* 3 , 3 * 

3. They are parallel. 

4. They are at right angles. 

6. (a) 31°, (5) 60°, (c) 135°, (rf) 120°. 

6. -?, S, S. 

Figure is a parallelogram. 

7. i, -L 


8. (a) Sx — y— 10 = 0, 

(5) x—yyj 3—1 =0, 

(c) ?/i — Z/2 =w(xj — x 2 ). 

10 . 1 : 3 . 

12 . 6 . 

13. 2z —y —3=0. 

14. (3, 4). 

16. y = 3. 

16. x = 4. 



1. (a) y=3x, (6) y=x, 

to) 2x-\~y — 4. =0, 

(d) y — b = m (x — d) } 

( e ) a; = 3, 

CO V~ —5, (gr) 7/ = 1. 

2. (a) 32 + 42/+l=0, 

(6) 22 + 2 /-1=0, (c) y = 2x, 

(d) 3x — 4y + l=0, 

(e) 2+?/-6=0, 

CO O2-32/-5=0, 

(?) 41-%+23=0, (h) j/ = — 3 
(0 4x+7;/ = 0, 


ANSWERS 
Sec. 6. (Page 75) 
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O') *- V3j/-3+2V3=0, 

(A) x= -3. 

4. i — j/+5=0. 

5 ' 2 *+v-n=o, 

Z+67/ + 11 =0. 

6. 5. 

7. - 37° 

8 ‘ 

9. 72°, 45°, 108 0 . 1 ’ ( ~ 5 ’~ 3) - 

10 i*;in=o°^r 1% - 31=0 ’ 

11. 25. 


1. (a) 2x —;/ + l = 0 , 

(6) x —3r/ —15 = 0, 

(c) 9x+%+2=0, 

(d) xV 3 —y+3 = 0, 
to) 3a; — ?/+ 5 = 0 . 

3. (b) 32-?/+4 =0,22+2?/+3=0. 

4. 2 V 3 2 — 2?/4~9 = 0. 


Sec. 9. (Page 78) 


S:S,+W‘ > - , - fcW »-o- 

7 . J« = f, 6=—i:>. 

8. 2x+i /—10 = 0 . 

9- y=m(x—a). 

10. (-4, 10). 


1. (a) 2x+i/ — 10 = 0, 

(6) Ox+i/-22 = 0, 

(c) 3x+2i/ + lG = 0, 

(d) 1 Ox+33;/+25=0, 

(c) 3*+2 j/ = 0, (J) yix—xiy = Q t 

(d) y — 0, (A) ox+ay — <j6 = 0. 

2. (a) 2x+5y—10 = 0, 

(6) x-i/-3 = 0, 

(c) 7x+2f/ + 14 =0. 

3- (-If,-AO- 
4. x+3 =0. 


Sec. 11. (Page 80) 


5. Sides are: x — 3i/ + 12 =0, 
3x+?/—14 = 0, x+2y —Co¬ 
medians are x+7y —18 = 0 
2x — y — l=o, x+j/ —4 = 0.' 

8. ox-7y+29 = 0, 7x+2// + 17 = 0, 
2x-/^- 33 = 0 , 5x+j/ —27 = 0; 
7 ^x-5y-13 = °, 5x+9>/-3 = o! 

8. (3," 0); 149°. 

9- 0 = VoV- 


Sec. 13. (Page 83) 


1. (a) H^’^-I+^l- 
2 


(d) 2x—3i/+17=0. 

, c) nl x „ 3 ‘ W4,3,(6) -7J.-5. 

(0 ^ --i,(d)_ + __ = ) . 4<(o) * + » , 

2. (a) 62—142/4-21=0 —6 4 4 — V 

(6) 82+32/4-4 = 0, / x g , y , . 

(c) x — Sy — 3a=0 7 + _5.i. *• 


U 


! 
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Sec. 13. (Page 83)— 1 Continued. 


5 . x+y=2. 

6. x — j/+8=0. 

7. V, —U-. 

8. -V. —V- 

9. 1, -Y. 

10. x— V 3y—2V 3 = 0. 


11. x+2y — 2 = 0, 2x —3(/ —4 =0, 
3x —y + 1 =0; — i, 3. 3; 

2,_1; 2, — J; -i,L 

12. V 3i —1/+3 —3 V 3 = 0. 

13. 2x-5(/-20 = 0. 

14. 6x—y = 0, 3x —2y =0. 

16. x+2)/ = 4. 


Sec. 14. 


1. 43. 

2 . 10 ._ _ 

3. 7V3x+7j/ = llV3-2. 

4. V3x-^/+3=0. 

6. x-y-<J 3=0. 

6. 2x+y-7 = 0. 

8. All have (/-intercept — 1. 

9. yes; no. 

10. 45°; -2. 

11. x*+y’ = 16, 

i 5 +y 2 +2x—4y —20 = 0. 


Sec. 16. 


1. (a) x+j/ —5V 2 =0, 

(6) x + V32/-14 = 0, 

(c) x-V3(/+20=0. 

(d) x—J/+8V 2=0, 

(e) x —4=0, (/) 11-2=0. 

2. (a) 0° or 180°, (6) 90° or 270"'. 


(Page 84) 

12. x —(/ —1=0, x—13(/ —9=0, 
x+2 ! / + 1=0. 

13. 3x+4y=0. 

14. V 3x+(/ —5— V 3=0. 

16. l{BC l -B x C)+vM 1 C-AC{) 

-f-n(A A] — AjZ?) =0. 

16. b — yi—mxi. 

17. (a) x~y = 0, _ 

(6) x+?/V3-2V 3-2=0. 

(c) 5x — 7j/+4=0. 


(Page 87) 

3. (a) x\/3+!/-14=0, 

(6) xV3—J/+6 =0, 

(c) X+I/V 3^20=0, 

(d) 3+2/+6V 2 = 0. 

4. x-f-1/—J_=0. 

6. x—y^ 3 =2—5 V 3. 


Sec. 17. (Page 88) 


1. 


,M V 3 
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Sec. 21. (Page 91) 


!•?(«) - h (6) 3, (c) i, (d) , 

, \ , r . cos a , . 6 

(c) W-55T5- &>"£• 


(« 


*1 

2 a 


2. ( 6 ) -4, 3, (c) }, }, (d) 6,-20, 

(e) — , - . 

*i !/i 

3. (a) cosa = ,*V» sin a = — [ 5 , p =2, 
( 6 ) cos <*= — K*, sin a = — v -, 

P = S, 

(c) cosa=-=.sma = -=, 

V 85’ V 85 

V 2 

V V 85' 

4. cos a = 5 , sin a = — p = },. 

6 . slope is ,‘\v. 6 . — 3 . 


7. 60°. 

8 . (i) a = — 5 , 6 = 5, ?7i = $, 

a = 117°, p=-=, 0 = 27°. 

V 5 

(u) a = 5,6 = 12,m= — V,a = 23°, 
p = n, 0 = 113°. 

(in) a = 1, b = —=, ;/i = — —=, 

V 3’ V 3’ 
p = £, a = 60°, 0 = 150°. 

_ b 

9. cos a = • 


sin a = 


=±= V a 2 -f- 6 2 * 
a 


— V a 2 + 6 2 ' 
ab 


p = 


V o 2 6 2 


10 . 


ZI+K-l. 

?7i ^ 


Sec. 23. (Page 93) 

1. V 3 x — y —3 V 3 =0. H* 


«• (rM-ti’-k- 

3. (-5,-V). 

4 . 2 *+ 1 - 2 /=*. 

5. Yes. 

6. x+Sy —15 =0. 

7. 83, V- 

8 . 1 : 1 . 

9. k — _ - l = l 

10. (a) 2, (6) length 1, slope 0, 

(c) oo, l, ( d) 1. 

(e) 2x —y+2=0, x — y 3—0, 

3x —2i/— 1 =0. 


(-1,-2), (3, 5), (6,-3); 

15x— y —40 =0, 

6x— 1 ly —16 =0, 

9x + 10y —24 = 0. 

12. (a) C= 0, (6) B+C = A, 

(c) A+B=0, ( d) A =B, 

(e) A =0, <J) B = 0, (ff) .4 = B. 

13. 17y —3a+46 = V 3 

_ a7s+2a+36). 

16. x+yV3=3+2V3^ 

16. (i>*+(^)y = ^. 

17. 23x+14y = 64, 7x-34y-16=0. 


Test. 

1. x-7y + U =0. 

2. |+| = l; 3, 2. 

4. ?. 

6. fr, !?• 

6. (-2,-3). 

7. *. 


(Page 95) 

JL V— 

8. _C+_C= l. 

A B 

9. First and second equations are 
of the first degree. 
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Chapter VI 

Sec. 2. (Page 99) 

5-2 /JX m+ a 
1- ( a ) 2^2(5)' 1 —am' 

2 (a) 60°, 120°; ( b ) 45°, 135°; (c) 0°, 180°; (d) 90°, 270°. 

3. (a)-3; (b) 3?,; (c) 0; WH§; W’A- _ 

4. (a) ox—y —9 =0, x+5t/-7 = 0; (6) j/-2 = (-2± V 3)(*-3). 

5. ± V3a;-J/ = 2±5V3; 60°, 120°. 6. x-Jy = 9. 

7. -V, 1,2. 8. (1 =f2 V 3) (?/ - 2) = (2±V 3) (*+l) • 

9. s, 13. 2/+2 = S3 (x-3), 2/+2 = —V (*“ 3 )- 

Sec. 6. (Page 101) 

1. (a) ||; (6) J_; (c) ||; ( d ) ||; (e) JL; (/) II; (ff) -L; (A) -L- 

2. (a) 2, -3, i, -2, V8, m, -*J. 0, § ; 

/m _ J l _ a ? — -4=—, oo ,0. 

W 2 , a, 4, p . v3 > wi’ajj' > 


3. 2, 


g ^ cos a _A, cos a _ — B 
sin a B sin a A 


7. j/ = 2 x+k,y = — hx+k. 9. 3x+4j/ + 12=0. 

10. i+2(/ = 4. 13. 3 x —2y —4=0, x —y+5—0, 2x—j/ 9-0. 

14. Tan-i(I). 16. (a) x= -2; (6) y = l; (c) 3x-j/+7-0; 

(d) x+3y — 1 =0; (e) x —2i/+4 = 0, 2x+»/+3 — 0; (/) 2x+5j/ 1 0, 
(<7) 2x+r/+3=0. 

16. (3, 1). 

Sec. 6. (Page 103) 

1# 7a:+ 6 2/ -16=0. 2. *-y-ll=0,3*+lly-103 = 0,9*+5j/-l=0. 

4. (a) 2; (6) x—5=0, x+2j/ — 10=0, 3x—4y — 5=0. 7. 2. 

9 (a) 5; (6) -!. 10. (IS, H). U. -2or-i 

12. tan 


—1 =*= (a 1 2 — fr 2 ) 


2a6 


26 

(«>v; WT71- 


13. -> 4 *. 14. m = tan a. 

Sec. 7. (Page 104) 
2. (o) 37; (b) 13; (c) 

Sec. 10. (Page 108) 


1. (a) S; 0) 2; (c)^=; (d) ° + ^p; («) 3 ! CD 4. 

2. J_ from ( — 1, 3), etc. 
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*• (a) 1 ; (ft) +, (c) V; (<i) W (/) ^ 5 ! 

<»> -7W 

5. (a) Opposite; (6) Both on the negative x-axis side. 

6. (a) -7=; (6) 2; (c) «. 

Vo 

65 65 13^ . 53 53 53 

7 ‘ ^ V89’ V”l09’ "V2* ( VlO 1 v"73’ V 65' 

8. (a) 3R (6) 22. 

16 56 18 , A 5V 3 

9- («) : nr/> w 7f| ; (e) TV’ (rf) 


19 


V 34 


10. -=. 11. 2x —3y-f4=0. 

V 13 

12. 4x —3y —10 =0, 4x-3?/ + 30=0; the former. 

13. 4x-3i/+6=0._ 

14. x— 2y = l -4V 5; x —2?/-H9=0. 


Sec. 12. (Page 112) 

1. W 3x ± 4 |± L2 = 3 £ ^pl0 ; 

2x-3y+S 2x+3y+J0 . n 7x-24y + l _24x+ 7y + l 

(c) VT3 - V13 W 25 25 

2. The bisectors of the angles between A*+By+C“OandP*+Qjf+S—0. 

3. (a) x — y + 10 =0, 3x+3y = 0; (6) x-y-5=0, x+!/+3=0; 

(c) 33x+9y-100=0, 21x—77y—300 =0; (d) y-0, x-0. 

4. (5) x+7y+24 =0, 3x+y+3=0, Sx-4y-lo-0. 

5. (a) x — y = 2; (b) x-+y" — 4x+2ij — 20-0; 

(c) 7x —y = 0, x+7y = 2; (d) x-+j/ 2 _-20x+2xy + 10 -0; 

/„■) 7x—4y4-12=0: (J) 3x—4y —25=0, 3x —4y+5—0. 

7 77x+21y =279, 2x+lly+30=0, 187x-209y-165 =0. 

8. (a) j/—4=0, x+y—6=0, 2x—y—12=0; 
x = 5, x—y — 2 =0, i+2y — 11; 

4x+y = 24, 2x+5y = 24, x-2y = 0; 
x = 6, x — y=4, x+2y = 10; 

x+y -6 _ 2x—y—12, y-4 _ s+y-6 . y-4 2x+y-12 

_V2 ““ -VT -VI — V 2 —VI — V 6 

(6) 4, -4^’ 4; V 17, V20, V 29- (c) 3, 2, 1. (d) 12. 

V 5 V 2 

2 _Z_ 

V 8* 


9. 
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ANALYTIC GEOMETRY 


Sec. 13. (Page 115) 

1. (a) y=5x+b; ( b ) y+2 = m ; (c) x cos a+J/ sin «=3 

W y = mx+5; (e) -+^~ =1; (/) 5 + ^ = 1; 

a o — (i a 16 


(?) 2+jL=l; (6) 2 x~y=K; (i) x+2y = K; 
a 2a 

0) (2x-f-3i/+4)+A’(x — 2^ — 5) =0; (A) Ax-\-By = K\ 

(l) Bx — Ay=K; (to) x cos or+y sin a = K. 

2. (a) 4; (6)3; (c) J; (d) V 3. 

3. (a) i/+2 = 0; (6) x-3 = 0; (c) x+3j/+3 =0; 

(rf) 3x — y— 11 =0; (c) 5x+Sy + l =0; 

0) 8x+3i/—1S = 0; (g) 2x-3y = 12; (h) x+y = l, 2x-3 y = 
(*) x — 7y = 17, 7x+y = 19; O') x —3j/ = 9, 2x+j/=4; 

(fc) z+y = l. 

4. 5x+i/ = 22, 2x+5i/ = 12, 11x-7!/ = 42, 13x-2o!/ = 38; (8*. l 

6. (a) 19x-2j/=0; (6) 3x-14^+20 =0; (c) 143x-13i/-3=0 

(rf) 13x— 143jr —207 = 0; (c) 13i/-19 = 0; (/) 13x-2=0; 

(?) 59x+2j/-12=0; (/i) 13x + 13t/-21 =0. 

6. (a) 0; (6) 54; (c) ?; (d) -8; (c) -39; (J) 25; 0) ,V„ 

7. (a) 1 lx—ll?/-)-8 =0, x+3y —29 = 0, 12x —Si/+29 = 0; 

(6) llx + 1 lj/— 1S = 0, Zx — y — 7 = 0, Sx + 12j/-ll =0. 

8. x —i/ =0. 10. (a^x-V3y+8 = 0; (6W3x-y+8 = 0; 

(c) 2x —i/+4V 5=0; (d) x+2y-4V5=0; (c) j/ = ±4. 


Sec. 14. (Page 117) 

1. (a) 28; (6) V 61; (c) 6x —5j/ + 17=0; ( d ) J; 

, , x-2y + U 2x+3i/ + l 28 

<«> - 7B -;CO^ T3i <rt3«-2 ! ,+5.o i 

(A) 3x-2*/4-8 = 0. 

2. (—J, VO (19, 19). 3. (a) 16x — 6y—13 =0, x 2 -hy 2 — 4x-j-2y 

4. (a) 5x-3y = 15; (6) y-5 = tan 135° (x+3); (c) x = 7. 

5. (a) -v, V: W J; (C) V. -*• 6. No. 

„ 77 62 

7. -_ , — 8. x 1 -\-y--\-Qx — 4y = 0; vcs. 


9. 


V 296’ 
52 


V 296 


10. (a) 13x4-10*/= 0; (6) 74 x-37t/4-33 =0; 


V 261 

(c) 296x-333?/4-197 = 0. 

11. (a) C = 3£; (6) - j=3; (c) C=0; (d) 5/l-3fl+C = 0; 
W A = B - (0 -g-3; (?) A=fl; (A) ^===3; (t) /l 


12 ; 

J). 


31 =0. 
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13. (a) 3x+4i/-10=0; (6) x-2j/=0; (c) x-y = 1; 


( rf ) J /—1 = 


•2± V3 


1=f2V3 


■= (*- 2 ). 


«• (I'D- - ©8). »•— 


17. -n» fi- 18. 3x—y = 17. 

20. y-fc = g (x-/i). 21. (c-a) (6-d) = (a-c ) (J-b ). 


23. Ax + Btf + C + o^^ (Dx+Ey+F) =0. 

( 4n+8m, 6n + 15m'\ / 4n —8m , 6n—_15m\ 

24. x+y = /i+fc. 26. ^ „,_|_ n m+n )' \ m— n m — n /' 

26. 12x —5i/ —26 =0, y = 2. 


Test on Chapter VI. (Page 120) 

_ 19 30 

3. -=±3 =. 4. _L 9x-2i/ + 13=0. 

V 10 V 26 

5. 2x+2i/+21 =0, 4x-4i/-3 = 0. 

6. y — 9 = m(x+fj). 7. yjj. 

8. I3x+5i/-13S = 0. 9. 6x+8.y—11 ==fc S0. 10. a=5. 


Chapter VII 
Sec. 3. (Page 122) 


(a) (x — 3) 2 + (i/ — 2) 2 = 16, (6) (x+5) 2 + (y-0) 2 = 9, (c) (x-0) 2 + 

(;/ — 5)* = 25, (d) (x+3) 2 + (i/+2) 2 = 13, (e) (x-a) 2 + (y+6) 2 = c 2 , 

(/) (x+a) 2 + (t/-a) 2 = a 2 . 

12. x 2 +y 2 -Sx-6i/=0. 

16. 13x 2 + 13y 2 — 7Sx +130y 
+246 = 0. 

17. x 2 +y 2 +x+3y = 10. 

18. x 2 +y 2 +2x = 24. 

19. x 2 +y 2 —ox = 10. 

20. x 2 +y 2 = 16. 

21. x 2 + i/ 2 +6y=0. 

22. x 2 +y 2 +4x —21 =0. 

23. x 2 +i/ 2 —8x+2y+7 = 0. 


2. Centre, (d, —e); radius, a. 

3. /i 2 +A^_=r 2 . 

4. r= V 13. 

6. (=*=7, 0), (0, ±7). 

6. (a) x 2 +i/ 2 +6x — 3y — 1 =0, 
lb) x-+y 2 +2gx+2fy+c = Q. 

7. x 2 +y 2 — 10x+4i/ + 13 = 0. 

8. Its radius or the abscissa of its 

ppntrp 

9. x 2 +?/ 2 -6x+4?/=0. 

10. x 2 +i/ 2 - 4x+2y -29 = 0. 

11. x 2 +2/ 2 + 10x +2y = 0, which pass¬ 
es through the origin because 
(0, 0) satisfies the equations. 
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ANALYTIC GEOMETRY 


1. (3,-2), 3 V 2. 

2. (3, I), 5. _ 

3. (-8,0), V46. 


Sec. 4. (Page 125) 

4. (4,0), 4. 


5- (?, -5), 3. 


Sec. 5. (Page 126) 


(b) z 2 +y 2 — x — 7y = 0. 
2. z 2 +y 2 -6z+4y = 12. 


1. (a) z 2 -f-y 2 +6z — 4y = 0, 


3. x-+y 2 +2x—2y = II. 

4. z 2 -fy 2 +2z-4y-20=0. 


Sec. 6. (Page 128) 



Sec. 7. (Page 129) 


1. (a) centre at the origin, (6) passes through the origin, (c) centre on 

the y-axis, (d) centre on the z-axis, (c) centre at the origin, (/) 
passes through the origin, (g) centre on the z-axis and passes 
through the origin, (It) centre on the y -axis and passes tlnougli the 
origin (i) centre on the z-axis, (k) centre on the z-axis and passes 
through tlie origin. 

2. (a) c = 0, (6)/ = 0, (c) y = 0, (d) 2g+2f+c+2 = 0 J _ 

3. (a) centre (3, 0), r = ], (b)_ centre (0,-2), r = V22, 

(c) centre (-4, 4), r = V 4, (d) centre (-0, 0), r = 0, 

(e) centre (a, 0), r = a. 


Sec. 8. (Page 130) 


1. z 2 +y 2 -12z-Gy=0.. 

2. 9z 2 +9y 2 — 342z — 192y + 828 = 0. 

3. z 2 +y 2 — 4z+4y = 33. 

4. (a) z 2 +y 2 — ax — by =0, 


, }Va*+6». 



6. z 2 +y 2 — 4x+2y =20. 

6. z 2 -j-(/ 2 -)-2z — 4?/ = 44. 

7. z 2 +y 2 —8z — l 0y — 59 = 0. 


Sec. 10. (Page 132) 


1. (a) 3z—2y + 13 =0, 

(b) 3x-y = 10, 

(c) 4z-f-V2y = IS, 

(d) 3z —5y =34, 


(6) =fe V71z-3y = 40. 

3. 6 = 13. 

5. If (z I( yi) is on the circle 


2.' (a) z=t2y = 10, 




ANSWERS 


239 


Sec. 12. (Page 134) 


1. (a) x+y = 6, x 7/ = 0, 

(c) 4x —2y =20,x4-2y=0, 

(c) 5x-3y = 34, 3x4-oy = 0, 
iff) s = 8, y=0, 

2. Same normal: yes: 2. 

v / 9 9 \ 

3. ?/ — 0, y=x, x = 0, x4-y = 0; (9, 0), “ 7 = J , etc. 


(b) 3x-4y4-25=0, 4x4-3y=0, 
(d) ax+by_= 2 r- t ay — bx = 0, 

(/) 5x-f V 5 V =30, V 5x = 5y, 
\h) 2/ = — 10, x = 0. 


W2’ Vi 
Sec. 13. (Page 136) 


1. (-4,2). 

2. 256. 

3. -176. 

4. 6J. 


6 . ( 2 ^- 1 ). 

6. V 68. 


7. =±=5 V 14-w 2 . 

Sec. 15. (Page 137) 


1. 

y — 2x ± ia 

11. W 

x-Hy =*=2 Vj34 =0, 

2. 

y = x =*= 5 V 2. _ 

(6) 

2x4-y =*= V 65 = 0, 

3. 

ox — Sy =*=4 V 34 =0. 

(c) 

2x4-y4-5=0, 29x4-2y =65, 

4. 

x— V 3?/ =*=2/- =0. 

<d) 

y = —3 x =*= V 170. 

6. 

(3, -1). 

(c) 

24x —7y = 75, y—3=0. 

6. 

=±=2V 1+m 2 . 

a) 

y=—V3x=*=2V 26. 

8. 

9y =4x = ± =2V 97. 

12. (a) 

2V 13, 5, 7. 


(6) 

12, 5V3. 


13. ^ ar+br — r z . 

14. x 2 4-y 2 — 10x —10//4-25 =0, 
x 2 4~y 2 —2x —2y4-l ~0. 


Sec. 16. (Page 139) 


1. (a) x 2 4-!/ 2 — 4x4-6// — 4 =0, 

(6) x 2 -j-?/ 2 4-2x4-4?/ — 36=0, 

(c) x 2 4-y 2 4-4x — 46 =0, 

(d) x 2 4-y 2 4-7x — 5 t/ — 44 =0, 

(e) x 2 4-y 2 — 4x — 8y4-16 =0, 

(/) x 2 4-y 2 4-2x-My-27=0, 

(y) 16 x 2 4-16t/ 2 4-64x —96y — 

285 = 0. 

2. 2x — y = 5j_x 4- 2y = 0. 

3. (a) y = V 3x= i =4V5- 
(6) ?/ = 2x= t 10. 

(c) x4-2y = = fc 10. 

4. 3x 2 4-3y 2 -24x-4y=0; _ 

centre (4, 5), radius 2 V37. 


1 


5. =*= V 10m 2 4-10. 

6. 5x 2 4-5y 2 -50x-20j/4-113=0, 

7. (c) 3x —5y = 34, 5x4-3y=0. 

8. The centre is (5, 3) and its 
coordinates satisfy 3x —y = 12. 

9. x-+!/ 2 — 2/ix — 2ky+2ah 

4-2 bk+al+b' =0. 

10. C = ±rV-4=+B’. 

jL- c«. < ^ 

V 10 


11 . 

12 . 


(a) 41, (6) tan -4, (0 3, — 
(d) 6x-7y-l = -V5 



13. gx-Jy=V 


(x —4y —3). 


, a 1 
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ANALYTIC GEOMETRY 


Sec. 16. (Page 139)— Continued. 


14. x 2 +y 2 — 8x — St/4-16 =0. 

16. l6x 2 -|-9// 2 —2Sx-f-46?/ — 

24s//-19 

.6. No. 

17. © ^ = J, («) AP+BQ= 0. 

19. 3V17, 3. 

20. (i-?)*+(2/-3)> = (f»)«, 

fr-W+fo+JW-ffJ!)*. 


21. x J +p 5 -10x + 10i/+25 = 0, 
x-+y 2 -2x+2i/+l=0. 

23. (3,f|_(4,-3). _ 

24. x-f V3p = 3+2V3 1 _ 

26. x(2- V3)+)/ = 3V3-10,_ 
(2+V 3)x+y = —10 —3V3. 
26. ox — 6;/+33=0. 


Test. (Page 142) 


2. x--\-y-~2x — 6// — 7 = 0. 

3. 5x-2//_=29, 2x+o// = 0. 

4. // = V 3x=*=2V 13. 

6. s 2 -f // 2 — 6 x — 2?/ — 24 =0. 
6. 6 = — aV 1 +m 2 . 


7. a 2 +fe 2 = /- 2 . 

8 . / = 0 . 

9. x~-\-y~ — 6x —16 = 0, 

10. 15. 


Chapter VIII 


Sec. 5. (Page 147) 

1. (a) (3, 0), x+3=0; (6) (21, 0), 2x+5=0; (c) (}, 0), 4x+3 =0; 
id) (5, 0), x-f-5 = 0. 

2. y- = 12x; (6) y 2 = 16x; (c) y 2 =4px; (d) if- = 4qx. 

3. (a) 2; (6) 2; (c) 4; (c/) 1. 4. // 2 =12x. 


Sec. 6. (Page 14S) 


4. (a) ( —2, 0), x —2 =0; (6) (0,-1), y—\ =0; (c) (0, 3), //-f3 = 0; 
W (i,0),4x + l=0. 6. (a) A; (6) - J; (c) - >. 


Sec. 8. (Page 149) 

1. W (I, *», 7; (6) ( — 21, ±5), 10; (c) (±«, J), 9; 

(rf) (±4,-2), 8; (c) ±p), 2 p. 

2. (a) x—1 =0; x+1 =0; (6) «/+4 =0, y-4 =0; 

(c) 2x+3 =0, 2x-3 = 0; («/) 2 /-. r j= 0 , y+o = 0. 
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4. P=j£- 6. (2, 4), (?, -i). 6. —|^,3=fc3V2). 

7 . x *+y-=20x. 8. y'- = 4ax-4a 2 , (0,0), (a, 0), x = 0, x-2a =0. 

9. ?/ 2 =4ax4-4a 2 . 11. 4V3= fc 8. 

12. Chord =-, (1 +to*). 13. (0, 0), (4 10, 2 100). 

?n 2 

Sec. 9. (Page 151) 

1. (a) 4; (6) 3{; (c) 2. 2. (16, ±16^ 

3. a+y. 4. (*6,12). 6 ‘ (4 


Sec. 10. (Page 153) 

1. (6) 4?/=—l(x —S); (c)5x=—3 (i/ — 5); (d) — Gx = 9 (t/4-2); 

(c) — 3|/ = ft (x-H); (J)x = 0. 

2. a: =*= 7/ —1 = 0. 3. x — ?/ —2=0. 4. ( —a, 0). 

5. (a) 3x4-2f/+5 = 0; (6) ax-2p?/-2p6 = 0; 

(c) cx — 2y\y+cx\ =0; (d) 4x4-2/ —2 = 0 


Sec. 11. (Page 154) 

1. (*>) 2/+6 = ^ (x4-6); (c) 2 / 4-5 = f; (x—3); 

(d) v~h = z r L (*-4); («) = 

32 V 

2 . (a) ( 6 ) I; (c) J; (d) g; (e) 8 . 

3. 2 y = = t (2i+9), 2i= fc 2(/ —27 = 0; a square. 

5. (a) 4x+2j/-9=0; ( 6 ) x-i/-9 = 0; (c) x-16;/+2oS = 0; 
(d) x-2i/-9=0; (c) 2Sx-49j/ + 114=0; (/)2x-y-3=0. 


Sec. 12. (Page 156) 


1. («) y=\x+t> W y = - x +^zi’ 

(c) y = i*-( 1 .«) (i) 1 ; etc. 

2. am-= 24. 3. k = §. 6. 4x —i/ + l =0, i+y+4 — 

6. (a) 9x+6t/ + ll =0; (6) x+2y + l 1 =0. 

7. (a) 28x— 196i/+9 =0; (6) 4x + 12t/-3=0. 


0 . 


1. 45°. 


Sec. 13. (Page 15S) 
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Sec. 16. (Page 159) 

1. See Sec. M (1). 

3. (a) (jV 0), (0, 0), 20 x+l = 0, 20a;-1 =0, J; 

(6) (-Y.0), (0,0), 4a:—11 =0, 4x+ll=0, 11; 

(c) (0,1), (0.0), 4j/+7 = 0, 4?/ —7=0, 7; 

(d) (0, -J), ( 0 , 0), 4j/-3=0, 4;/+3=0, 3. 

4. (a) y = V"3x+^- 4=; (6) v = Vte-tf. 

5. (a) y=x+3, ?/= -x—3; (6) x = t/+2, -x=t/+2; 

(c) y= — x+§, y=x—%; (d) x=— y+$ f x=y— 5-. 

6. yiy = 2p (x+xi), y-yi = (x-xi). 

2p 

8. x 2 -f-y 2 — ax — 2ay = 0. 9. 4x-f-8?/ —27 = 0, 6x-f 9?/ —44 =0. 
2 


in — 3=*= V 13 , 

10. y — - jr-x+ 


-3±V 13' 


13. y = ^ x ~\ -—10a; —9?/ —25 = 0, 2x + 7/-f9=0. 

4 5=*= V 43 

1A _ <4 5£ _£ ,5/1 

14 ‘ y B 1 4A’ y_ A * + 4fl 

16. (SV3 )a. 16. x+2y — 10 = 0, y=x+ 2, tan -i(±3). 

18. ap+i> 2 = 0. 20. 2x 2 +2j/ 2 —9x — 9y = 0. 


Test (Page 162) 


1. ZF = 7. 2. (4, 2), (—4, 2). 

3. 3y=2(3) (* + ?), y-3 = ^(x-|). 

4. -Jr 5. 4x+2t/+3=0. 6 . 5p. 


7. 


10 . 


Chapter IX 


Sec. 4. (Page 170) 


(a) £+f-l;1c. 


2 ‘ ^ 9 + 25 1; etC ‘ 


3. (a) 10, 8; (6) ?; (c) (±5, 0), (±3, 0). 

4. (o) 10, 8; ( b ) 2 ; (c) (0, ±5), (0, ±3). 

6. (a) x-axis; (6) //-axis; etc. 

6. (a) 25x 2 +64 t/ 2 = 400; (6) 64x 2 +25« 2 = 400; (c) 7 x 2 +16t/ 2 = 112; 
(d) 16x 2 +7y 2 = 112; (e) 3 x 2 +7t/ 2 = 115; </) x 2 +16t/ 2 = 25; 

(< 7 ) 4x 2 +9y 2 = 324; (A) 3x 2 +4j/ 2 = 48. 
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7. (a) V8, 2; -L; (± V8.0); (±2,0); * = ±4; 

V 2 


>. 4, 

(0, ± V 5); (0, ±1); 

y = ±5; 

V5 



V5. 
3 * 

(±3, 0); 

(± V 5, 0) 

n 

II 

V5. 
3 1 

(0, ±3); 

(0, ± V 5); 

, = ±4=; 

V 5 

V"3. 
2 ’ 

(±4,0); 

(± 2 V 3, 0); 

• x ==t4_ 
V 3 


8. (0, 1) and (—5, — §). 


9. 3x 5 +4i/ ! = 108, z = ±12. 


Sec. 5. (Page 173) 

1. (a) 3; (6) 2; (c) 4; (d) 4$; (e) =£. 

2. (9, -4), (-9, 4), (-9, -4), 8. 

3. (a) 12, 4V5; (b)(±4,0); (c) i = ±4, z = ±9; 

(d) (4, ±Y), (-4, ±V>), V- 

4 f 0 110 4J 6. x 2 +9i/ 2 =9. 6. 9z 2 +jr=9. 

' \ ’ V 21 •' 7V55 

Sec. 7. (Page 175) 

1. (a) 3x 2 +4j/ 2 = 108; 25x 2 +21a? = 525; _ __ 

V 305 —120 V 5 V 305 4- 120 V 5 

(c) <i 2 x 2 +b 2 j/ 2 =a 2 b 2 . 2. g ■, g 

3. 24. 

Sec. 10. (Page 177) 

1. (a) (3,-1), (0,-i), (-5, 0), (-V21,-i): (c) 12. 6; 10, 8. 

x 2y . x _ y 

2. y=0, x-0, j - 3 • 'ii Vi' 

Sec. 11. (Page 180) 

1. CM % + 

2. (a) x , = ±4,y = ±4; (b) 2 / = ±3, x = ±3. 

3. (a) V2x+2i/ = 8; (6) 2x + V3j/ = 8. 

4. 4x= fc 5y=25. 
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Sec. 12. (Page 181) 

1. (a) 7ox--10y =252; (6) 4x+3j/=2; _ 

(c) 7bx — Z2y = 54; (d) 2 i-V3j/ = 3V3. 

Sec. 13. (Page 182) 


1. (a) !/=2 i=*= V 100 + 10; (b)_y= Ja:=*= V i\+4; etc. _ 

2. ±^]7. 3. y = V3a: ± 4. 4. =*=2V2. 

6. ± V~2- 6. (a) 1/= V 3z=*= V 17; (5) 2/=^|a: ± V'j 8 - 

(c) Viz+y = ± V 3a 2 +5 2 ; (d). x+y = =*= V 10; 

(e) v = 2z=‘=2V6; C/) ?/ = 5z=* = V 107; _ 

fo) .41 + 82 / = =*= V 4.4-+25B : ; (/i) *+»«/ = =*= V 16m 2 +25. 


1. (a) 90°; (6) tan -i(=*=e). 
f — 50=*= 90 V3 9=*= 180 V 3 


- 


2. (a) 


Sec. 14. (Page 1S4) 
)• 


109 * 109 

Sec. 15. (Page 1S5) 

3. 248, 442? sq. ft. 4. 16+5V 7, 5V 7, 113' sq. ft. 

Sec. 16. (Page 1S5) 


3. (a) 5x 2 4-9?/ 2 = lS0; (6) l6x 2 4-7?/ 2 = 112; (c) 9x 2 +34?/ 2 ^306. 

_ 25 _ , V 21 S 

4. (a) (=fcV21,0), (*5, 0),x = ^-=, 10, 4, —, 

(6) (0. =*=V2i), (0, =*=5), 2/ = ± ^=. 10 - 4 > ^T> I 

5. 8x4-9?/= 25, 9x-S?/-10=0. 

6. ?/ = V3x=*= 2VT3. 7. 12. 8. (6) x-?/ = 5; (c) 1; 

(d) x4-7/ = 3. 9. 9x 2 4-25?/ 2 = 225. 10. x 2 4-4?/ 2 = 36. 

11. y 2 = 2Sx, x4-?/4-7 = 0. ^ 

12. x4-2/4-2 = 0, 2x4-5//4-25 = 0. I 3 * 

15. 25x 2 4-9?/ 2 = 225. 17.(a) 3x-4r/ = l; _(6) * = 3 ; 

(c) 2x —3?/ = 0; (d) x — V 3?/= 3 — 2V 3; (c) x4-3?/ = 9; 

(/) 2i+j/ = S, a: —2// + 1 =0. 19- ^ 











20. (0, 0), 0, -= co. 

26. x+2y=4, x-Sy = 14. 


ANSWERS 

21. Radius = 7= fc 2V 5- 

Test. (Page 189) 


1. (a) 16x 2 +25i/ 2 = 400. 
(6) a: 3 -)- 4y 2 = 10. 

3. W »> 4. 


2. (a) 36x 2 + 100?/ 2 =225; 
(6) 100x 2 +36?/ 2 = 225. 

4. (a) (=±=3Vj5, 0), x = =±= 
(6) (0, =*=3V 5), ?/==*= 


49 

3VT 

49 

3V5* 


245 


5. (a) x+2*/ = 4, 2x-?/ = 3; (6) 2x+j/=4, X-2J/=-3. 

6. ?/=x= k =V10. 7. 2x+?/=0. 

Chapter X 

Sec. 4. (Page 196) 

1. (a) p-3-2 = 1; etc. 2. (a)|;-| = l;ete. 

3. (a) 6, S; (6) f t ; (c) (=* 3, 0), (± 5, 0); W *-*|- 

4. (a) 6, 8; (!>) S; (c) (0, =*= 3), (0, =*= o), (<0 y 
6. (o) x-axis; (d) i/-axis; (/) x-axis. 

6. (a) Zx- — y" m = 108; (6) /j/--9x- = Sl; (c) x-y-= 32, 

(rf) j/2-x 2 =32: (c) ox 2 — 4j/- = SO; (J) x--3y- = 9; 

(g) L 3 -J/l=3; (A) 3i/ 2 —x 2 = 3; (t) 1 ] x 2 - 25>/ 2 = 27o. 

7. (a) 4, 2V5, (±2, 0), S, (±3, 0), 3x±4=0; 

(6) 4, 2V5, (0, ±2), UO, ± 3), 3i/ ± 4 =0; _ 

(c) 10,6, (± 5, 0), ^-|i, (±V34,0),x±^==0; 

(d) 0, 10, (0, =*=3), (0, ± V34), 2/ ± ^==0- . 

8. (3,2), (?,-?). 

Sec. 5. (Page 199) 

1. (a) 3; (rf) 9. 2. (9,-4), (-9, 4), (-9, -4); 8. 

3. (a) 4V _ 5,6,(±V29,0),x = = fc V29,x = = t ^=,(= fc V29,= ! =, , oVu),EVo. 

(6) 6, 4y"5, (0, ±V29), l/ = ± V29, y = ±^=, (^i 0 . 29), V- 

4. 5x 2 —4y 2 = 180. 6. 4x 2 -5j/ 2 = - ISO. 

6. 22ox 2 — 400(/ 2 = 9216. 7. 400x 2 -225j/ 2 = — 9216. 
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Sec. 7. (Page 201) 

x- y- 

1. (o) 2V5;etc. 2. 5x 5 -4j/ s = S0. 3. JJs - 0 *(c»-1) = U 


Sec. 9. (Page 203) 

2. (a) I = ±2, (6) x = ±2. 3. (o) 4x+2)/ = lo; (6) 5x- V 15 y = 

4. v"34x+3y+9 = 0. 6. (a) y-x = l; (6) Point not on curve. 

6. 2x+3i/=4. 7. x-j/ = l. 


1. tan — 1 (=*=«). 


Sec. 10. (Page 205) 


Sec. 11. (Page 205) 


1. (a) 2ox--9y- = 22o) (b) bx"-4y- = 80-, (c\4x-- 

ox- — 4—f~ 20 = 0; (d) lox~ — 49i/' — /3o, \oy 

2. (a) 8, 6, (± 4, 0), j, (± 5, 0), x = ± V\ 4*. 

(6) 6, 8, (0, ±3), (0. ±5), y = =± i, 10*. 

3. (a) 5x+4j/ = 16; (6) 3x+5j/+9=0. 

6. (a) (2, 0); (6) 8; (c) x+2 =0; (rf) 4. 

7. (a) 5, 2, (±5,0), (=*= V2T, 0), * = =*= (^=), 1 
(6) 5, 2, (0, ±5), (0, =*= V21), V = ± (^). *• 


by- —20=0 or 
t — 49x 2 = 73o. 


9. 2x-y = b, x+2i/==10. 10. j/=2x= fc V 10. _ 

12. (a) y=V"3*= fc V3; (6) aJ = = fc 2; (c) y«=2x±V7. 

13. (2, 3), (-jf.’ jf). 14. (a) x+i/ = ±2; x-y = = fc 2. 
16. 2V3 x+j/ = 8, x-2V3y-3V3=0. 


Test (Page 207) 

1. 4x* — 25j/ 5 = 100, 25x 2 — 4J/ 2 +100=0. 2. 5x s -4y 5 = 20. 

8 

3. 4x J —5j/*= —20. 4. (a) —=|, (6) 3. 

6. (a) 6, 0), x = ± V; (0 (0. ^jj). 2/ = ± V. 

6. 4x+3j/=3, 3x —4y =21. 8. (V29, 120, etc. 
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Chapter XI 
Sec. 2. (Page 209) 

1. (a) (2, 1 ), (4, 1), (4, 5), (4,-3); »-l, x = 0 x = 4; 

w i.+w-'tt <•+»; 

3 . ( f- 5 )« - 2). (X 4. 5 (y +2 ) 2 = 8 (z-3). B. (j/- 2) 2 = 20(z-4). 

Sec. 3. (Page 210 ) 

1. (z—3 ) 2 = 32 (y-5). x 01Q 

2 . (3. 13), (19, 1.3), ( — 13, 13); z=3, i/ = — 3 , w = 13. 

3 . (x+l) ! = X0 (j/—2); (-1,6), (7, 6 ), (-9, 6 ); z= -1, y = -2, y = 6 . 

Sec. 4. (Page 211) 

2 . (o) ( 2 ,- 1 ), ( 2 },-l), z=lj,i/ = — l; 

( 6 ) ( 2 , J), (2,-14), ?/ = 22 ,z = 2 ; 

(e) (-1,-4), (J.-4),*=-31, J/=“4; 

(<i) (1,2), (1, ll),y = 2i, Z = l; 

(e) (a, 0 ), ( 2 a, 0 ), z= 0 , y= 0 . 

Sec. 6 . (Page 214) 

2. (2,-1), (2,4), (2,-6), (2,3), (2,-5), y = 5 + y = -7i. 

3 . (a) (5, 0), (9, 0), (1, 0), £, (7, 0), (3, 0 ), z = 13, z= -3. 

( 6 ) ( 6 , 0 ), ( 12 , 0 ), ( 0 , 0 ), ( 6+2 y/T, 0 ), ( 6-2 VM>), z = 6 + 3 =, 

18 " 
z= 6 --=. 

V 5 _ 16 

(c) (2,-3), (6,-3), (-2,-3), 3^, (2=*= /l2,-3), z = 2±-=. 

5. 100z 2 +36j/ 2 —600z —504//+2439 = 0. 

Sec. 8 . (Page 217) 

1 . (a) (- 3 , 1 ), (- 3 , 5), (-3,-3), (-3, 1 * V 20 ), V = 

( 5 ) ( 0 ,- 3 ), (5,-3), (-5,-3), 2 . (f 6,-3), z = * V- 
(c) ( 4 , 0 ), ( 8 , 0 ), ( 0 , 0 ), 3, ( 10 , 0 ), (- 2 , 0 ), z = *i>, z = i. 

2. 64z 2 —25)/ 2 + 128z —250)/ —2161 =0. 

3 . ()/+ 2) 2 = -20 (z — 8 ). 
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ANALYTIC GEOMETRY 
Sec. 9. (Page 21S) 


1. (a) (i—l) 5 + (i/+2) 5 — i 

2. 8i=+9)/ 2 +2a:-l =0. 

J. b 2 x- — a-y- = a-b~. 



Test (Page 219) 


1. (2,-3), 2 / = —3, 2. 2. x = 5. 3. Ellipse. 


6. (l.-S). 7. (-V,-l). 10. V- 


Misceilaneous Exercises (Page 220) 


8. 4^-,-15. 10. x 2 +?/ 2 = 9. 12. x+3?/=0, x-h3i/=4. 

17. (a) This is a circle with centre (a, 0) and radius a. 
19. (a) 1; (6) -§. 20. x = 15. 21. <#> = tan-»(=*= 3). 

22. -4, 3. 23. x 2 +?/ 2 -10x-87/-hl6=0. 24. J. 

26. V 73. 26. x 2 +i/ 2 -14x-6i/+33=0. 

27. 3x-2y=0, 3x-8i/=0 1 28. We. 30. ( —1, 1). 

31. (a) <f) =tan — l (* fj V 7); (6) </>= tan — ‘(^V)* 

32. (a) i/ 2 = = fc 20x; (6) <£ = 90°. 33. Sx +V 10?/ —0 =0. 

ON? 


37. x 2 +2i/ 2 =25. 39. 


(x-.W r?y-6) 2 

“sT 




4(x— 1) 2 _ 4Q/ — 2) 2 
25 75 



/ 
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Square Roots 


/ 


No. 

Sq. 

root 

No. 

Sq. 

root 

No. 

Sq. 

root 

No. 

Sq. 

root 

No. 

Sq. 

root 

1 

1.00 

21 

4.58 

41 

6 40 

61 

7.81 

81 

9.00 

2 

1.41 

22 

4.69 

42 

6.48 

62 

7.87 

82 

9.06 

3 

1.73 

23 

4.80 

43 

6.56 

63 

7.94 

83 

9.11 

4 

2.00 

24 

4.90 

44 

6.63 

64 

8.00 

84 

9.17 

5 

2.24 

25 

5.00 

45 

6.71 

65 

8.06 

85 

9.22 

6 

2.45 

26 

5.10 

46. 

6.78 

66 

8.12 

86 

9.27 

7 

2.65 

27 

5.20 

47 

6.86 

67 

8.19 

87 

9.33 

8 

2.83 

28 

5.29 

48 

6.93 

68 

S.25 

88 

9.38 

9 

3.00 

29 

5.39 

49 

7.00 

69 

8.31 

89 

9.43 

10 

3.16 

30 

5.48 

50 

7.07 

70 

8.37 

90 

9.49 

11 

3.32 

31 

5.57 

51 

7.14 

71 

8.43 

91 

9.54 

12 

3.46 

32 

5.66 

52 

7.21 

72 

8.49 

92 

9.59 

13 

3.61 

33 

5.75 

53 

7.28 

73 

8.54 

93 

9.64 

14 

3.74 

34 

5.83 

54 

7.35 

74 

8.60 

94 

9.70 

15 

3.87 

35 

5.92 

55 

7.42 

75 

8.66 

95 

9.75 

16 

4.00 

36 

6.00 

56 

7.48 

76 

8.72 

96 

9.80 

17 

4.12 

37 

6.08 

57 

7.55 

77 

8.78 

97 

9.85 

18 

4.24 

38 

6.16 

58 

7.62 

78 

8.83 

98 

9.90 

19 

4.36 

39 

6.25 

59 

7.68 

79 

8.89 

99 

9.95 

20 

4.47 

40 

6.33 

60 

7.75 

80 

8.94 

100 

10.00 



































































































































































































































































































































